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We investigate the gauge symmetry and gauge-fixing dependence properties of the effective average
action for quantum gravity models of general form. Using the background field formalism and the standard
Becchi-Rouet-Stora-Tyutin (BRST)-based arguments, one can establish the special class of regulator
functions that preserves the background field symmetry of the effective average action. Unfortunately,
regardless if the gauge symmetry is preserved at the quantum level, the noninvariance of the regulator
action under the global BRST transformations leads to the gauge-fixing dependence even under the use of

the on-shell conditions.
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I. INTRODUCTION

The interest in the nonperturbative formulation in quan-
tum gravity has two strong motivations. First, there are
long-standing expectations that even the perturbatively
nonrenormalizable models such as the simplest quantum
gravity based on general relativity may be quantum mechan-
ically consistent due to the asymptotic safety scenario [1]
(see [2,3] for comprehensive reviews). On the other hand,
there is a possibility that the nonperturbative effects may
provide unitarity in the fourth derivative theory by trans-
forming the massive unphysical pole, which spoils the
spectrum of this renormalizable theory [4]. The presence
of such a massive ghost violates the stability of classical
solutions (see e.g., discussion and further references in [5]).
At the quantum level, the perturbative information is
insufficient to conclude whether in the dressed propagator
the ghost pole does transform into a nonoffensive pair of
complex conjugate poles [6].
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The perturbative renormalization group in this model is
well explored [7-9], but it is not conclusive for the
discussion of the dressed propagator. In general, the
attempts to explore this possibility in the semiclassical
and perturbative quantum level [10,11] has been proved
nonconclusive [12], and hence the main hope is related to
the nonperturbative calculations in the framework of the
functional renormalization group approach [13] (see [14]
for an extensive review).

Thus, in both cases the consistency of the results
obtained within the functional renormalization group
approach is of the utmost importance. In this respect there
are two main dangers. For the quantum gravity models
based on general relativity, the running of a Newton
constant in four-dimensional spacetime is always obtained
on the basis of quadratic divergences. These divergences
are known to have strong regularization dependence. In
particular, they are absent in dimensional regularization and
can be freely modified in all known cutoff schemes by
changing the regularization parameter. This part of the
problem does not exist for the functional renormalization
group applied to the fourth derivative quantum gravity.
However, in this case there is yet another serious problem,
related to the gauge-fixing dependence of the effective
average action. This problem is the subject of the present
work. In previous publications [15-17] we explored the
gauge-fixing dependence in Yang-Mills theories and it was
shown that such dependence for the effective average
action does not vanish on-shell, except maybe in the fixed
point where this object becomes identical with the usual
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effective action in quantum field theory. Except this special
point there is uncontrollable dependence on the set of
arbitrary gauge-fixing parameters, and thus one can expect
a strong arbitrariness in the renormalization group flows
which lead to the fixed point and, in fact, define its position
and proper existence. The main purpose of the present work
is to extend this conclusion to quantum gravity. It is
remarkable that one can complete this task for the quantum
gravity theory of an arbitrary form, without using the
concrete form of the action. One can use this consideration,
e.g., for the superrenormalizable models of quantum
gravity, when the perturbative renormalization group
may be exact and, moreover, completely independent on
the gauge fixing [18,19]. This example is somehow the
most explicit one, since it shows that the transition from
standard quantum field theory to the functional renormal-
ization group (FRG) may actually spoil the “perfect”
situation, namely exact and universal renormalization
group flow.

In Yang-Mills theories [20], the gauge symmetry of the
initial action is broken on a quantum level due to the gauge-
fixing procedure in the process of quantization. In turn, the
effective potential depends on gauge [21-24]. This depend-
ence occurs in a special way, such that it disappears on
shell [25,26], which means that it is possible to give a
physical interpretation to the results obtained at the
quantum level.

One of the well-developed nonperturbative methods in
quantum field theory to study quantum properties of physical
models beyond the perturbation theory is the FRG approach
[27,28] (see also the review papers [29-34]). As we have
already mentioned above, when applied to gauge theories,
this method leads to obstacles related to the on-shell gauge
dependence of the effective average action.

There are some efforts to solve this problems. One of
them consists from reformulation of Yang-Mills theory
with the application of a gauge-invariant cutoff dependent
regulator function that is introduced as a covariant form
factor into the action of Yang-Mills fields, which leads
to an invariant regulator action [35,36]. As a consequence,
the effective average action is gauge invariant on shell.
A second approach [37,38] is based on the use of the
Vilkovisky-DeWitt covariant effective action [39,40]. This
technique provides gauge independence even off shell, but
it introduce other types of ambiguities. An alternative
formulation was presented in [15]; it consists of an
alternative way of introducing the regulator function as a
composite operator. When applied in gauge theories, this
approach leads to the on-shell gauge invariance of the
effective average action.

In the present work, we apply the background field
method [41-43] (recent advances for the gauge theories can
be found in [16,44—49] and discussion for the quantum
gravities case in [50]) in the FRG approach as a reformu-
lation to the quantization procedure for quantum gravity

theories to study the gauge dependence problem in this
kind of theory. This method allows us to work with the
effective action which is invariant under the gauge trans-
formations of the background fields.

Despite the numerous aspects of quantum properties
successfully studied with the background field method
[51-60], the gauge dependence problem remains important
[16] and needs to be considered in more details. We obtain
restrictions on the tensor structure of the regulator functions
which allows us to construct a gauge invariant effective
average action. Nevertheless, the effective average action
remains dependent of the gauge choice at on-shell level.

The paper is organized as follows. In Sec. Il we introduce
general considerations of quantum gravity theories through
the background field method. In Sec. III we consider
the FRG approach for quantum gravity theories and
find conditions that we must impose in the regulator
functions to maintain the gauge invariance of background
effective average action. Based on this, we also present some
interesting candidates to the regulator functions. In Sec. IV
we prove the gauge dependence of vacuum functional for the
model under consideration. Finally, our conclusions and
remarks are presented in Sec. V.

In the paper, DeWitt notations [61] are used. The short
notation for integration in D dimension is [d”x = [ dx.
All the derivatives with respect to fields are left derivative
unless otherwise stated. The Grassmann parity of a quantity
A is denoted as €(A).

II. QUANTUM GRAVITY IN THE
BACKGROUND FIELD FORMALISM

Let us consider an arbitrary action Sy = S((g), where
g = gup(x) is the metric tensor of an arbitrary Riemann
manifold. We assume that the action is invariant under
general coordinates transformations

X = xt = x*(x'), (1)
which leads to the metric transformations

Ox'* 9x'P

Iop(¥') = G (%) (2)

and consider the infinitesimal form of these transforma-
tions, X7 = x° + £7(x), when

8Gup = —E7(X) D5 Gap(X) = Gue (X) 0pE (X) = Gop(x) 07 (x).
(3)

The diffeomorphism (3) can be considered as the gauge
transformation for g,;(x)

8Gap(x) = / AYR 55 (%, ¥ 9)E°(¥). (4)
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where
—5(}6 - y)aagaﬂ (x) - gaa<x>aﬂ5(x - )7)
= Gop(X)0s6(x = y) (5)

are the generators of the gauge transformations of the
metric tensor, and &£°(y) are the gauge parameters. The
algebra of generators is closed, namely

OR ypo (X,
/du[ a/ir;(x y g)R

Raﬂa(x’ ys g) =

5Ra/}y (X, Z;g)

7:9)—

R,M(u,y;g)]

O )
—/duRam(x,u;g)Ff,},(u,y,Z), (6)
where
Fj(x..2) = 8(x = ¥)8,0,6(x — 2) — 6(x = 2)5,0,8(x — y),
(7)
with  F},(x,y.2) = —=F},(x,2,y) (8)

are structure functions of the algebra which does not
depend on the metric tensor. Let us stress that the
mentioned features are valid for an arbitrary action of
gravity, since the algebra presented above is independent
on the initial action. Therefore, any theory of gravity is a
gauge theory and the structure functions are independent of
the fields, that means quantum gravity is similar to the
Yang-Mills theory.

A useful procedure to quantize gauge theories is the so-
called background field formalism. In what follows, we
shall perform the quantization of gravity on an arbitrary
external background metric g,4(x). The standard references
on the background field formalism in quantum field theory
are [41-43] (see also recent advances for the gauge theories
in [16] and [48] for the discussion of quantum gravity).

In the background field formalism, the metric tensor
Gap(x) is replaced by the sum

gaﬁ(x) = gaﬁ(x) + haﬂ (X), (9)

where g,4(x) is an external (background) metric field and
hp(x) is the variable of integration, also called quantum
metric. Thus, the initial action is replaced by

So(g) = So(g + h).

The Faddeev-Popov Sgp(¢, g) action is constructed in
the standard way [62]

Srp(9.9) = So(3+h) + Su(#.9) + S4p(9.9).  (10)

where S, (¢, ) is the ghost action and S./(¢,g) is the
gauge-fixing action. In the presence of external metric
Gap(x), they can be written as

Son(#.9) / dxdydz~/—g(x)C*(x)HY (x, ;7. h)

XRﬂya(y?Z;g—’_h)Ca(Z)? (11)

gf ¢ g /dXv Ba )(a X3 g’ )7 (12)
where

_ &a(x:3.h)
HYY (x,y:9.h) =22
5]1/};/()’)

(13)
and y,(x;g,h) are the gauge-fixing functions, ¢'(x) =
{hep(x), B4(x), C*(x), C*(x)} is the set of quantum fields,
C%(x) and C%(x) are the ghost and antighost fields,
respectively, and B*(x) are the Nakanishi-Lautrup auxiliary

fields. The Grassmann parity of all quantum fields are as
follows:

e(hep) =£(B*) =0, £(C)=e(C) =1, &(¢')=¢;.
The ghost numbers are
gh(B®) = gh(hgy) =0,  gh(C*)=1.  gh(C*)=-

Independent of gauge-fixing function choice, the action
(10) is invariant under a global supersymmetry trans-
formation, known as Becchi-Rouet-Stora-Tyutin symmetry
[63,64]. The gravitational BRST transformations were
introduced in [4,65,66] and can be presented as

Ophap(x) = =(C%(x)05Gup(x) + o (x) O C (x)
+ 9op(x)0,C7 (x))4,
55C%(x) = C?(x)0,C*(x)A,
55C%(x) = B*(x)4,
5gB*(x) =0, (14)

where 4 is a constant Grassmann parameter. In condensed
notation, we can write the BRST transformations as

opd'(x) = R'(x:¢.9)A.  e(R") =g +1. (15)

where R' = {Raﬂ, () Ric R?C)} and

(©)

R (x: . 3) = =C7(x),p (X) = s (1) C ()
— 9op(x) 0o C7 (x),
Ric)(x:¢.9) = C°(x)0,C%(x).
R‘(xa)(x;fl" g) = B*(x),
Rl(lB)(X;Qb 9) = (16)
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The generating functional of Green functions is
defined as

2.5 = [ aves{y 500.9)+ 301}

= exp{f.lW(J g)} (17)

where W(J,3) is the generating functional of connected
Green functions. In Eq. (17) the product of the sources
Ji(x) and the fields ¢'(x) was written in the condensed
notation of DeWitt [61]. Explicitly,

1= [ dxod

where J;(x) = {J#, 1P (x). T, (x). J.(x)}  (18)

with the Grassmann parities &(J;) = e(¢) and ghost
numbers gh(J;) = gh(¢').
The effective action I'(®, §) is defined in terms of the
Legendre transformation
I'(®,5) =W(/.3) - J®, (19)
where @ = {®'} are the mean fields and the J; are the
solution of the equation

sW(J,9) 4
—= =9 20
5 (20)
It is well known [25,26] that the effective action is gauge
independent on shell,

O(@, g)|orwn_, = 0. (21)
B

At this moment we have considered only the trans-
formations of the quantum fields. However, the background
metric also transforms together with the quantum fields
in the so-called background field transformations. The
rules of such transformation can be written, in the local
formulation, as

mgaﬁ(x> = =05Gap(X)0° = Juo (%) Op0” = G (X) 0,07,
whap(X) = =0hap(x)” — aa('x)aﬂw — h,p(x) 007,

5,C%(x) = —@°9,C%(x) + C°(x)0,

5,C%(x) = —0°9,C%(x) + C°(x)d,

5,B%(x) = —w°0,B%(x) + B°(x)d, (22)

where @’ = @°(x) are arbitrary functions. The background
field transformations have the same structure of tensor
transformations for tensors of types (0,2) and (1,0).
The background invariance of Faddeev-Popov action for
quantum gravity is known [48] and reads

5wSFP(¢’ Q) =0. (23)

A consequence of (23) is the gauge invariance of (17).
Namely,

6,2(J,g) =0. (24)

From this expression it is possible to prove that I'(®, g) is
also gauge invariant

5,0(®,5) = 0. (25)

In the next sections we will discuss this and other
features for quantum gravity theories in the framework
of the FRG approach.

III. FRG APPROACH FOR QUANTUM
GRAVITY THEORIES

The main idea of a functional renormalization group is to
use instead of I" an effective average action, [';, where k is a
momentum-shell parameter [27], in a way that

i (¢ 9) = T($.3). (26)

In order to obtain I'y(¢,7), we introduce the average

action

Skrp(#,3) = Spp($,9) + Si(4. ), (27)

where S (¢,g) is the scale-dependent regulator action
defined in curved spacetime

Su($.9) = / d/ Wb ) (28)

and the Lagrangian density is written as

1 a _
Lu($.9) = 5 hap (R (. 9)ho(x)

o 2 .5
+ CH(0) Ry ()P (x). (29)
where the regulator functions RE{I)"/’) 7(x;7) and R,((i)ﬂ(x; 7
are dependent on the external fields g,;(x). The regulator
functions obey the properties
11 R\ 11/37(3( :9) =0 and Lif%Rl(;)ﬁ(M g9) =0, (30)
which means that the average action recovers the Faddeev-
Poppov action (10) in the limit when k — 0. The regulator
functions R,(Cl)(’/}y(s(x; g) also obey, by construction, the
symmetry properties
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Dapyd _ 1)payd _ 1)apo: _
R (x;g) = R (xg) = R (x:9) 5,u(¢.9) / ax{8,\/=5) Lu(@. )
(Dydap, . -
- Rk ()C, g) (31)
V=308, Ll ) f = 0. (33)

We want to solve the problem of average action For the first term in (33) we have

invariance under background field transformations,
namely / dx6,\/ =5(x) Ly(#. 9)

- [ @, (/=569
~ [ ar/=gtero,i(s.9) (34)

where the relation (23) is used.
In what follows, we present explicit calculation  where integration by parts was used.
The variation of £, (¢, g) in the second term of Eq. (33)

of variation of action (28). For this purpose, we write
(32) as can be presented as

5wSkFP(¢’ g) = 5&)Sk(¢v g) = 0’ (32)

- 1 apyd - 1 apfyd -
8 La(.3) = 5 Buhap (VR (61 )5 (x) + 5 R (e) 5, R (. 5) (1)

2
1 . _ -
5 hap (R (x:9)84hy5(x) + 8,0 () Rigy (:3) 7 (x)

+ C*(x)8, R (x: §)CP(x) + C*(x) Rl (x: 9)5,CP (). (35)

In terms of transformations (22), the above expression reads
- 1 o o o Dapys =
80 L(.) = =5 (Dohap(N” + gy (X0 + oy (1) D) R (x:3) ()
1 (Napyrs, . - - o o
- _haﬁRk (X; g)(aahyé(x)w + hya(x)aéw + haé(x)ayw )
1 p _ - _
5 hap ()3, R (o §) s (x) + C(x)3, Ry (6:)CP (1)
+ (~0°9,C%(x) + C°(x)0,0")R kaﬂ(x 3)CP(x)

+ C*(x) Ry (x3.9) (=079, CP (x) + C°(x)9,0P). (36)

Thus, by means of Egs. (34) and (36) the variation of the action can be written in the compact way

3510.9) = [ /T 3 hapCOMLL o)+ CCOMEL (5P . (37)

where
MU (3:9) = 8,8 (.9) + 07 9B (x35) = 0,0 R (x:9)

wk
— 0,0 R (x;§) = 9,07 RV (x:9) — 0,0°R " (x; )

and

M) 5(x:9) = 8, R (x:9) + 0°0,Rip(x:9) + Ri(x:§)D,0° + Rigy, (x5 5) 0. (38)
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In order to ensure the invariance of (28), it is necessary
that the following conditions are satisfied:

MU (x5) =0 and M) (x:9)=0. (39)

As a result, we obtain expressions for the variation of the
regulator functions,

5 R( )aﬂ75( ,g) =—w°0 R(l)aﬁﬂs(x.g)
+ R (1:9)0,0 + R (1:9)0,, 0

+ R (x:9)0,07 + R (x:9)0,00°
(40)
and
o p@ (. = 2 (e
5, Riy(x:9) = "D, Ri)y(x: §) — Rioy(x:9) 0
~ R (x:§)dp0". (41)

If the relations (40) and (41) are fulfilled, then the action
Si(¢,9) is invariant under background field transforma-
tions. Therefore, the regulator functions should have a
tensor structure in order to ensure the invariance. Thus,
taking into account the symmetry properties presented in
(31) we can propose the following solutions for the
regulator functions:

afys _
5wR()/31/( g)_

(=70, 5% (x) + 5 (x)0,0” + 7 (x)0,0)7° (x) R} (D))
+ 7% (x) (=7 0,5 (x) + §°(x)0,0° + §7°(x) 9,07 )R},
+ (=70, (x) + §(x)0,07 + 77 (x)0,

+ 57 (x) (= 0,57 (x) + 7 (x)0,0° 4 g7 (x
+ (=0 0,5 (x) + 5 (x)0,0° + 7 (x)9,0%) 7" (x) Q4 (C
+ 7 (x) (=0 0,8" (x) + §7(x) 0,0 + g7 (x)8,0") 04 (C
— 7 (07 ()09, R () — 7 (x)7° ()

RV (x;9) = yﬂf"( g (x)RM ()

g7 (x)7% (x) + g (x)7" (x)) 0k (O
(42)
and
RO, (x:9) = GRC (D), (43)

where R,(Cm)(ﬂ) and Q,(CJ) are scalar functions and [J is
the d’Alembertian operator defined in terms of the covar-
iant derivatives of the background metric:

O=g*V,V,, (44)

with the metricity property

V.9, = 0. (45)

It is possible to show that (42) and (43) present the same
variational structure of (40) and (41), respectively. By using
the inverse background metric variation

607" (x) = =070, (x) + 7 (x) 00" + §7 (x) D",

(46)

we have

) (D)
&™) (x) 0, (D))
)0,0") 04 (C)
“) )

)

@°9,0;(0)

= ()7 (x)0”0,04(0)). (47)

The derivatives in metric tensor and in functions RECI)(E]) and Q,(J) can be combined to obtain

5 R( >(l/}75( ’g)
+ (7 (x)0,0" + 57 (x) 0,

As a result, it is possible to see that (40) is satisfied.

= ([ (0)0,0" + 7 (x)0,0M7° ()R (D) + 7 (x)(7°
o) (x) QD)) + 77 (x) (7" (x)9,0° + g (x)9,0") Q1 ()

+ (7 (0)0,0° + 77 (x)0,0M)F" (x) QD) + 7 (x) (+ 0
— 070,(7 (07 ()R (D)) - 00, (g

(09,0 + 57 (x) 9,07 )R} (O)

77 (x)0,0° + 577 (x)5,0") O (L)

(
()7 (x)Q(0)) = 00, (g ()7 (x)Q(D)).  (48)
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For the second function its variation can be expressed,
after some algebra, as

SuRp(x:9) = ~0°0, 5 R (D) = 9,0°Gup(x)RY (D)
— Op00° Guo(X) R (D))
— 0°Gap(x)0,RY (D). (49)

The combination of derivatives in the metric tensor and in
the scalar function leads to

5,R)(x:9) = ~00,(G(x)R (D))
— 00" G ()R (D), (50)

which has the same structure as (41).
Finally, the scale-dependent regulator Lagrangian den-
sity (29) in terms of (42) and (43) reads

£4(65) = 5 hop (W7 (D7 (R ()
@7 WF ) + 7T () Q) o)
+ C (W) (OR Q)P (), (51)

which maintains

IV. GAUGE DEPENDENCE OF EFFECTIVE
AVERAGE ACTION

the background field symmetry,

In order to understand the gauge invariance and gauge
dependence problems in the background field method, we
shall consider the generating functionals of Green functions

Zew(J.9) = / dep exp{% [So(h +3) + R($.5)¥ (6. 7)
- 5:)+ 01
= [ avexo] {509 + 01}
- exp{%Wk\p(J, g)}, (52)

5B£k B

1 Dapyo
_Ehaﬂ(x)R]({) By (x;

+ B (x) ARy (x:§)CP (x) + C%(x)R

g)(ca<x)aagy5(x) + gyg(x)aé

2 (x:9)

where

W(p.g) = / e/ G Walxh7) (53)

is the fermionic gauge-fixing functional and

N o,
Ripg) = [ ax
o' (x)
is the generator of BRST transformations (15).
As far as we saw in the previous section, the regulator
action (28) does not depend on the gauge ¥(¢, g). Now, we

shall consider another choice of gauge-fixing functional
Y - ¥+ 6% and set J = 0 in (52). Thus,

'(x:4.9) (54)

Zow,ov(s) = [ apeso{ 1 [Sure(0.9)+ RG.0)0%(0.9)]

= eXp{%me(@) } (55)

where

5 = 5(.5) = / dx/ =GR C()ora(h.7).  (56)

We will try to compensate the additional term RS¥ in
(55). To do this, we change the variables in the functional
integral related to the symmetries of action Spp(¢,3),
namely the BRST symmetry and the background gauge
invariance. First, we shall consider the BRST symmetry
(14), but trading the constant parameter A by a functional
A = A(¢, g). The variation of (28) under such transforma-
tion is the following:

555:(h.5) = / &/ GO 65 Le(d.9)}. (57)

where
1 « _
6B£k:§53ha/}(x)R( P (x; 9)hys(x)
1 a _
5 hap (R (x:9)85h,5(x)
+85C (x)RC) (1:5) CP (x) +C(x) R (x:9)8,5CF (x).

After some algebra, 5L (¢, g) reads as

2 (CT D, (3) + (D C7(x) + G (X)) AR (x5 )

C? (%) + gas(x)0,C7 (x)) A
C°(x)0,CP(x)A.
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From the above expression, it is clear that the action S;(¢,g) is not invariant under BRST transformations
65Si(¢, g) # 0. The Jacobian J; of such transformation can be obtained in the standard way

) 8(ouhup(x)) _8(65C°(x)) _5(65C7(x))
el f o e e ) .
where the functional derivatives are

Pt - 2B 5010, - CHL=50)0,C A0
O Dutp5) + ()07 (5) + 1 (000,C° () . 5. (59)
2O (D + 15010, (WA 5) + DHOICWOA(.5) + 00,0 B P (60

8(85C(x)) _ e\ SA(#,9)

512'7“(x) =B 5C(x) (61)

It is possible to choose a regularization scheme such that §(0) = 0. As a result, the Jacobian for BRST transformations is

P O AR X

6ha/7’ (x)

where (15) is used.

It is also interesting to consider the background
gauge transformation related to expressions (22). As far
as the regulator functions transform as (40) and (41),

(©)

NCINC)

(50.9) 50 S~ R (0.9) T . (©)

5C*(x) 5C(x)

[
Jacobian of this transformation can be obtained as
before

Jr—ex { [ st 5(%@@)_5(%@1@)}

the action S;(¢,g) is invariant under such transforma- Ohyp(x) 6C*(x) 5C*(x)
tion. But now, instead of functions @ = w’(x) we (63)
shall consider the functional Q7 = Q7(x,¢,g). The
action (28) remains invariant, and the corresponding  with the following functional derivatives:
|
6(Bahap(x)) _ (D +1)(D —2) _ 8Q°(x, ¢. 9)
= 6(0)0,Q2°(x, ¢, 5) — (O,hy N (X)0p + hgp(x)0y) —————, 64
5haﬂ(x) B ( ) o (X ¢ g) ( ﬁ(x) =+ (X) ﬂ+ ﬂ(x) ) 5haﬂ(x> ( )
8(60C " (x)) 0 (x,9.9) , - . 6Q*(x, $. 9)
————==(D+1)6(0)0,Q°(x,¢,9) ———=7——>0,C%x) — C°(x)0y ——=7—> 65
s =D+ 16(0)0,8 (5.00.5) = = S 0,0 (x) = Co (0, =i (65)
5(3aC”(x)) _0%(x, ¢.9) 5Q*(x. $.9)
———==(D+1)6(0)0,Q° -—0,C%(x) = C° —_— . 66
o) =D+ D800, (x.4.9) = =S 0,C7(x) = € ()0, =S (66)
As before, §(0) = 0. Thus, the Jacobian for background gauge transformations reads
8Q°(x,,9) 6Q°(x,$,7) ., = _ Q% (x, ¢, 9)
Jy = dx|—(0,h h h = c* ce —_—
2 = exp{ [ | =0 5) o510y + g(210,) FEI) 1 STLAI g, 0000+ oy,
5Q° (x, . 7) 5Q*(x, ¢, 9)
———-0,C" ° — 1 7. 67
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If it is possible to fulfill the condition

nnexly [ BRG0S0} =
(69

the generating vacuum functional Z,y(g) does not depend
on the gauge fixing functional W. In order to verify that, let
us expand the functionals A and , with Grassmann parity
e(A) =1 and (Q) =0 and ghost numbers gh(A) = —1
and gh(€) = 0 in the lower power of ghost fields

A=AD 4 AG), Q= Q0 1 Q°?)  (69)

where
A = / dxC(x)A (x, . g). (70)
AG) = / dx%Ca(x)Cﬂ(x)zg?y(x,h,g)cy(x), (71)
QO (x) = Q7O (x, h, ), (72)
Q) (x h,§) = C*(x)agy (x. h. ) CP(x). (73)

The terms that vanish in (68) and do not depend on ghost
fields lead to

5Q°O) (x,h,7)

(O (x) + hao (x) 0+ hop(x)00) —— 5(%)

=0. (74)

Analyzing the terms which are linear in the antighost fields,
which contains the auxiliary fields B(x), we obtain

_ i _
l((l”(-x? hvg) :E‘sla(x?h’g) (75)
and
3 _ 1 _ 2 _
A5 (o g) = 2 (. )R (x: )
1 _ 2 _
~ 2 (h 9)RY (x:3).  (76)
where
0 (h,5) = / dxil)) (x, . 5). (77)

Now, the vanishing terms with structure C(x)C(x) can be
related to the second order of Q°(x, A, §) functional leading

to a differential equation for a)Z}f) (x,h, g),

Doy (5. 1.3) = 3 [9pgeo (V)AL (. IR (x:) ()

+ g (X)RO7 (3, 5)8g,5(x)25 (h, ).
(78)

From Eq. (74) since Qo(0) (x, h, g) is an arbitrary function
we can not have just one particular solution. In addition, the

if/,)y relation in (76) creates a nonlocal term of structure

BC C CC which can be only eliminated if we consider a
new functional A of higher orders in ghost fields. Even so,
this process would repeat endlessly. The only case left for
us is to consider the simple solution when ° =0 and
A = AD); we have the result

i

Ziwis9(3) = /d¢ exp{h [Skrp(#.9) + ‘SSkFP((p)]}v
Ziw(9) # Zipsw(7)- (79)

As a final result, the vacuum functional in the FRG
approach for gravity theories depends on the gauge fixing
even on shell, which leads to a gauge-dependent S-matrix.

V. CONCLUSIONS AND PERSPECTIVES

We explored the problem of gauge invariance and the
gauge-fixing dependence using the background field for-
malism, for gravity theories in the FRG framework. It was
shown that the background field invariance is achieved
when the regulator functions are chosen to have the tensor
structure. Nevertheless, even in this case the on-shell gauge
dependence cannot be cured in the standard FRG approach
which we dealt with. In this respect the situation is
qualitatively the same as in the Yang-Mills theories, as
was discussed in [15].

The on-shell gauge dependence takes place due to the
fact that the regulator action (28) is not BRST invariant. It
turns out that this is a fundamentally important feature, that
can be changed only by trading the standard and conven-
tional FRG framework to an alternative one, which is based
on the use of composite operators for constructing the
regulator action. Unfortunately, until now there is no way to
perform practical calculations in this alternative formu-
lation. For this reason, taking our present results into
account, it remains unclear whether the quantum gravity
results obtained within the FRG formalism can have a
reasonable physical interpretation. One can expect that all
predictions of this formalism will depend on an arbitrary
choice of the gauge fixing. Thus, one can, in principle,
provide any desirable result, but the value of this output is
not clear. Alternatively, there should be found some
physical reason to claim that one special gauge fixing is
“correct” or “preferred” for some reason, but at the moment
it is unclear what this reason could be, since the original
theory is gauge (diffeomorphism) invariant.
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It is worthwhile to comment on the effect of the on-shell
gauge-fixing dependence on the nonuniversality of the
renormalization group flow in the framework of the func-
tional renormalization group approach. First of all, the
complete understanding of this issue requires a detailed
analysis and, in principle, explicit calculations in the
sufficiently general model of quantum gravity. This calcu-
lation is a separate problem that is beyond the scope of the
present work. At the same time, we can give some strong
arguments in favor of such a gauge-fixing dependence for
both renormalization group flow and the fixed point, which
is obtained from this flow.

One can classify the models of quantum gravity into two
classes. The first class is the quantum general relativity,
where the renormalization group equation for the Newton
constant G does not exist at the perturbative level, at least
without the cosmological constant term. In the presence of
the cosmological constant there is a perturbative renorm-
alization group equation for the Newton constant, but it is
strongly gauge-fixing dependent, as discussed e.g., in [7]
and more recently, with very general calculations, in [67]
(see more references therein). Let us add that in the
functional renormalization group approach the renormali-
zation group flow for G is extracted from the quadratic
divergences, and for this reason the corresponding results
do not have the perturbative limit. On the other hand, the
quadratic divergences are also gauge-fixing dependent [67]
and, furthermore, suffer from the total ambiguity in defin-
ing the cutoff parameter Q. For instance, if we start from
the total expression for the one-loop divergences in the
Schwinger-DeWitt formalism,

m__1 1 o
Fdl.v = —5/ d4x\/§{§A094 +A192 +A2 IOg (—2) },
u
(80)

where Ay, A;, and A, are the algebraic sums of the
contributions of quantum metric and ghosts, given by
the functional traces of the coincidence limits of the
corresponding Schwinger-DeWitt coefficients. Without
the cosmological constant only A; has the term linear in
the scalar curvature R, and hence only this term can
contribute to the renormalization group flow for G. Now,
changing the cutoff as

Q? - Q% +aR, (81)

with an arbitrary coefficient a, we observe that the quartic
and logarithmic divergences do not change, while the
quadratic ones modify according to'

A, = A, + aAgR, (82)

'One of the authors (I.S.) is grateful to M. Asorey for
explaining this point.

making it completely ambiguous. Thus, in our opinion, it is
difficult to take the results extracted from A; as a physical
prediction, even without gauge-fixing ambiguity.

The theories of quantum gravity of the second kind are
those with higher derivatives, being fourth derivative [4]
models, the super-renormalizable models with six or more
derivatives [18], or the nonlocal super-renormalizable mod-
els. In all these cases the renormalization group flow in the
functional renormalization group has a well-defined pertur-
bative limit (see e.g., [3]), and hence it should be supposed
that the invariance or noninvariance of the renormalization
group flow should be the same in both usual perturbative and
functional renormalization group approaches. On the other
hand, without the on-shell invariance condition there is
absolutely no way to consider the renormalization group
flows in any one of these models in a consistent way. This
issue was analyzed in detail in [7,18,68,69] and [19], thus
there is no point to repeat these considerations here. Thus,
we can conclude that in those versions of functional
renormalization group where one can expect a minimally
reasonable interpretation of the application to quantum
gravity, it is difficult to expect the gauge-invariant flow in
the framework of the functional renormalization group, if
this approach is not reformulated in a new invariant way.

Finally, we mention two recent papers. In [70] it was
shown that the renormalization group flow in quantum
general relativity should be compatible with the Ward
identities related to the possibility of changing the conformal
frame. Certainly, this is not the symmetry that we discussed in
the previous sections. Also, even if the mentioned compat-
ibility is achieved, this does not make the whole approach
sufficiently unambiguous, as we explained above. However,
qualitatively, the importance of the Ward identities to the
consistency of the renormalization group flow is certainly
coherent with our analysis. On the other hand, Ref. [71]
proposed a new formulation of the functional renormaliza-
tion group for quantum gravity. In this new version, there is
not one scale parameter, but two: one for regularizing the UV
sector and another one for regularizing the IR sector. The idea
is certainly interesting for quantum gravity since the two
limits in all known models are very much different. However,
since the UV part is essentially the same as in the standard
formulation, it is difficult to expect that the gauge-fixing
dependence on shell in this new formulation will be a smaller
problem than it is in the standard versions with one scale
parameter. We can state that the preliminary analysis of this
model confirms this qualitative conclusion. The full consid-
eration is possible but would be quite involved and is beyond
the scope of the present work.

The results of the considerations which we described
above make more interesting the discussion of the possible
ways to solve the problem of on-shell gauge-fixing
dependence, such as the ones suggested in [34-36] or in
[15]. In our opinion, the last approach is more transparent
and physically motivated, but (as we have already
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mentioned above) there is no well-developed technique of
using it for practical calculations.
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