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In this work we study the production of K�ð4307Þ in B decays by determining the J=ψπþð0ÞK0 and
J=ψπ−Kþ invariant mass distributions of the processes Bþ → J=ψπþπ0K0 and Bþ → J=ψπþπ−Kþ,
respectively. Such K�ð4307Þ has been recently predicted as a three-body state originating from the
dynamics involved in the KDD̄� system, with the KD subsystem forming the D�

s0ð2317Þ in isospin 0, and
the DD̄� subsystem generating the Xð3872Þ in isospin 0 and the Zcð3900Þ in isospin 1. The hidden charm
content of K�ð4307Þ favors its decay to a state like J=ψπK and the study of B decays with these particles in
their final states can constitute a way of finding experimental evidence for such an exotic vector meson,
whose width—in spite of its large mass—is still quite narrow (around 18 MeV).

DOI: 10.1103/PhysRevD.102.016005

I. INTRODUCTION

In recent years the B factories have become an unex-
pected and crucial source of experimental data useful for
understanding the properties—as well as the discovery—of
mesons whose nature seems to challenge the traditional
quark model, especially those mesons/baryons with hidden
or explicit charm quantum numbers. For instance, the
states D�

s0ð2317Þ and D�
s1ð2460Þ, observed for the first

time in eþe− collisions [1,2], were also found in the study
of B → D̄Dsπ and B → D̄D�

sπ [3], with the particles
Dsπ (D�

sπ) coming from the decay D�
s0ð2317Þ → Dsπ

[D�
s1ð2460Þ → D�

sπ]. Such studies were crucial for con-
firming the quantum numbers of D�

s0ð2317Þ and ruling out
the possible spin-0 assignment for D�

s1ð2460Þ. The quan-
tum numbers JPC ¼ 1þþ of Xð3872Þ were indeed con-
firmed by the LHCb Collaboration in the study of the
decay Bþ → J=ψπþπ−Kþ, followed by J=ψ → μþμ−,
where Xð3872Þ was found in the πþπ−J=ψ invariant mass
distribution [4]. The same decay process, as well as the
decays Bþ → J=ψπþπ0K0 and B− → J=ψπ−π0K0, were
previously investigated by the Belle [5–7] and BABAR
collaborations [8,9] in the context of searching for Xð3872Þ

and a possible charged partner. Along the same line, the
study of the decay B → Kπ�ψ 0 led to the claim by the Belle
Collaboration of the existence of a state with a minimal
tetraquark configuration, Z�ð4430Þ, in the π�ψ 0 invariant
mass distribution [10,11]. Such a state has also been
claimed by the LHCb Collaboration, which arrived at the
conclusion that a highly significant Z−ð4430Þ → ψ 0π− is
needed to describe the decay B0 → ψ 0π−Kþ [12]. The
experimental observation of baryons with a minimal con-
tent of five quarks has also come from the decay of a baryon
with bottom quantum number. In particular, charmonium
pentaquark states were claimed by the LHCb Collaboration
in the J=ψp invariant mass of the decay process Λ0

b →
J=ψK−p [13,14].
Interestingly, all of the above mentioned states share a

property: the meson states can be interpreted as tetraquarks
or as states obtained from the dynamics involved in two-
meson systems, while the baryon states can be understood
as pentaquarks or as states originating from meson-baryon
systems (for some recent reviews on these topics see, for
example, Refs. [15–20]). With the amount of data collected
from B decays in recent years, it is natural to ask whether
there could be signals for other kinds of exotic states, like
those formed by the interaction of three hadrons, that is, a
minimal configuration of six quarks in the case of mesons
and seven in the case of baryons. In recent years, the
formation of three-body bound states/resonances with hid-
den or explicit charm is being discussed [21–29], though an
experimental investigation of these states is still not on the
agendas of experimental facilities. Particularly interesting is
the exotic K� vector meson found in Refs. [22,25], a state
with hidden charm, a mass around 4300 MeV, but still
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narrow, with a width of around 18 MeV [25]. As shown in
Ref. [25], such a state arises from the dynamics involved in
the KDD̄� system when the interaction of the DD̄� sub-
system generates theXð3872Þ in isospin 0 and the Zcð3900Þ
in isospin 1. The K�ð4307Þ, with a dominant KZcð3900Þ
component in its wave function, can naturally decay to a
final state formed by KJ=ψπ, with the J=ψ and π coming
from the decay of Zcð3900Þ. In this way, an experimental
reconstruction of the J=ψπK invariant mass could confirm
the existence of such an excited K� state, and its narrow
width would help to identify it. The fact that information
on this invariant mass could be obtained from the
existing experimental data on B� → J=ψπ�π0K0 or Bþ→
J=ψπþπ−Kþ is especially motivating.
Conducting such experimental research could herald

a whole new era of hunting for exotic mesons with
strangeness, since the last excited state of a K=K� observed
experimentally according to the Particle Data Group
is a kaon whose mass is around 3100 MeV [30]. There
is then a vast energy region in which the formation of exotic
K=K� states has remained totally unexplored. Having
this in mind, in this work we determine the branching
ratio for the processes Bþ→J=ψπ0πþK0, through Bþ →

π0ðþÞ K�þð0Þ ð4307Þ → π0ðþÞ K0Zþð0Þ
c ð3900Þ → π0ðþÞK0J=

ψπþð0Þ, and Bþ→J=ψπþπ−Kþ, through Bþ →
πþK�0ð4307Þ → πþKþZ−

c ð3900Þ → πþKþJ=ψπ−, and
reconstruct the J=ψπþð0ÞK0 and J=ψπ−Kþ invariant mass
distributions with the purpose of studying the K�ð4307Þ
signal in them.

II. FORMALISM

The decay process Bþ → J=ψπþπ0K0 proceeding
through K�ð4307Þ formation can be visualized diagram-
matically as shown in Fig. 1, where the interaction between

a Kþ and a Z0ð−Þ
c ð3900Þ generates the K�þð0Þð4307Þ [25],

which decays to J=ψπþð0ÞK0. The nature of Zcð3900Þ is
still under debate. Here, as done in Ref. [25], we follow the
model of Ref. [31] where the state is generated from the
interaction between DD̄� and J=ψπ within coupled chan-
nels as a weakly bound state of the DD̄� system, with a
finite width coming from its decay to the J=ψπ channel.
Due to the nature of K�ð4307Þ and Zcð3900Þ, the weak

vertex Bþ → J=ψKþ is the most favored for forming
Zcð3900Þ and K�ð4307Þ. At the quark level, it involves
internal emission of a Wþ via b̄ → c̄ (Wþ → cs̄Þ transi-
tions, which are both Cabibbo favored (see Fig. 2). Based
on the quantum chromodynamics factorization approach
for nonleptonic B-meson decays [32], the amplitude related
to the weak vertex shown in Fig. 2 can be written as

tBþ→J=ψKþ ¼GFffiffiffi
2

p VcbV�
csa2hJ=ψ jðc̄cÞV j0ihKjðb̄sÞV jBi;

ð1Þ
where GF is the Fermi coupling constant, Vcb and V�

cs are
elements of the Cabibbo-Kobayashi-Maskawa matrix, a2 is
an effective coupling constant, hJ=ψ jðc̄cÞV j0i is the fac-
torized amplitude for the production of a J=ψ via the vector
current c̄γμc, and hKjðb̄sÞV jBi represents the transition
matrix element Bþ → Kþ. The amplitude hJ=ψ jðc̄cÞV j0i
can be parametrized in terms of the decay constant fJ=ψ , the
mass mJ=ψ , and the polarization vector ϵJ=ψμ of the J=ψ
vector meson as [33]

hJ=ψ jðc̄cÞV j0i ¼ ϵJ=ψμmJ=ψfJ=ψ ; ð2Þ
while the transition matrix element BþðpÞ → Kþðp0Þ is
given by [33]

hKþðp0Þjðb̄sÞV jBþðpÞi

¼
�
ðpþ p0Þμ −

m2
Bþ −m2

Kþ

Q2
Qμ

�
F1ðQ2Þ

þm2
Bþ −m2

Kþ

Q2
QμF0ðQ2Þ: ð3Þ

FIG. 1. Diagrammatical representation of the decay process Bþ → J=ψπþπ0K0 through the formation of K�þð0Þð4307Þ.

FIG. 2. Weak vertices involved in the decay of a Bþ into a J=ψ
and a Kþ.
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In Eq. (3), Qμ ¼ ðp − p0Þμ, F1ðQ2Þ, and F0ðQ2Þ corre-
spond to form factors, which satisfy the condition F1ð0Þ ¼
F0ð0Þ [33], and mBþ (mKþ) is the mass of the Bþ (Kþ)
meson. The Q2 dependence of these form factors can be
written as [34]

FiðQ2Þ ¼ Fið0Þ
1 −Q2=m2

Pi
; ð4Þ

where i ¼ 0, 1, with mPi being the mass of the lowest-
lying meson with the appropriate quantum numbers,
i.e., JP ¼ 0þ for F0 (mP ¼ 5890 MeV) and 1− for F1

(mP ¼ 5430 MeV), and

F1ð0Þ ¼ F0ð0Þ ¼ 0.49� 0.12: ð5Þ
Using Eq. (1), we can determine the branching ratio for the
process Bþ → J=ψKþ as

BrðBþ → J=ψKþÞ ¼ jp⃗CMj
8πΓBþm2

Bþ

X
λ

jtBþ→J=ψKþj2; ð6Þ

where the symbol
P

λ indicates a sum over the polar-
izations of J=ψ , jp⃗CMj is the center-of-mass momentum of
the J=ψKþ system, ΓBþ is the width of the Bþ meson, and,
from Eqs. (1) and (3),

X
λ

jtBþ→J=ψKþj2 ¼ G2
F

2
jVcbj2jVcsj2ja2j2m2

J=ψf
2
J=ψF

2
1ðQ2Þ

×

�
−ðpþ p0Þ2 þ ðm2

Bþ −m2
KþÞ2

m2
J=ψ

�
: ð7Þ

Considering a2 ¼ 0.21� 0.02 [33], GF ¼ 1.166 ×
10−11 MeV−2, jVcsj ¼ 0.977� 0.017, jVcbj¼ ð42.2�
0.8Þ×10−3,mJ=ψ ¼3096.9�0.006MeV,ΓBþ ¼ ð4.01839�
0.0098Þ × 10−10 MeV [30], and fJ=ψ ¼ 405� 14 MeV
[33], we get

BrðBþ → J=ψKþÞ ≃ ð0.83� 0.32Þ × 10−3; ð8Þ

which is compatible with the measured branching ratio
of [30]

BrðBþ → J=ψKþÞmeasured ¼ ð1.01� 0.028Þ × 10−3: ð9Þ

Based on the above discussion, the dominant contribu-
tion from the weak vertex in the processes depicted in Fig. 1
can be written, for convenience, as

tBþ→J=ψKþ ¼ CBþ→J=ψKþðPþ qÞ · ϵJ=ψðP − qÞ; ð10Þ

where Pμ (qμ) is the four-momentum of the Bþ (Kþ),
and the coefficient CBþ→J=ψKþ , which corresponds to
GFffiffi
2

p jVcbjjVcsjja2jmJ=ψfJ=ψF1 of Eq. (7), is fixed to repro-

duce the observed branching ratio, i.e., Eq. (9), to better
agree with the experimental finding,

CBþ→J=ψKþ ¼ ð7.16� 0.11Þ × 10−8: ð11Þ

Since Zcð3900Þ and K�ð4307Þ couple to J=ψπ and
KZcð3900Þ, respectively, in the s partial wave [25,31],
we can introduce the coupling constants gZc→J=ψπ and
gK�→KZc

to describe the contribution from these vertices in
Fig. 1. Such a contribution can be expressed (without
specifying any particular charge for simplicity) in terms of
the contraction between the polarization vectors of the
particles involved as

tJ=ψ→πZc
¼ gZc→J=ψπϵJ=ψ · ϵZc

;

tKZc→K� ¼ gK�→KZc
ϵZc

· ϵK� : ð12Þ

In Eq. (12), the coupling constants gZc→J=ψπ and gK�→KZc

for a given charge can be obtained, respectively, from the
residue of the J=ψπ and KZc T matrices, recalling that in
the vicinity of a pole the T matrix for the transition i → j
can be written as

tij ¼
gigj
s − sR

; ð13Þ

where sR corresponds to the pole position related to the
resonance in the complex energy plane s and gi (gj)
represents the coupling of the resonance to the channel i
(j). In this way, the couplings can be calculated from the
residue Rij of tij as

gj ¼
Rijffiffiffiffi
R

p
ii

: ð14Þ

The residue Rij itself can be obtained via an integration of
tij along a closed contour around the pole sR. Alternatively,
if MR (ΓR) is the mass (width) of the resonance, by
considering a Breit-Wigner form for jtijj2 in Eq. (13),
i.e., sR ¼ M2

R þ iMRΓR, the couplings can also be deter-
mined from the T matrix on the real axis evaluated at the
center-of-mass energy

ffiffiffi
s

p ¼ MR as

g2j ¼ iMRΓRtjjðMRÞ: ð15Þ

With these ingredients, and considering the Feynman
rules, the amplitudes associated with the diagrams in
Fig. 1(a) can be written as
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−itðaÞ ¼
Z

d4q
ð2πÞ4 ð−itBþ→J=ψKþÞ i

ðP − qÞ2 −m2
J=ψ þ iϵ

i
q2 −m2

Kþ þ iϵ
ð−itJ=ψ→π0Z0

c
Þ

×
i

ðP − p3 − qÞ2 −m2
Z0
c
þ iϵ

ð−itKþZ0
c→K�þÞ i

ðP − p3Þ2 −m2
K�þð4307Þ þ iϵ

× ð−itK�þ→K0Zþ
c
Þ i
ðp1 þ p2Þ2 −m2

Zþ
c
þ iϵ

ð−itZþ
c →J=ψπþÞ; ð16Þ

−itðbÞ ¼
Z

d4q
ð2πÞ4 ð−itBþ→J=ψKþÞ i

ðP − qÞ2 −m2
J=ψ þ iϵ

i
q2 −m2

Kþ þ iϵ
ð−itJ=ψ→πþZ−

c
Þ

×
i

ðP − p2 − qÞ2 −m2
Z−
c
þ iϵ

ð−itKþZ−
c→K�0Þ i

ðP − p2Þ2 −m2
K�0ð4307Þ þ iϵ

× ð−itK�0→K0Z0
c
Þ i
ðp1 þ p3Þ2 −m2

Z0
c
þ iϵ

ð−itZ0
c→J=ψπ0Þ: ð17Þ

Substituting Eqs. (10) and (12) into Eqs. (16) and (17) and summing over the polarizations of the internal particles present in
the triangular loops, the amplitudes tðaÞ and tðbÞ can be written in a more compact form as

−itA ¼ CA
1

s3ðAÞ −m2
K�ðAÞ þ iΓK�ðAÞmK�ðAÞ

1

s2ðAÞ −m2
ZA

þ iΓZðAÞmZðAÞ

×

�
F−

�
Pσ −

ðP − pAÞσ
M2

ZðAÞ
ðP2 − pA · PÞ

�
Ið0AÞ þ

�
Fþ þ F−

M2
ZðAÞ

ðP2 − pA · PÞ
�
Ið1AÞ
σ

þ ðP − pAÞσ
M2

ZðAÞ
×

�
Fþp

μ
A − 2

P2

m2
J=ψ

Pμ

�
Ið1AÞ
μ þ

�
Pσ

m2
J=ψ

þ ðP − pAÞσ
M2

ZðAÞ

×

�
1þ pA · P

m2
J=ψ

��
Ið2AÞ −

1

M2
ZðAÞ

�
Fþp

μ
A − 2

P2

m2
J=ψ

Pμ

�
Ið2AÞ
σμ

þ ðP − pAÞσ
M2

ZðAÞ

ð−pμ
A þ 2PμÞ
m2

J=ψ

Ið3AÞ
μ −

�
1

m2
J=ψ

þ 1

M2
ZðAÞ

�
1þ pA · P

m2
J=ψ

��
Ið3AÞ
σ

−
1

M2
ZðAÞm

2
J=ψ

fðP − pAÞσIð4AÞ þ ð−pμ
A þ 2PμÞIð4AÞ

σμ − Ið5AÞ
σ g

�

×

�
−gσρ þ ðP − pAÞσðP − pAÞρ

m2
K�ðAÞ

��
−gρβ þ

ðp1 þ p2Þρp2β

m2
ZðAÞ

�
ϵβJ=ψðp1Þ; ð18Þ

where the subscript A refers to the diagrams in
Figs. 1(a) and 1(b), where s3ðAÞ ¼ s124 ¼ ðp1 þ p2 þ
p4Þ2 [s134 ¼ ðp1 þ p3 þ p4Þ2], s2ðAÞ ¼ s12 ¼ ðp1 þ p2Þ2
[s13 ¼ ðp1 þ p3Þ2], pA ¼ p3 (p2), mZðAÞ ¼ mZþ

c
(mZ0

c
),

MZðAÞ ¼ mZ0
c

(mZ−
c
) is the mass of the Zc particle

involved in the triangular loops, and mK�ðAÞ ¼ mK�þð4307Þ
[mK�0ð4307Þ]. To account for the propagation of the unstable
particles Zc and K�ð4307Þ in the diagrams of Fig. 1 the
corresponding iϵ’s present in the propagators of Eqs. (16)
and (17) have been replaced by the product of the mass and
width of the corresponding particle. In this way, in Eq. (18),

ΓZðAÞ ¼ ΓZþ
c

(ΓZ0
c
), ΓK�ðAÞ ¼ ΓK�þð4307Þ [ΓK�0ð4307Þ] for

Fig. 1(a) [Fig. 1(b)]. The F� factor in Eq. (18) is given by

F� ¼ 1� P2

m2
J=ψ

; ð19Þ

and the constant CA corresponds to a product of the
coupling constants involved in the different vertices shown
in Fig. 1. To be precise,

Ca ¼ −Cb ¼
ffiffiffi
2

p

3
CBþ→J=ψKþg2Zc→ðJ=ψπÞ1g

2
K�→ðKZcÞ1=2 ; ð20Þ
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where gZc→ðJ=ψπÞ1 is the coupling constant of Zcð3900Þ
to the J=ψπ system in isospin 1, and whose value is
obtained from the model of Ref. [31], and gK�→ðKZcÞ1=2
represents the coupling of K�ð4307Þ to a KZcð3900Þ
system in isospin 1=2, which can be found from the
model of Ref. [25]. The values used here are
gZc→ðJ=ψπÞ1 ¼ 3715 MeV and gK�→ðKZcÞ1=2 ¼ 22143 MeV

[27]. The phase convention jπþi ¼ −jI ¼ 1; I3 ¼ 1i,
jK−i ¼ −jI ¼ 1=2; I3 ¼ −1=2i has been used in our
calculations. In this way, for example, by using
Clebsch-Gordan coefficients

jKZc; I ¼ 1=2; I3 ¼ −1=2i ¼ −
1ffiffiffi
3

p jK0Z0
ci þ

ffiffiffi
2

3

r
jKþZ−

c i;

ð21Þ
and then

gK�0→K0Z0
c
¼ −

1ffiffiffi
3

p gK�→KZc
; gK�0→KþZ−

c
¼

ffiffiffi
2

3

r
gK�→KZc

:

ð22Þ

In Eq. (18), Ið0AÞ, Ið1AÞ
α , Ið2AÞ

αβ , Ið3AÞ
α , Ið4AÞ

αβ , and Ið5AÞ
α are

integrals defined as

Ið0AÞ ¼
Z

d4q
ð2πÞ4

1

Dðq; pAÞ
; Ið1AÞ

α ¼
Z

d4q
ð2πÞ4

qα
Dðq; pAÞ

; Ið2AÞ
αβ ¼

Z
d4q
ð2πÞ4

qαqβ
Dðq; pAÞ

;

Ið3AÞ
α ¼

Z
d4q
ð2πÞ4

q2qα
Dðq; pAÞ

; Ið4AÞ
αβ ¼

Z
d4q
ð2πÞ4

q2qαqβ
Dðq; pAÞ

; Ið5AÞ
α ¼

Z
d4q
ð2πÞ4

q4qα
Dðq; pAÞ

; ð23Þ

where

Dðq; pAÞ ¼ ½ðP − qÞ2 −m2
J=ψ þ iϵ�½q2 −m2

Kþ þ iϵ�
× ½ðP − pA − qÞ2 −M2

ZðAÞ þ iϵ�: ð24Þ

The integrals Ið2AÞ and Ið4AÞ in Eq. (18) correspond to the

contraction of the metric tensor gαβ with the integrals Ið2AÞ
αβ

and Ið4AÞ
αβ of Eq. (23), respectively. A way to continue with

the calculation of these integrals consists of using the
Passarino-Veltman decomposition of tensor integrals [35],
which exploits the Lorentz covariance to write each of the
integrals as a combination of the different Lorentz struc-
tures with some unknown coefficients. For example, the

integral Ið1AÞ
α in Eq. (23) is a covariant tensor which can

depend on the four-momenta P and pA. In this way,
we can write

Ið1AÞ
α ¼ að1AÞ

1 Pα þ að1AÞ
2 pAα; ð25Þ

where að1AÞ
1 and að1AÞ

2 are coefficients to be determined.
Similarly,

Ið2AÞ
αβ ¼ að2AÞ

1 gαβ þ að2AÞ
2 PαPβ þ að2AÞ

3 ðPαpAβ þ PβpAαÞ
þ að2AÞ

4 pAαpAβ;

Ið3AÞ
α ¼ að3AÞ

1 Pα þ að3AÞ
2 pAα;

Ið4AÞ
αβ ¼ að4AÞ

1 gαβ þ að4AÞ
2 PαPβ þ að4AÞ

3 ðPαpAβ þ PβpAαÞ
þ að4AÞ

4 pAαpAβ;

Ið5AÞ
α ¼ að5AÞ

1 Pα þ að5AÞ
2 pAα; ð26Þ

where we have used the fact that the tensor integrals Ið2AÞ
αβ

and Ið4AÞ
αβ are symmetric under the interchange α ↔ β, as

can be seen from the definition in Eq. (23). Contracting the
integrals in Eqs. (25) and (26) with the different Lorentz
structures appearing in their decomposition, we can get a
system of equations which permits the determination of
the unknown a coefficients in terms of scalar integrals.
For instance, using Eq. (25), we can write

P · Ið1AÞ ¼ að1AÞ
1 P2 þ að1AÞ

2 P · pA;

pA · Ið1AÞ ¼ að1AÞ
1 P · pA þ að1AÞ

2 p2
A: ð27Þ

By solving the system of equations (27), we find

að1AÞ
1 ¼ −

p2
AP · Ið1AÞ − ðP · pAÞpA · Ið1AÞ

ðP · pAÞ2 − P2p2
A

;

að1AÞ
2 ¼ −

P2pA · Ið1AÞ − ðP · pAÞP · Ið1AÞ

ðP · pAÞ2 − P2p2
A

; ð28Þ

and the whole problem reduces to determining the scalar
integrals P · Ið1AÞ and pA · Ið1AÞ, which, from Eq. (23), are
given by

P · Ið1AÞ ¼
Z

d4q
ð2πÞ4

P · q
Dðq; pAÞ

;

pA · Ið1AÞ ¼
Z

d4q
ð2πÞ4

pA · q
Dðq; pAÞ

: ð29Þ

The next step consists in calculating the scalar inte-
grals in Eq. (29), which we do in the rest frame of the
decaying particle, i.e., P2 ¼ m2

Bþ and P⃗ ¼ 0⃗. To do this, it
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is convenient to realize that these integrals can be consid-
ered as particular cases of other more general integrals. For
instance, if we define I ð1AÞða; bÞ as

I ð1AÞða; bÞ ¼
Z

dq0

ð2πÞ
Z

d3q
ð2πÞ3

aq0 þ bjq⃗j cos θ
Dðq; pAÞ

; ð30Þ

we can write

P · Ið1AÞ ¼ I ð1AÞðP0; 0Þ; pA · Ið1AÞ ¼ I ð1AÞðp0
A;−jp⃗AjÞ:

ð31Þ

After this, it is convenient to separate the temporal part in
the denominator Dðq; pAÞ and write it as

Dðq;pAÞ ¼ ½ðP0 − q0Þ2 −ω2
J=ψ ðq⃗Þ þ iϵ�½q02 −ω2

Kðq⃗Þ þ iϵ�
× ½ðP0 −p0

A − q0Þ2 −ωZðAÞðp⃗A þ q⃗Þ þ iϵ�;
ð32Þ

where

ωJ=ψðq⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

J=ψ

q
; ωKðq⃗Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

Kþ

q
;

ωZðAÞðp⃗A þ q⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2
A þ q⃗2 þ 2jp⃗Ajjq⃗j cos θ þM2

ZðAÞ
q

;

ð33Þ

with θ being the angle between p⃗A and q⃗. The same
procedure can be applied for the other coefficients appear-
ing in Eq. (26), as shown in the Appendix. In all cases,
the integration over the q0 variable in Eq. (30) can be
performed analytically using Cauchy’s theorem such that
we are left with integrals of the form

I ðkAÞða; b;…Þ ¼
Z

d3q
ð2πÞ3

N ðkAÞða; b;…Þ
Dðq⃗; p0

A; p⃗AÞ
; ð34Þ

with k ¼ 0; 1; 2;…4 and

Dðq⃗; p0
A; p⃗AÞ ¼ 2ωJ=ψðq⃗ÞωKðq⃗ÞωZðAÞðp⃗A þ q⃗Þ½P0 þ ωJ=ψðq⃗Þ þ ωKðq⃗Þ�

× ½p0
A þ ωJ=ψðq⃗Þ þ ωZðAÞðp⃗A þ q⃗Þ�½P0 − ωKðq⃗Þ − ωJ=ψ ðq⃗Þ þ iϵ�

×

�
P0 − p0

A − ωKðq⃗Þ − ωZðAÞðp⃗A þ q⃗Þ þ i
ΓZðAÞ
2

�

×

�
p0
A − ωJ=ψðq⃗Þ − ωZðAÞðp⃗A þ q⃗Þ þ i

ΓZðAÞ
2

�

×

�
p0
A − P0 − ωKðq⃗Þ − ωZðAÞðp⃗A þ q⃗Þ þ i

ΓZðAÞ
2

�
: ð35Þ

In Eq. (35), a width ΓZðAÞ of 28 MeV [30] has been
considered for the Zcð3900Þ present in the triangular loops.
The N ðkAÞ numerators in Eq. (34) and the expressions for
the other a coefficients of Eq. (26) can be found in the
Appendix.
The integration over d3q of Eq. (34) is performed by

using a cutoff Λ ∼ 700 MeV for the modulus of the center-
of-mass momentum of the KZcð3900Þ system, q⃗�, in the
triangular loops, i.e.,
Z

d3q
ð2πÞ3 →

1

ð2πÞ2
Z

∞

0

djq⃗jjq⃗j2
Z

1

−1
d cos θΘðjq⃗�j − ΛÞ:

ð36Þ
Such a value for Λ is related to the nature of Zcð3900Þ,
which (as mentioned earlier) is generated from the DD̄�
and coupled channels in isospin 1 and in the s partial wave
[31], and, consequently, of K�ð4307Þ [25] arising from the
KDD̄� interaction in the s partial wave when DD̄� clusters
as Zcð3900Þ. The vectors q⃗ and q⃗� in Eq. (36) are related
through a boost [36]

q⃗� ¼
��

EKZðAÞ
mKZðAÞ

− 1

�
q⃗ · p⃗A

p⃗2
A

þ ωK

mKZðAÞ

�
p⃗A þ q⃗; ð37Þ

wheremKZðAÞ is the invariantmass of theKZcð3900Þ system
in the triangular loop and EKZðAÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

KZðAÞ þ p⃗2
A

q
is its

energy in the rest frame of the decaying particle.
The DD̄� and coupled-channel interactions have been

found to be attractive for both isospins: zero and one. A
value of the cutoff in the range ∼700–750 MeVwas used in
Ref. [37] to regularize the loops involved in the DD̄�
system and coupled channels in the isospin-0 configuration
when solving the Bethe-Salpeter equation in its on-shell
factorization form [38,39]. Such an interval of the cutoff
was found to well reproduce the properties of Xð3872Þ.
In the isospin-1 sector, by considering a similar range for
the cutoff, a pole that can be associated with the Zcð3900Þ
was found in Ref. [31], and the experimental D0D�− and
DþD̄�0 invariant mass distributions of the process eþe− →
π�ðDD̄Þ∓ were well reproduced. To further understand the
use of the same cutoff here as in Refs. [25,31,37], we recall
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that a quantum-mechanical description of the DD̄� system
in the s partial wave implies the use of a potential V when
solving the Lippmann-Schwinger equation of the form [40]

Vijðp⃗; p⃗0;
ffiffiffi
s

p Þ ¼ vijð
ffiffiffi
s

p ÞΘðΛ − jp⃗jÞΘðΛ − jp⃗0jÞ; ð38Þ

where p⃗ (p⃗0) stands for the center-of-mass momentum
of the particles in the initial (final) channel and Λ is a
cutoff. Such a potential leads to a solution for the T matrix
given by

Tijðp⃗; p⃗0;
ffiffiffi
s

p Þ ¼ tijð
ffiffiffi
s

p ÞΘðΛ − jp⃗jÞΘðΛ − jp⃗0jÞ: ð39Þ

The elements vij and tij of Eqs. (38) and (39) can be
rearranged into matrices v and t, respectively, in the
coupled-channel space such that t and v are also related
through the Lippmann-Schwinger equation in its on-shell
factorization form [38,39], i.e.,

t ¼ vþ vGt ¼ ½1 − vG�−1v; ð40Þ

where G is a diagonal matrix whose elements are the two-
body loop functions in the nonrelativistic limit, i.e.,

Gii ¼
Z

Λ

0

d3q
1

E −mi −Mi −
q⃗2

2μi

; ð41Þ

where E is the relative energy (including the masses of the
particles), and mi and Mi are the masses of the particles
involved in the loop and μi is the reduced mass of the
system. In this way, the generation of resonances/bound
states is contained in tijð

ffiffiffi
s

p Þ of Eq. (39) via Eq. (40) as far
as the loop function Gii of Eq. (41) is regularized with the
same cutoff as the one appearing in Eq. (38). Close to the
pole position, considering a Breit-Wigner form for tijð

ffiffiffi
s

p Þ,
Eq. (40) becomes

tijð
ffiffiffi
s

p Þ ¼ gigj
s −M2

R þ iMRΓR
; ð42Þ

which is analogous to Eq. (13). In this way, Eq. (39) can be
written as

Tijðp⃗; p⃗0;
ffiffiffi
s

p Þ ¼ gigj
s −M2

R þ iMRΓR
ΘðΛ − jp⃗jÞΘðΛ − jp⃗0jÞ:

ð43Þ

For the particular case of the DD̄� and J=ψπ coupled
channels in isospin 1, in the vicinity of the Zcð3900Þ, we
can write the T matrix related to the J=ψπ → Zc → J=ψπ
transition as

TJ=ψπðp⃗; p⃗0;
ffiffiffi
s

p Þ ¼
g2Zc→ðJ=ψπÞ1

s −m2
Zc

þ imZc
ΓZc

ΘðΛ − jp⃗jÞΘðΛ − jp⃗0jÞϵ⃗J=ψðp⃗Þ · ϵ⃗J=ψðp⃗0Þ: ð44Þ

Similarly, for theKZc system in isospin 1=2, in the vicinity of the K�ð4307Þ, the T matrix for theKZc → K�ð4307Þ → KZc
transition can be written as

TKZc
ðp⃗; p⃗0;

ffiffiffi
s

p Þ ¼
g2K�→ðKZcÞ1=2

s −m2
K� þ imK�ΓK�

ΘðΛ − jp⃗jÞΘðΛ − jp⃗0jÞϵ⃗Zc
ðp⃗Þ · ϵ⃗Zc

ðp⃗0Þ: ð45Þ

As a consequence, each of the amplitudes of Eq. (12), which represent the covariant versions of the vertices ZcJ=ψπ and
K�KZc involved in Eqs. (44) and (45), respectively, when plugged into Eqs. (16) and Eqs. (17), is naturally accompanied by
the cutoff used in the resolution of Eq. (40).
Finally, using the amplitude of Eq. (18), the decay width Γ for the process BþðPÞ → J=ψðp1Þπþðp2Þπ0ðp3ÞK0ðp4Þ can

be obtained as

Γ ¼ 1

2mBþ

Z
d3p1

ð2πÞ32E1ðp⃗1Þ
Z

d3p2

ð2πÞ32E2ðp⃗2Þ
Z

d3p3

ð2πÞ32E3ðp⃗3Þ
Z

d3p4

ð2πÞ32E4ðp⃗4Þ
× ð2πÞ4δð4ÞðP − p1 − p2 − p3 − p4Þ

X
λ

jta þ tbj2: ð46Þ

Using the δ function of Eq. (46), and the relations

s124 ¼ ðp1 þ p2 þ p4Þ2 ¼ ðP − p3Þ2 ¼ m2
Bþ þm2

3 − 2mBþE3;

s134 ¼ ðp1 þ p3 þ p4Þ2 ¼ ðP − p2Þ2 ¼ m2
Bþ þm2

2 − 2mBþE2; ð47Þ
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with E2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2
2 þm2

2

p
(E3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2
3 þm2

3

p
) being the energy related to the particle with three-momentum p⃗2 (p⃗3) and mass

m2 (m3) in the rest frame of the decaying particle, we can write Eq. (46) as

Γ ¼ 1

ð2πÞ726m3
Bþ

Z
smax
124

smin
124

ds124

Z
smax
134

smin
134

ds134

Z
Emax
1

Emin
1

dE1

Z
2π

0

dϕ1

Z
1

−1
d cos θ3

Z
2π

0

dϕ3

×
jp⃗2jjp⃗3j
jp⃗2 þ p⃗3j

Θð1 − cos2θ1ÞΘðmBþ − E1 − E2 − E3Þ
X
λ

jta þ tbj2; ð48Þ

with

smin
124 ¼ ðm1 þm2 þm4Þ2; smax

124 ¼ ðmBþ −m3Þ2; ð49Þ
smin
134 ¼ ðm1 þm3 þm4Þ2; smax

134 ¼ ðmBþ −m2Þ2; ð50Þ

Emin
1 ¼ m1; Emax

1 ¼ m2
Bþ þm2

1 − smin
234

2mBþ
; smin

234 ¼ ðm2 þm3 þm4Þ2; ð51Þ

and θ1 is the angle between the vectors p⃗1 and p⃗2 þ p⃗3, which is fixed by the δ function of Eq. (46),

cos θ1 ¼
ðmBþ − E1 − E2 − E3Þ2 − p⃗2

1 −m2
4 − ðp⃗2 þ p⃗3Þ2

2jp⃗1jjp⃗2 þ p⃗3j
: ð52Þ

The related Heaviside Θ function in Eq. (48) guarantees
that j cos θ1j ≤ 1, as it should be.
As mentioned in the Introduction, the decay Bþ →

J=ψπþπ−Kþ has been used for the experimental inves-
tigation of the properties of Xð3872Þ. In this reaction,
the reconstruction of the J=ψπ−Kþ invariant mass dis-
tribution can also serve to investigate the properties of
K�ð4307Þ. For the process Bþ → J=ψπþπ−Kþ, as can be
seen in Fig. 3, the formation of K�ð4307Þ is completely
analogous to the one shown in Fig. 1(b), with the exception
that the vertices K�0ð4307Þ → Z0

cð3900ÞK0 → J=ψπ0K0

should be replaced by K�0ð4307Þ → Z−
c ð3900ÞKþ →

J=ψπ−Kþ. Thus, the product of the coupling constants
gK�0ð4307Þ→Z0

cð3900ÞgK0Z0
c→J=ψπ0 appearing in the amplitude

related to the diagram in Fig. 1(b) should be substituted by
gK�0ð4307Þ→KþZ−

c ð3900ÞgZ−
c→J=ψπ− , which, by using the corre-

sponding Clebsch-Gordan coefficients, is
ffiffiffi
2

p
times bigger

than the former product. In this way, the calculation of the
decay width for Bþ → J=ψπþπ−Kþ and the determination

of the J=ψπ−Kþ invariant mass distribution is completely
analogous to that for the reaction Bþ → J=ψπþπ0K0, but
now we have a contribution from only one Feynman
diagram instead of two (see Fig. 3), and the couplings
(as explained above) are different.

III. RESULTS

To obtain the J=ψπþð0ÞK0 invariant mass distributions
of the process Bþ → J=ψπþπ0K0, we have made use of
Eq. (48) considering isospin average masses for those
particles belonging to the same isospin multiplet. In such a
case, there is no difference between the two invariant mass
distributions. In Fig. 4 we show dΓ=ds124 for the process
Bþ → J=ψπþπ0K0 as a function of the invariant mass of
the J=ψπþK0 system, i.e.,

ffiffiffiffiffiffiffiffi
s124

p
. The solid line in Fig. 4

represents the result obtained by using a cutoff Λ of
700 MeV to regularize the integrals in Eq. (23) for the
center-of-mass momentum of the K − Zc system (see the
Appendix for more details). As can be seen, a peak around
4307 MeV, with a width of 18 MeV, is observed in the
distribution due to the formation of K�ð4307Þ, followed by
an enhancement around the K − Zcð3900Þ threshold, a
typical effect when triangular loops are involved in the
determination of the amplitudes [36,41,42], as in our case.
We also plot in Fig. 4 the contribution to dΓ=ds124
originating from just the diagram in Fig. 1(b), which
produces a background1 (represented as a dashed line in
Fig. 4). By integrating this distribution, we can get the

FIG. 3. Diagrammatical representation of the decay Bþ →
J=ψπþπ−Kþ through K�ð4307Þ formation.

1Note that in the diagram in Fig. 1(b) the K�ð4307Þ is formed
in the s134 invariant mass.
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branching ratio for the process Bþ → π0ðþÞK�þð0Þð4307Þ →
π0ðþÞ K0ðþÞ Zþð0Þ

c ð3900Þ → π0ðþÞ K0J=ψπþð0Þ, which is
BR ¼ 1.04 × 10−8. We can also estimate the uncertainty
related to this result. To do this, we vary the cutoff Λ in the
range 700–750 MeV, as mentioned earlier, and vary the
coupling in Eq. (11) in the range allowed by the related
error. Further, we associate a 10% error to the coupling
constants of Zcð3900Þ to the J=ψπ system and of K�ð4307Þ
to the KZcð3900Þ system. We then generate random
numbers inside these intervals and calculate the mean
value and the standard deviation for the branching ratio.

By doing this, we obtain the band shown in Fig. 4 and the
estimated branching ratio becomes

BR ¼ ð1.05� 0.2Þ × 10−8: ð53Þ

In the case of the decay Bþ → J=ψπþπ−Kþ, the
dΓ=dsJ=ψπ−Kþ distribution is shown in Fig. 5 as a function
of the J=ψπ−Kþ invariant mass, i.e.,

ffiffiffiffiffiffiffiffi
s134

p
in Fig. 3. As

can be seen, a peak structure related to the formation of
K�ð4307Þ is observed, together with an enhancement
around 4400 MeV (as in Fig. 4) which is related to the
threshold of the K − Zc system. The error band shown in
the figure has been obtained in the same way as that of
Fig. 4 and the solid line represents the result found with a
cutoff of 700 MeV.
Alternatively to cutting the momentum integral when

calculating Eq. (34), a form factor at each vertex of the
triangular loop (shown in Figs. 1 and 3) could be intro-
duced. In the case of the vertices involving molecular-type
hadrons, typical form factor types considered in the
literature [40,43] are exponential,

Fðq⃗2Þ ¼ e−
q⃗2

2α2 ; ð54Þ

and monopole,

Fðq⃗2Þ ¼ β2

β2 þ q⃗2
; ð55Þ

where α; β ∼ 1000 MeV. In this way, when regularizing the
integral in Eq. (36), the Θ function would be substituted by
a product of form factors.

FIG. 5. Invariant mass distribution, divided by the full width of
the Bþ meson, as a function of the invariant mass of the
J=ψπ−Kþ system, i.e.,

ffiffiffiffiffiffiffiffi
s134

p
in Fig. 3. The solid line and band

have the same meaning as in Fig. 4.

FIG. 6. Invariant mass distribution, divided by the full width of
the Bþ meson, as a function of the invariant mass of the J=ψπþK0

system, i.e.,
ffiffiffiffiffiffiffiffi
s124

p
in Fig. 1. The solid, dashed, and dash-dotted

lines represent, respectively, the results found when regularizing
the loop function in Eq. (34) with a Θ function, the exponential,
or monopole form factors for the vertices involving molecular-
type hadrons. The values Λ ¼ 700 MeV, α ≃ 800 MeV, and β ≃
900 MeV have been used.

FIG. 4. Invariant mass distribution, divided by the full width of
the Bþ meson, as a function of the invariant mass of the J=ψπþK0

system, i.e.,
ffiffiffiffiffiffiffiffi
s124

p
in Fig. 1. The solid line corresponds to the

result found with a cutoff Λ of 700 MeV. The dashed line
represents the contribution to dΓ=ds124 obtained from the
diagram in Fig. 1(b). The band represents the uncertainty
associated with dΓ=ds124 when changing the cutoff in the range
700–750 MeV, changing the coupling in Eq. (11) inside the
interval compatible with its error, and considering a 10% error for
the couplings of Zcð3900Þ to the J=ψπ system and that of
K�ð4307Þ to the KZcð3900Þ system.
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In Fig. 6, we show the results obtained for the dΓ=ds124
distribution by considering the exponential form factor of
Eq. (54) with α ≃ 800 MeV (dashed line) and by using the
monopole form factor of Eq. (55) with β ≃ 900 MeV (dash-
dotted line). The ratio α=β is chosen such that the area
under the curve of F2ðq⃗2Þ versus jq⃗j is the same, inde-
pendently of the form factor used (exponential or monop-
ole). As can be seen, some differences are found around the
peak region of the distribution which gives an estimation of
the uncertainties in the results due to different treatments of
the ultraviolet divergences. Changes in the values of α and
β lead to results which are compatible with the uncertainties
shown in Fig. 4.

IV. CONCLUSION

By using isospin average masses between the members of
the same multiplet, we have determined the J=ψπ�;0Kþ;0

invariant mass distributions of Bþ → J=ψπþπ0K0 and
Bþ → J=ψπþπ−Kþ with the purpose of analyzing the signal
related to the formation of K�ð4307Þ. We found that the
reconstruction of the J=ψπK invariant mass distributions for
the reactions would exhibit the formation of the K�ð4307Þ,
and the branching ratio determined for B → πK�ð4307Þ →
πKZcð3900Þ → πKJ=ψπ is ∼10−8. We hope that this
calculation motivates the search for the K�ð4307Þ, formed
as a consequence of the dynamics involved in the KDD̄�

system [22,25], by reconstructing the J=ψπK invariant mass
distribution in B → J=ψππK reactions, for which exper-
imental data are available.
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APPENDIX: DETERMINATION OF THE
INTEGRALS IN EQ. (23)

The expression for the coefficients að3AÞ
i and að5AÞ

i , with

i ¼ 1, 2, is analogous to that found in Eq. (28) for the að1AÞ
i

coefficients by replacing P · Ið1AÞ → P · Ið3AÞ, pA · Ið1AÞ →
pA · Ið3AÞ in the former case, and P · Ið1AÞ → P · Ið5AÞ, and
pA · Ið1AÞ → pA · Ið5AÞ in the latter, with

P · Ið3AÞ ¼
Z

d4q
ð2πÞ4

q2ðP · qÞ
Dðq; pAÞ

; pA · Ið3AÞ ¼
Z

d4q
ð2πÞ4

q2ðpA · qÞ
Dðq; pAÞ

;

P · Ið5AÞ ¼
Z

d4q
ð2πÞ4

q4ðP · qÞ
Dðq; pAÞ

; pA · Ið5AÞ ¼
Z

d4q
ð2πÞ4

q4ðpA · qÞ
Dðq; pAÞ

: ðA1Þ

Proceeding in the same way as in the case of the að1AÞ
i coefficients [see Eq. (28)], we have

að2AÞ
1 ¼ 1

2½ðP · pAÞ2 − P2p2
A�

½P2ðpA · pA · Ið2AÞ − p2
Ag · I

ð2AÞÞ þ ðP · pAÞ2g · Ið2AÞ

− 2ðP · pAÞP · pA · Ið2AÞ þ p2
AP · P · Ið2AÞ�;

að2AÞ
2 ¼ 1

2½ðP · pAÞ2 − P2p2
A�2

½p2
AfP2ðpA · pA · Ið2AÞ − p2

Ag · I
ð2AÞÞ þ 3p2

AP · P · Ið2AÞg

þ ðP · pAÞ2fp2
Ag · I

ð2AÞ þ 2pA · pA · Ið2AÞg − 6p2
AðP · pAÞP · pA · Ið2AÞ�;

að2AÞ
3 ¼ 1

2½ðP · pAÞ2 − P2p2
A�2

½P2fðP · pAÞðp2
Ag · I

ð2AÞ − 3pA · pA · Ið2AÞÞ

þ 2p2
AP · pA · Ið2AÞg − ðP · pAÞfðP · pAÞ2g · Ið2AÞ − 4ðP · pAÞP · pA · Ið2AÞ

þ 3p2
AP · P · Ið2AÞg�;

að2AÞ
4 ¼ 1

2½ðP · pAÞ2 − P2p2
A�2

½P4f3pA · pA · Ið2AÞ − p2
Ag · I

ð2AÞg

þ P2fðP · pAÞ2g · Ið2AÞ − 6ðP · pAÞP · pA · Ið2AÞ þ p2
AP · P · Ið2AÞg

þ 2ðP · pAÞ2P · P · Ið2AÞ�; ðA2Þ
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where

pA · pA · Ið2AÞ ¼
Z

d4q
ð2πÞ4

ðpA · qÞðpA · qÞ
Dðq; pAÞ

; P · pA · Ið2AÞ ¼
Z

d4q
ð2πÞ4

ðP · qÞðpA · qÞ
Dðq; pAÞ

;

P · P · Ið2AÞ ¼
Z

d4q
ð2πÞ4

ðP · qÞðP · qÞ
Dðq; pAÞ

; g · Ið2AÞ ¼
Z

d4q
ð2πÞ4

q2

Dðq; pAÞ
: ðA3Þ

Analogously, for the coefficients að4AÞ
i , i ¼ 1; 2;…; 4, in Eq. (A2) we can simply replace the scalar integrals

pA · pA · Ið2AÞ, P · pA · Ið2AÞ, P · P · Ið2AÞ, and g · Ið2AÞ by pA · pA · Ið4AÞ, P · pA · Ið4AÞ, P · P · Ið4AÞ, and g · Ið4AÞ,
respectively, with

pA · pA · Ið4AÞ ¼
Z

d4q
ð2πÞ4

q2ðpA · qÞðpA · qÞ
Dðq; pAÞ

; P · pA · Ið4AÞ ¼
Z

d4q
ð2πÞ4

q2ðP · qÞðpA · qÞ
Dðq; pAÞ

;

P · P · Ið4AÞ ¼
Z

d4q
ð2πÞ4

q2ðP · qÞðP · qÞ
Dðq; pAÞ

; g · Ið4AÞ ¼
Z

d4q
ð2πÞ4

q4

Dðq; pAÞ
: ðA4Þ

Similarly, by defining

I ð2AÞða; b; c; dÞ ¼
Z

dq0

ð2πÞ
Z

d3q
ð2πÞ3

aq02 þ bjq⃗j2cos2θ þ cq0jq⃗j cos θ þ djq⃗j2
Dðq; pAÞ

;

I ð3AÞða; b; c; dÞ ¼
Z

dq0

ð2πÞ
Z

d3q
ð2πÞ3

aq03 þ bjq⃗jq02 cos θ þ cq0jq⃗j2 þ djq⃗j3 cos θ
Dðq; pAÞ

;

I ð4AÞða; b; c; d; e; f; gÞ ¼
Z

dq0

ð2πÞ
Z

d3q
ð2πÞ3

1

Dðq; pAÞ
½aq04 þ bjq⃗j2q02cos2θ þ cq03jq⃗j cos θ

þ dq02jq⃗j2 þ ejq⃗j4cos2θ þ fq0jq⃗j3 cos θ þ gjq⃗j4�;

I ð5AÞða; b; c; d; e; fÞ ¼
Z

dq0

ð2πÞ
Z

d3q
ð2πÞ3

1

Dðq; pAÞ
½aq05 þ bq04jq⃗j cos θ þ cq03jq⃗j2

þ dq02jq⃗j3 cos θ þ eq0jq⃗j4 þ fjq⃗j5 cos θ�; ðA5Þ

we have

g · Ið2AÞ ¼ I ð2AÞð1; 0; 0;−1Þ; P · P · Ið2AÞ ¼ I ð2AÞðP02; 0; 0; 0Þ;
P · pA · Ið2AÞ ¼ I ð2AÞðP0p0

A; 0;−P
0jp⃗Aj; 0Þ;

pA · pA · Ið2AÞ ¼ I ð2AÞðp02
A ; jp⃗Aj2;−2p0

Ajp⃗Aj; 0Þ;
P · Ið3AÞ ¼ I ð3AÞðP0; 0;−P0; 0Þ; pA · Ið3AÞ ¼ I ð3AÞðp0

A;−jp⃗Aj;−p0
A; jp⃗AjÞ;

g · Ið4AÞ ¼ I ð4AÞð1; 0; 0;−2; 0; 0; 1Þ; P · P · Ið4AÞ ¼ I ð4AÞðP02; 0; 0;−P02; 0; 0; 0Þ;
P · pA · Ið4AÞ ¼ I ð4AÞðP0p0

A; 0;−P
0jp⃗Aj;−P0p0

A; 0; P
0jp⃗Aj; 0Þ;

pA · pA · Ið4AÞ ¼ I ð4AÞðp02
A ; jp⃗Aj2;−2p0

Ajp⃗Aj;−p02
A ;−jp⃗Aj2; 2p0

Ajp⃗Aj; 0Þ;
P · Ið5AÞ ¼ I ð5AÞðP0; 0;−2P0; 0; P0; 0Þ;

pA · Ið5AÞ ¼ I ð5AÞðp0
A;−jp⃗Aj;−2p0

A; 2jp⃗Aj; p0
A;−jp⃗AjÞ: ðA6Þ

We also define

I ð0AÞ ¼
Z

dq0

ð2πÞ
Z

d3q
ð2πÞ3

1

Dðq; pAÞ
; ðA7Þ

which coincides with the Ið0AÞ integral in Eq. (23).
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All of these integrals can be written in the same form as Eq. (34), with

N ð0AÞ ¼ −P02ωKωJ=ψþZðAÞ þ 2P0p0
AωKωZðAÞ þ ωJ=ψþK½ωJ=ψþZðAÞ

× ωKþZðAÞωJ=ψþKþZðAÞ − p02
AωZðAÞ�;

N ð1AÞða; bÞ ¼ aωKf1 þ cos θbjq⃗jN ð0AÞ;

N ð2AÞða; b; c; dÞ ¼ aωKf2 þ jq⃗j½ðcos2θbþ dÞjq⃗jN ð0AÞ þ cos θcωKf1�;
N ð3AÞða; b; c; dÞ ¼ aωKf3 þ jq⃗j½cos θfbωKf2 þ djq⃗j2N ð0AÞg þ cjq⃗jωKf1�;

N ð4AÞða; b; c; d; e; f; gÞ ¼ aωKf4 þ jq⃗j½cos θfjq⃗jðcos θ½bωKf2 þ ejq⃗j2N ð0AÞ� þ fjq⃗jωKf1Þ
þ cωKf3g þ djq⃗jωKf2 þ gjq⃗j3N ð0AÞ�;

N ð5AÞða; b; c; d; e; fÞ ¼ aωKf5 þ jq⃗j½ωKjq⃗jff1jq⃗j2eþ cf3g
þ ffN ð0AÞjq⃗j4 þ ωKðdf2jq⃗j2 þ bf4Þg cos θ�; ðA8Þ

where we have omitted the explicit dependence of the functions fi, i ¼ 1; 2;…; 5 and ωK , ωZðAÞ, and ωJ=ψ [see Eq. (35)] on
q⃗, p⃗A, and p0

A for simplicity. In particular, by introducing

ωJ=ψþK ¼ ωJ=ψ þ ωK; ωJ=ψþZðAÞ ¼ ωJ=ψ þ ωZðAÞ;

ωKþZðAÞ ¼ ωK þ ωZðAÞ; ωJ=ψþKþZðAÞ ¼ ωJ=ψ þ ωK þ ωZðAÞ; ðA9Þ

the fi functions in Eq. (A8) correspond to

f1ðq⃗; p0
A; p⃗AÞ ¼ P02p0

AωZðAÞ þ ωJ=ψþZðAÞP0ð−P02 þ P0p0
A þ ωJ=ψ ½ωJ=ψþZðAÞ þ 2ωK�

þ ω2
KþZðAÞÞ − P0p02

AωZðAÞ − p0
AωJ=ψωJ=ψþK½ωJ=ψþK þ 2ωZðAÞ�;

f2ðq⃗; p0
A; p⃗AÞ ¼ ωJ=ψþZðAÞ½−P02 þ 2P0p0

A − p02
A þ ω2

J=ψþK þ 2ωKωZðAÞ þ ω2
ZðAÞ�P02

− 2P0p0
AωJ=ψ ½ωJ=ψþKωJ=ψþKþZðAÞ þ ωZðAÞωK�

þ ωJ=ψωJ=ψþK½ωJ=ψþZðAÞfp02
A − ωZðAÞωKþZðAÞg þ p02

AωK�;
f3ðq⃗; p0

A; p⃗AÞ ¼ −P05ωJ=ψþZðAÞ þ P04p0
A½2ωJ=ψþZðAÞ þ ωJ=ψ � þ P03ðωJ=ψþZðAÞ

× ½ω2
J=ψþK þ 2ωKωZðAÞ þ ω2

ZðAÞ� − p02
A ½ωJ=ψþZðAÞ þ 2ωJ=ψ �Þ þ P02p0

AωJ=ψ

× ðp02
A − 2ωZðAÞ½ωJ=ψþK þ 2ωK� − 3ω2

J=ψþK − ω2
ZðAÞÞ þ P0ωJ=ψ

× ðp02
A ½ωZðAÞfωJ=ψþK þ ωKg þ 3ω2

J=ψþK� − ωZðAÞωJ=ψþZðAÞ

× ½2ωJ=ψþKωKþZðAÞ þ ω2
K�Þ þ p0

AωJ=ψωJ=ψþK

× ðωZðAÞ½ωZðAÞωJ=ψþK þ 2ωJ=ψωK� − p02
AωJ=ψþKÞ;

f4ðq⃗; p0
A; p⃗AÞ ¼ −P06ωJ=ψþZðAÞ þ 2P05p0

AðωJ=ψþZðAÞ þ ωJ=ψÞ þ P04ðωJ=ψþZðAÞ
× ½ωZðAÞfωJ=ψþK þ ωKg þ ω2

J=ψþK þ ω2
ZðAÞ� − p02

A ½ωJ=ψþZðAÞ þ 5ωJ=ψ �Þ
þ 4P03p0

AωJ=ψðp02
A − ωZðAÞ½ωJ=ψþK þ ωKþZðAÞ� − ω2

J=ψþKÞ
− P02ωJ=ψðp04

A − 2p02
A ½ωZðAÞfωJ=ψþK þ ωKþZðAÞg þ 3ω2

J=ψþK�
þ ωZðAÞωJ=ψþZðAÞ½ωJ=ψfωJ=ψþK þ 3ωKg þ 2ωKf2ωKþZðAÞ þ ωKg þ ω2

ZðAÞ�Þ
þ 2P0p0

AωJ=ψ ðωZðAÞ½2ωZðAÞω2
J=ψþK þ ωJ=ψfωJ=ψþK þ ωKg2� − 2p02

Aω2
J=ψþKÞ

þ ωJ=ψωJ=ψþKðp04
3 ωJ=ψþK − p02

AωZðAÞ½ω2
J=ψþK þ 2ωZðAÞωJ=ψþK þ ωJ=ψωK�

þ ωZðAÞωJ=ψþZðAÞωKþZðAÞ½ωZðAÞωJ=ψþK þ ωJ=ψωK�Þ;
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f5ðq⃗; p0
A; p⃗AÞ ¼ −ωJ=ψþZðAÞP07 þ p0

Að2ωJ=ψþZðAÞ þ 3ωJ=ψÞP06 þ ðωJ=ψþZðAÞ½ω2
J=ψ þ f2ωK þ 3ωZðAÞg

× ωJ=ψ þ ω2
KþZðAÞ� − p02

A ½ωJ=ψþZðAÞ þ 9ωJ=ψ �ÞP05 þ ωJ=ψ ð10p03
A − ωZðAÞp02

A

− 5½ωJ=ψþKfωJ=ψþK þ 2ωZðAÞg þ 2ω2
ZðAÞ�p0

A þ ωZðAÞω2
J=ψþZðAÞÞP04

− ωJ=ψ ð5p04
A − 2ωZðAÞp03

A þ 2½−ωJ=ψþKf5ωJ=ψþK þ 4ωZðAÞg − 4ω2
ZðAÞ�p02

A

þ 2ωZðAÞω2
J=ψþZðAÞp

0
A þ ωZðAÞωJ=ψþZðAÞ½ωJ=ψf3ωJ=ψ þ ωKþZðAÞ þ 7ωKg

þ 10ω2
K þ ωZðAÞf3ωKþZðAÞ þ 5ωKg�ÞP03 − ωJ=ψð−p05

A þ ωZðAÞp04
A

þ 2½ωJ=ψþKf5ωJ=ψþK þ ωZðAÞg þ ω2
ZðAÞ�p03

A − 2ωZðAÞ½ωJ=ψfωJ=ψ þ ωKþZðAÞg
þ ω2

KþZðAÞ − ωKωZðAÞ�p02
A − ωZðAÞ½ω2

ZðAÞfωZðAÞ þ 2ωJ=ψþKg
þ 2f5ω2

J=ψ þ 12ωKωJ=ψ þ 5ω2
KgωZðAÞ þ 2ωJ=ψf4ω2

J=ψ þ 11ωKωJ=ψ þ 10ω2
Kg�p0

A

þ ωZðAÞω2
J=ψþZðAÞ½ω2

J=ψþK þ ω2
KþZðAÞ�ÞP02 þ ωJ=ψðω2

J=ψþK½5p04
A

− 2ωZðAÞp03
A � − ωZðAÞ½7ω3

J=ψ þ 20ωKω
2
J=ψ þ 18ω2

KωJ=ψ þ 4ω3
K þ 8ω2

J=ψþKωZðAÞ�p02
A

þ 2ω2
J=ψþKωZðAÞω2

J=ψþZðAÞp
0
A þ ωZðAÞωJ=ψþZðAÞ½ωZðAÞf3ωKþZðAÞ þ ωKgω2

K

þ ωJ=ψfωKþZðAÞ þ ωZðAÞgf3ωKþZðAÞ þ ωKgωK þ 3ω2
J=ψω

2
KþZðAÞ�ÞP0

þ ωJ=ψωJ=ψþKðωJ=ψþK½−p05
A þ p04

AωZðAÞ þ 2ωZðAÞωJ=ψþKþZðAÞp03
A

− ωZðAÞfωJ=ψðωJ=ψþZðAÞ þ ωZðAÞÞ þ ω2
K þ 2ωZðAÞωKþZðAÞgp02

A �
þ ωZðAÞ½−ωZðAÞfωKþZðAÞ þ ωKgfωKωZðAÞ þ ωJ=ψðωKþZðAÞ þ ωKÞg
− 2ω2

J=ψω
2
KþZðAÞ�p0

A þ ωJ=ψþKωZðAÞω2
J=ψþZðAÞω

2
KþZðAÞÞ: ðA10Þ
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