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Relativistic deformed kinematics from locality conditions
in a generalized spacetime
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We show how a deformed composition law of four-momenta can be used to define, at the classical level,
a modified notion of spacetime for a system of two particles through the crossing of worldlines in particle
interactions. We present a derivation of a generic relativistic isotropic deformed kinematics and discuss the
complementarity and relations with other derivations based on x-Poincaré Hopf algebra or on the geometry

of a maximally symmetric momentum space.
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I. INTRODUCTION

Special-relativistic (SR) kinematics is a consequence
of the notion of spacetime in Einstein’s SR theory. In a
quantum theory of gravity (QG), a quantum notion of
spacetime will replace the classical notion which leads to
SR kinematics. After 100 years of searching for this theory,
we still do not have a good testable candidate for QG,
partially due to the difficulty in finding observable effects
of the theory. This has led to the search for alternatives to
the purely (unsuccessful) theoretical approaches, opening a
recent new approach known as quantum gravity phenom-
enology [1-5]. Many works within this new approach are
based on the natural expectation that the quantum structure
of spacetime will manifest through a modification of the
SR kinematics. The consistency with very precise tests of
Lorentz invariance [6-9] requires this modification to be
parametrized by a new energy scale (A) such that, for
observations at energies much smaller than this new scale,
the effects of the modification of the SR kinematics are very
small. We will refer to this situation as a deformation of SR
kinematics (DK). The kinematics of a process (transition
between an initial state and a final state of free particles)
is defined by the expression of the energy of each particle
in terms of its momentum (dispersion relation) and by
the conservation of the total energy and momentum in the
transition, which is determined by the expression for the
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total energy and momentum of a system of free particles
in terms of the energies and momenta of the particles
(composition law). A DK will be defined by a deformed
dispersion relation (DDR) and a deformed composition
law (DCL).

A possible path to realize the previous ideas is to consider
the generalization of Lie algebras as the mathematical
framework to implement continuous symmetries in a
classical spacetime when one introduces a noncommuta-
tivity in spacetime as a first step to the transition to a
quantum spacetime. This leads to the formulation of Hopf
algebras, whose main new ingredient is a coalgebra structure
[10]. An example which has played a very important role
in attempts to explore deformations of the SR kinematics is
the x-Poincaré Hopf algebra [11], which is based on a
deformation of the Poincaré Lie algebra and a noncommu-
tative spacetime whose coordinates define a (spatially
isotropic) Lie algebra (x-Minkowski spacetime). The
Casimir of the deformed Poincaré algebra defines a DDR
and the coproducts of the translation generators (momentum
operators) define a DCL. One can in this way associate a DK
to the x-Poincaré Hopf algebra [12]. In fact, the symmetry
structure of the Hopf algebra framework translates into a
relativistic deformed kinematics (RDK), i.e., a kinematics
invariant under new Lorentz transformations connecting
different inertial observers. The deformation manifests as a
modification of the Lorentz transformations for a one-
particle state (determined from the deformation of the
Poincaré algebra) and a (nontrivial) modification of the
Lorentz transformation of a two-particle system (determined
from the nontrivial coproduct of the Lorentz generators).

The idea to consider a relativistic theory with a second
invariant (a length ), on top of the velocity ¢, was motivated
by the appearance of a minimal length [13,14] in different
approaches to QG. This led to considering a DDR with a new
scale appearing as a cutoff on the energy or momentum
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[15] as examples of a doubly special relativity (DSR).
The nonlinearity of the Lorentz transformations which leave
the DDR invariant implies a nonlinearity of the composition
law which should be determined by the invariance under
Lorentz transformations of the conservation of the total
energy and momentum defined by the nonlinear composi-
tion law. The study of these examples led to identifying their
relation with the x-Poincaré kinematics determined in the
Hopf algebra framework [16].

More recently, a new approach to a deformation of SR
kinematics was introduced based on a model for the
interaction of particles defined by a DCL. The crossing
of worldlines which characterizes the interaction of par-
ticles in the case (SR) of a linear composition law no longer
happens due to the deformation of the composition law.
The locality of the interaction (for any observer) is lost;
only the observer whose origin is on the interaction sees a
crossing of worldlines. The locality of interactions in SR is
replaced by a relative locality [17]. The DCL could be used
to define a connection in momentum space and, together
with the identification of a DDR from the distance between
the origin and a point in momentum space, one has an
interpretation of a DK based on the geometry of momentum
space [18].

In Ref. [19] it was shown that if one considers
a maximally symmetric momentum space and chooses
coordinates in momentum space such that the metric is
spatially isotropic, one can define a DDR from the distance
between the origin and a point in momentum space
calculated with the metric, and also a DCL from the
isometries of the metric which do not leave the origin
invariant (translations in momentum space). One can show
that the deformed kinematics defined by the metric is a
RDK. This gives an alternative simple relation between a
deformed kinematics and a geometry in momentum space
(the scale of deformation is related to the curvature in
momentum space). It also allows (in contrast with the
relation between the geometry of momentum space and
the kinematics based on relative locality) to implement the
relativistic invariance in a simple way. The Lorentz invari-
ance of the DDR is a direct consequence of the identi-
fication of the Lorentz transformation of a one-particle state
with the isometries of the metric which leave the origin
invariant. The Lorentz invariance of the conservation law
defined by the DCL can be understood within the geometric
framework through the identification of the DCL and the
Lorentz transformations as isometries [19].

A different perspective of a deformation of SR kinematics
based on the Born geometry of a doubled phase space has
led to replacing the classical model of a free relativistic
particle by a metaparticle model [20]. Lorentz symmetry is in
this case realized in a different way as a group of trans-
formations that leave the constraints which define the model
invariant. The modified dispersion relation is identified from
the poles of the momentum integral representation of the

metaparticle quantum propagator instead of directly consid-
ering the constraint in the classical action. The loss of
absolute locality associated with the modified energy-
momentum conservation law which defines the interaction
of particles in the classical model appears in the model of
metaparticles as due to the different notion of spacetime for
different metaparticles with different values of the doubled
momentum variables. The extension of the metaparticle
model to include interactions is an open problem.

In this work we are going to follow a different path in the
study of a DK. The idea is to take the classical model for the
interaction of particles defined by a DCL and try to go from
the loss of locality in the spacetime whose coordinates are
the canonical coordinates of a phase space together with the
four-momentum coordinates, to a new set of space-time
coordinates in phase space such that all the particles have
the same coordinates at the interaction. The interaction
defined by a DCL is then local in a generalized two-particle
spacetime defined as a nontrivial subspace of the two-
particle phase space. In Ref. [21], an ansatz for the new
space-time coordinates of each of the particles, defined as a
linear combination of their space-time coordinates with
coefficients depending on the momenta of both particles,
was introduced. The locality of the interaction in the new
spacetime leads to a system of differential equations
relating the functions of momenta which define the new
space-time coordinates and the DCL. When one assumes
that the new space-time coordinates of one of the particles
do not depend on the four-momentum of the other pau“[icle1
and that they are just a representation of x-Minkowski
noncommutative spacetime, then the equations derived
from the locality of the interaction can be used to determine
the DCL. If one uses the representation of x-Minkowski
spacetime which reproduces the phase-space structure of
the k-Poincaré Hopf algebra in the bicrossproduct basis, the
corresponding DCL determined by locality turns out to be
the one corresponding to the x-Poincaré kinematics. This
result shows that x-Poincaré relativistic kinematics can be
seen as an example of a deformed kinematics compatible
with the possibility to identify a new spacetime where
interactions are local. The authors of Ref. [22] arrived at
the same conclusion from a related perspective: by extend-
ing the model for the interaction of particles in 2+ 1
dimensions to 3 + 1 dimensions and implementing the
rigidity of translations (which is one way to rephrase the
requirement of locality of interactions), one can reproduce
the k-Poincaré relativistic kinematics.

In the present paper we go a step further in the relation-
ship between a relativistic deformed kinematics and the
definition of generalized space-time coordinates where

"This can only be the case for one of the particles; otherwise,
the new space-time coordinates are commutative and then one
can always find a change of momentum variables that leads to SR
kinematics [21].
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interactions are local. While Ref. [21] did not include any
restriction on the DCL and the noncommutative spacetime
that implements locality, here we consider a different ansatz
for implementing localityz: the new space-time coordinates
of each particle are linear combinations of the space-time
coordinates of both particles, but the coefficients of the
space-time coordinates of each particle depend only on its
momentum. This definition of new space-time coordinates
in the phase space of the two-particle system may be seen
as a more natural prescription than the one made in
Ref. [21], where the generalized space-time coordinates
depend on both momenta but do not mix the space-time
coordinates of the two particles. Moreover, the new ansatz
imposes a strong condition on the DCL, so that not every
composition law can lead to local interactions.

The structure of the paper is as follows. In Sec. II we
define a generalized two-particle system spacetime which
implements the locality of interactions with a DCL. In the
new space-time coordinates, one has a sum of two con-
tributions, each involving the phase-space coordinates of
one of the particles. As we show in Sec. III, the new system
of equations relating the functions of one four-momentum
which define the new space-time coordinates and the
derivatives of the DCL can in this case be used to directly
determine the DCL when one makes the ansatz that the
deformed composition law contains only terms propor-
tional to the inverse of the scale of deformation A (DCLI1).
We will later show that such a locality-compatible DCL1
corresponds to the x-Poincaré composition law in a basis
that is different from the bicrossproduct basis (which is the
most widely used in k-Poincaré studies). Once we have
obtained the composition law, we study the noncommuta-
tivity of the one-particle and two-particle spacetimes
defined by the locality of interactions.

In Sec. IV we determine the corresponding DDR which,
together with a DCL1 compatible with locality, defines a
RDK, and the nonlinear Lorentz transformations of the
one-particle and two-particle systems. This provides a new
way to derive a RDK based on the physical principle of
locality of interactions, which is an alternative to the more
formal derivations of a RDK based on x-Poincaré Hopf
algebra or on the geometry of a maximally symmetric
momentum space. As we will see in Sec. V, the new
derivation of the relativistic deformed kinematics based on
locality (or on the geometry of a maximally symmetric
momentum space) not only reproduces the results based on
the x-Poincaré Hopf algebra, but also identifies an alter-
native in which the new energy scale of the deformation
does not appear as a maximum energy. Then, in Sec. VI we

?An ansatz is required in order to give a physical content to the
requirement of locality of interactions. Otherwise, it would
always be possible to find a change of variables in the two-
particle phase space such that the composition law reduces to the
sum of four-momenta. In this case, one would be just considering
SR in a fancy choice of coordinates.

study the role of associativity in the definition of a RDK
and conclude that an associative DCL1 (which corresponds
to x-Poincaré in a certain basis) is the only relativistic
isotropic generalization of SR kinematics compatible with
locality.

We end in Sec. VII with a summary and prospects for
further work.

II. SPACETIME FROM LOCALITY

We consider the classical model for the interaction of two
particles with a deformed kinematics defined by the action

s= " eyl @0
- i=12
N @) = m2 ]

+ [Tary i, @n

+ N (@)[C(pt I (z) = m3 ;]
+ &P (0) =P, (0)], M)

where a = (da/dr) is the derivative of the variable a with
respect to the parameter z along the trajectory of the
particle, x_;) (x,(;)) are the space-time coordinates of

the in-state (out-state) particles, p~() (p*1/) are their four-
momenta, m_; (m.;) are their masses, P~ (P1) is the
total four-momentum of the in-state (out-state) defining
the DCL, C(k) is a function of a four-momentum k defining
the DDR, & are Lagrange multipliers that implement
the energy-momentum conservation in the interaction,
and N_(; (N ;) are Lagrange multipliers that implement
the dispersion relation of in-state (out-state) particles.

The variational principle applied to the action (1) fixes
the end (starting) space-time coordinates of the trajectories
of the in-state (out-state) particles,

oP;
v (), A (0) =&
op® O %0 (©)

. oP;
8p;(j)

¥, (0) =¢ 0. (2@

When the total four-momentum is just the sum of
the four-momenta of the particles, one has x* (0) =

xh

+(j)
at the point with coordinates & (local interaction). When
one has a DCL, the locality of the interaction is lost.

We now ask the question whether it is possible to identify
new space-time coordinates in the phase space of the two
particles (we consider either the two particles in the in-state
or out-state and then omit the index —, +),

(0) = & and the worldlines of the four particles cross

*y) = x{y @) + x{ye
¥y = X0y #i(p?) + x{y 0
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such that the interaction is local in the new spacetime
[%,(0) = X%, (0)]. We assume that ¢(;)*(0) = p{3)%(0) =
0 so that when one of the two momenta is zero the system
of two particles reduces to one particle with new space-time
coordinates X* = x*¢j;(p). One also has ¢ (0) = & so that
the new space-time coordinates coincide with the coordi-
nates x in the limit p — 0.

Locality in the generalized spacetime requires finding a
set of functions ¢¢(k), (pggl‘j(k) and (pg;;'(k) satisfying the

set of equations

PV ®p?), .
e (pW) + ————

apL” apy)
= —6( ® p' ) o (p?) + o' & p(2)>/4 (p(l)“(p(l))
ap£ ap£l) 2 ’
(4)
where we use the notation
P, = (" & p?), (5)

for the components of the total four- momentum P of a
system of two particles with four-momenta p!
We will refer to @ as the DCL.

Equation (4) is just the condition that the worldlines of
the two particles in the in-state (or out-state) cross at a
point. But the four-momentum of the two particles in the in-
state and out-state are constrained by the conservation of
the total four-momentum,

) and p

(P V@ p @), =(pep?), (6)

Then, the crossing of the worldlines of the four particles at a
point requires the left-hand and right-hand sides of Eq. (4)
to depend on the two four-momenta only through the
combination (p") @ p*)). When one uses the conditions

%Z(O) = (pggZ(O) =0, one concludes that in fact both

sides of Eq. (4) should be equal to ¢y, a(p EB p@)?

When one takes the limit p(!) = 0 or p® — 0 in the
locality equations, one has

? Away to see this is to consider the situatlon in which the partlcles

in the in-state have four-momenta p =(pt*H @ p* )

Pﬂ =0.

for the functions that define the mixing of the phase spaces of

the two particles in the generalized space-time coordinates.

When these expressions for the mixing functions gogg,

(pg; are plugged into the locality equations, one finds
apV @ p?), ke p?),
@ lim 3
aop. k=0 ke,
o @ p?), . o) ®K),
i
8p£l> k=0 Ok,

s ey
opy
8(p(1) @ p(2)>”

aps”

@ (p?) - (pV @ p@).  (8)

The first equality is a set of equations that a DCL () has to
satisfy in order to be able to have a generalized spacetime
(whose coordinates are a sum of two terms, each involving
the phase-space coordinates of a particle) where inter-
actions are local. The second equality is a set of relations
between the DCL (@) and the functions ¢ which define
the new space-time coordinates for a one-particle system.
We introduce the relative coordinate

—%ﬂ( )= oa(pM)]

— Xy [ (p®) = o) (p)]

LA ek, ok @ p?),
= ) fim ok, ~ ¥ Ok,

The effect of an infinitesimal transformation with param-
eters ¢/ generated by the total four-momentum (translation)
on the relative coordinate is

555((112) = eﬂ{fc((l]z)v (p(]> ® p(2>);4}
a(p ) 0 @k
|- or i i X2 @ 1),
op, k=0 Ok,
opV @ p?), ake p?),

I,l .
TP T ok,

(10)

We see then that the system of equations that a DCL ()
has to satisfy in order to find generalized space-time
coordinates with a local interaction is just the condition
of the invariance of the relative coordinate under trans-
lations. If one observer sees a crossing of worldlines
[%‘(”12) (0) = 0], another observer related by a translation

also sees a crossing of worldlines.
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One can also consider the effect of an infinitesimal transformation with parameters €, generated by the relative
generalized space-time coordinates )?’{12) on the momenta p"), p(. One has

(

o(pV & k)
1 D g .
opu) = el %0y} = €alim ——— ——* =

(P @ e) - p],.

Ok,
50 — e (@ 32 1 — o i 2K O PPy )y — p@ 1
Pu —%{Pu 7x(12)}—_€ak1_{%87ka__[(€®p )_p ]/u ( )
and then

But the invariance of the relative coordinate under the transformation generated by the total four-momentum implies the
invariance of the total four-momentum under the transformation generated by the relative coordinate. Then, from Eq. (12)
one has

(P @e)@p? =pl) @ (edp?). (13)

An alternative, more direct way to derive this result is based on the identities

opV & p?), . ok p?), . PV @ (k®p?)),dke p?),

2 1im = lim = lim

ap? k—0 Ok, k—0 ok ® p?), ok, k—0 Ok, '
a(p) @) (1) o(pH @ k @) (1) I(pM @k 2
(P G?I;D iy OV ®K), . O(p GZ) )&, 0V @k), _,. (" @®KSpT), (14)
opy k=0 ok, k=0 apV @ k), ok, k=0 ok,
Then, the first equality in Eq. (8) leads to
_dpV e ke p?), . AP ek erp?),
lim £ =1lim £, (15)
k=0 Ok, k=0 Ok,
which is equivalent to Eq. (13).
If one makes the choice (pE?;Z( p@) =0 in Eq. (7),* one has
8(p(1) D P(2>)M (pa(p(1)> _ a<p(1) ® p(2))ﬂ lima(k @ p(l))y i 8((k @ p(l)) D p(2))ﬂ 8(k ® p(l))y
o op0 k0 Ok, ST ok p), Ok,
_d((ke p) ® p?),
= lim )
k=0 Ok,
o(pH @ p(2>)ﬂ (o) = a(ph @ p(Z))ﬂ lima(k ® p?), . apM @ (k @ p(2))ﬂ ok @ p?),
ap ’ op) k=0 Ok ol dke p?), Okq
_o(p" @ (ke p?)
= lim #
k=0 ok,
ke (pM) @ p®
(pz(p(l) ® p(z)) — lim ( (p p ))u (16)

*The same argument can be made if one makes the alternative choice 408:( p)y=o.
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Then the relations of compatibility with locality (8) can
be written as

apY & (k® p?)) (P & k) & p?),

. I,{ _ .
fim ok, = hm ok,
. O((ke pV) @ p?),
= lim
k—0 8](0,
. 0PV @ (k& p?)),
lim ok,
.ok (pV e p?)),
— lim .
k=0 Ok,
(17)

This makes manifest that any associative DCL is
compatible with locality.

III. FIRST-ORDER DEFORMED COMPOSITION
LAW OF FOUR-MOMENTA (DCL1)

We consider a DCL that is linear as a function of the
four-momentum of each particle. Dimensional arguments
lead to the general form for such a deformed composition
law (DCL1)

vp
1 2 C N (2
(P @ p?), = pi) + pi +%p§ 'p.(18)

where ¢,/ are arbitrary dimensionless coefficients. Let us

see if such a DCL can satisfy the restrictions from the
locality of interactions. One has

A @ Py A 0
- /‘4 /) £

op” A
. Ok p?) c’ )
lim———— =68§+—ps;/,
o ok, AN
P &P D)y _ o 4 )
T — Oy + Tpo' El
_O(p") @ k) "
m AP Py gy S 1
T RN (19)

and

o) @ p?), . k@ p?),
1m
opD i ok,

w S G ) el 1) )
:5;44'%17/) "’%Po + MAQ Pp Do
apW @ p?), a(ph @k),

2 lim

) p£1> k=0 ok,

pa ac L/acﬂa
s Cn () G2 Gl (1) (2)
=i+ —pp +/<pg +”A2 Py Po - (20)

A DCLI is compatible with locality if the dimensionless
coefficients satisfy the system of equations

e = cred)”. (21)

These are just the conditions that the coefficients c¢;” of a
DCL1 have to satisfy in order to be associative. This result
can be understood since Eq. (13) implies associativity for
a DCLI1.

The general form of an isotropic DCL1 has coefficients

17
of = coun” + cr8un” + c3nny, + cqn,nn’ + cse,"n,,

(22)

where n, = (1,0,0,0) and c¢; are arbitrary constants.

Compatibility with locality leads to four possible cases
for the DCLI1:

of =&, ol =8n,
ol =8&n’ + &in’ —n,n*n’,
vy up _ VP
¢ =n"n, —n,n'n’. (23)

In the last two cases, corresponding to a symmetric
composition law, it is possible to find a change of the
choice of four-momentum variables [k, = f, (k)] such that
the composition in the new variables reduces to the addition
of momenta [(p' @ ¢'), = (p & q), = p, + q:,].5 Then,
they do not correspond to a deformation of SR based on a
deformed composition law.

In the remaining two cases, one has a nonsymmetric
composition law (in fact, the two cases are related by an
exchange of the four-momenta in the composition law). A
change of four-momentum variables applied to an additive
composition law will always produce a symmetric compo-
sition law; therefore, the two cases of a nonsymmetric
composition law are real deformations of SR. The explicit
form of the locality-compatible DCL1 (or, for short, “local”
DCL1) is®

(1) _(2)

Po P
(p(1> @ p(Z))o — p(()l) + pE)Z) +e oA 0
(1)
Py P
(p @ p?); = pi" + p? e 24)

where ¢ = =1 is an overall sign for the modification in the
composition law and an arbitrary constant can be reab-
sorbed into the definition of the scale A. We will see in

>For the first one, the function is fo(k) = Alog(1 + ko/A),
filk) =k;/(1 +ky/A), while for the last one fo(k) = ko—
72
k /(;(ZA)’ filk) = k;.

There is another DCLI1 obtained by exchanging the four-
momentum variables.
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Sec. V that this composition law corresponds in fact to k-
Poincaré kinematics.
When ¢ = —1, one has

so that the scale A plays the role of a cutoff in the energy.
This is the reason why this choice of sign reproduces the
DCL in the context of DSR, as we will see later. The other
choice of sign € = 41 corresponds to a deformation where
the scale A is not a maximum of the energy and thus goes
beyond the framework of DSR.

If we go back to the expression for the relative gener-
alized space-time coordinates (9) and use the explicit form
of the local DCL1 in Eq. (24), we find

_opVek), Py

kTS A

. opN @k, . 9pYek),

i S T L TR
opV ®k), Py

ook, o\t )

. Ok p?), py

ok TS A

. 8(" @ P(Z))o

im ok, %

i 2k © P _ pl”

k=0 Ok A

bim ok, % (26)

and then

Wy =20, (1+epl JA) =20 (1+epl JA) = x]y e /A,

i i 1 i
x(m—x(l)(1+€p(<))/A)—x(2>. (27)

From these expressions for the relative space-time coor-
dinates, we have

(&) 80} = {x) (1 epf/A). 20, (1 + epy /A)}
+ {x’@, x{z)epﬁz)//\}
= (/M) (1 +epy JA) = xiy)]
= (G/A)Xélz)' (28)

Then we see that the relative space-time coordinates of the
two-particle system are the coordinates of a (noncommu-
tative) k-Minkowski spacetime with x = ¢/A.

If we want to determine the generalized space-time
coordinates of the two-particle system (not just the relative
coordinates), we have to solve, using the explicit form of
the local DCLI, the system of equations in Eq. (8) for the
functions ¢j;(p) which define the generalized space-time
coordinates of a one-particle system. One has different
solutions and then different choices for generalized space-
time coordinates with a crossing of worldlines. In order to
have a well-defined spacetime defined by locality, one has
to include an additional requirement.

The expression of the deformed composition law in
Eq. (24),

PV @ p?), = p{ + (1 +epl /NP, (29)

is a sum of p,(,l) (independent of p®)) and a term propor-
tional to p,(,z) depending on p(!). This suggests considering
generalized space-time coordinates )”c’(‘ N depending on the
phase-space coordinates (x(y), p)), while the }?’2) depend
on the phase-space coordinates of both particles
(x(1). pW, X(2)- p?)), as the additional requirement to derive
the generalized space-time coordinates of the two-particle
system. In this case, one has

o (ke pl)
P (p®) =0 ga(pV) = lim . (30)

k=0 Ok, '

ok (p' @ p®))
a(p(1) @ p@)) =i "
gu(pt @ p'?) =lim o%.

i ke p) @),

0 ok,

[Pk p ) @ p), ok @ p ),
k=0 a(k@p“))y aka

o(pM ) (1)
_ (p Galp )”lima(k®p )y’ (31)
ap,(, ) k=0 Ok,

where we have made use of the associativity of the local
DCLI1. But then [using Egs. (30) and (31)], one has

a(pV @ p?), a(pM @ p?),

Ps(pM) + Ps(p®)
opy" ap”
al (1) (2)) — a(p(]) ® p(Z))ﬂ li 8(]( ® p<2)>u
- %(P @ P ) - ap}(}) kl_rf(]) [9ka ’

(32)

which is the relation between ¢ and the DCL () which
results from the requirement of having a crossing of
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worldlines [Eq. (8)]. This is natural, since we already saw in
Egs. (16)—(17) that an associative DCL satisfies the locality
equations (8) with the choice gaE?;Z(p(z)) = 0. The func-
tions defining the generalized space-time coordinates for a

one-particle system are

. Ok p),
@u(p) = }g%aika (33)
and then, using the composition of four-momenta in
Eq. (24), we have

ok & p) .
0 = x#lim——— 2 — 0 Jep
X =x %1_1)% ok, x(1+epo/A) +xep;/A,
4 ok ® p) 4
X' = x"i T 7K = x!
¥=x %1_1)% ok, X, (34)
and

{x. 3%} = {x". Xep;/A} = —(e/N)x' = —(e/N)X'. (35)

The space-time coordinates of a one-particle system are
also the coordinates of a (noncommutative) x-Minkowski
spacetime with k = —(¢/A).

If one considers the second case for a deformed
composition law quadratic in momenta and compatible
with the implementation of locality,

(P @ p@), = (1 +epi/Npl + pi”, (36)

one now has a sum of pﬁz) (independent of p(!)) and a term
proportional to p,(,l) depending on p®). Then, one can
consider generalized space-time coordinates )“c’é) depending
on the phase-space coordinates (x), p?), while the X’(‘U
depend on the phase-space coordinates of both particles
(1) PV, x(2). p'?) as the additional requirement. In this
case one has

« _o(p") @ k)
9la)(PV) =0 = gi(pV) = lim o

—_— 37
k=0 Ok, (37)
The functions defining the generalized space-time coor-
dinates for a one-particle system are

0
() = im 2L © 3

-0 Ok,

and then, using the composition of four-momenta in
Eq. (36), we have

I(p & k) :
70 — yH]§ T R = 0 J :
¥ =ux il—{% ok, x(1 +epo/A) +xep;/A,
. O(p @ k) .
X' = x*i e = x!
X =x %1_1’)% ok, x'. (39)

The expressions of the generalized space-time coordinates
of the one-particle system in terms of the canonical phase-
space coordinates are the same in the two cases.

IV. LOCAL DCL1 AS A RELATIVISTIC
KINEMATICS

Until now, we have discussed one of the ingredients in a
deformation of SR kinematics: the modification of the
composition law for the four-momentum and its relation to
the locality of interactions. We now consider the compat-
ibility of the conservation of the total four-momentum in an
interaction with Lorentz invariance. We have to consider a
nonlinear implementation of Lorentz transformations in the
two-particle system, which will be defined by the expres-
sion of the six generators J% as functions of the two-
particle phase-space coordinates,

77 =y TP ) + iy T8, (P, ). (40)

The action of Lorentz transformations on the two-particle
system is given by

1 a af
{p). I} = \7(1/),,(17(1)717(2)),

0T, (P, p)
opy’

{77} = =ty

) aj?gy(p(l)’p@))

2 317,(41) ’

2 a aff
{pl<l )7‘] ﬂ} = j(é)ﬂ(p“)? p(2))’

6j?f)y(p(1)’ p@)
apy)

{x/(lz)»Jaﬂ} = _xlzl)

) aj?gy(p(l)’ p@)
~ X B) (41)
opy

In the one-particle system, the generators of Lorentz
transformations will be given in terms of the phase-space
coordinates by

77 =T (p), (42)

and one has
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(g} = o 0T (p)

ol — af
{pu I} = T (p), P,

(43)
The identification of the one-particle system with a two-

particle system when one of the four-momenta is zero leads
to the relations

T8, 1,00 =T (p),  J¥,0,p?) =0,
T, (p1,0) =0, J% (0,p?) =T/ (p?).  (44)

The compatibility of the conservation of the total four-
momentum with Lorentz invariance requires that

8(p(1> @ p(z))ﬂ

{(pV & p@),. 0"} = PR (pV, et}
V) @ p@
+—(p 69219 n (PP, 1},
ap”

(45)

where on the left-hand side one has the generators of
Lorentz transformations in a one-particle system and on the
right-hand side the generators in the two-particle system.
Then, the conservation law for the four-momentum will be
Lorentz invariant if one can find a solution to the system of
equations

aff aff
”/ (p(l) @ p(z)) — (1) ”j(]/>p(p(1)’p<2))

o(p @ p@)

+ LT8,(p. p?)
op? @)

(46)

for the functions of one or two four-momenta that define
the nonlinear action of the Lorentz transformations on the
four-momentum of a particle or on the four-momenta of a
system of two particles.

In order to determine the Lorentz transformation of the
two-particle system, one also needs an additional require-
ment as in the case of the generalized space-time coor-
dinates. The identification of generalized space-time
coordinates with a mixing of phase-space coordinates only
on the coordinates of one of the particles (¥(y)) suggests
considering a Lorentz transformation where only the trans-
formation of one of the four-momenta (p?)) depends on the
four-momentum of both particles. One has in this case

T80, p2) =T (p), (47)
and the system of equations for the Lorentz invariance of
the conservation law becomes

6(1)(1) @ P(Z))y
———a TG, p?)
apl(?) (2)

a(p(l) @ p(z)) o
——y T W). (48)
opy

Pp1) @ p?) -

This is a system of equations allowing to determine, given
the composition law for the four-momentum (), the
Lorentz transformation of the two-particle system from
the Lorentz transformation of a one-particle system.

One possibility to fix the Lorentz transformation of a
one-particle system is to require that the Lorentz gener-
ators, together with the generalized space-time coordinates
X%, generate a deformed ten-dimensional Lie algebra in
correspondence with the Poincaré algebra generated by the
space-time coordinates and the Lorentz generators in SR.
One finds (see the Appendix)

JI(p)=0, TL(p)=6pi—b.p;,
Jo (p)==p;(1+epy/A),
jgjzéi[—po—ep%/ZA]+(€/A)[132/2—Pjpk]- (49)

There is no effect of the deformation on the transformation
under rotations as a consequence of the isotropy of the
deformed composition law in Eq. (24).

From Eq. (48), and using the local DCL1 (24) and the
Lorentz transformation of the one-particle system in
Eq. (49), we find for the Lorentz transformation of the

particle with phase-space coordinates (xy), p?)) in the two-
particle system

Thyo(pV. o) = (1 -+ epy [N TG ().
T%(pW, p?) = (1 +ep /M TV (p?)
+(e/N) (P} =85 - 5).
j’é)o(p(l),p@)) — Jg(p<2)),
Ty (p™, p?) = TL(p?). (50)

Once we have determined a Lorentz transformation of
the one- and two-particle systems compatible with the
invariance of the conservation law of the total four-
momentum, one can determine the DDR, defined by a
function C(p) which is Lorentz invariant, i.e., such that

OC(p) ap, \ _
“op, 7 (p) =0. (51)

"

{C(p).J?"} =

When one adds the requirement that in the limit
(p3/A%) = 0, (p*/A?) > 0 the function C(p) reduces
to p% — p?, so that one recovers the dispersion relation
of SR in the low-energy limit, the result is
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P2 — B2
C(p) = m‘ (52)

Using Egs. (50) and (49), it is nontrivial to check that
7 =3 TP () + 6y TH (P p?)  (53)
is a representation of the Lorentz algebra and that

2

0D g (b0 P =0, (54

9 p,g ) (2)u
so that the Lorentz transformations that leave the con-
servation of the total four-momentum invariant also leave
the dispersion relations of the two particles invariant. Thus,
we have shown that one has a relativistic deformed
kinematics with a composition law DCL1 [Eq. (24)] and
a crossing of worldlines in the interaction of particles when

one introduces generalized space-time coordinates X

depending on the phase-space coordinates (x(), p) and
space-time coordinates 55?2) depending on all of the phase-

space coordinates (x(), p1), x5, p¥)). The previous
choice of generalized space-time coordinates can be com-
bined with a Lorentz transformation of the momentum p(!)
which does not depend on the second momentum p%,
while the Lorentz transformation of the momentum p®
depends on both momenta. This is just an example of the
different ways to implement locality and the relativity
principle with the local DCL1 (24).

We end this section by pointing out that the standard
treatment of Lorentz invariance violation, based on a total
four-momentum given by the sum of four-momenta (with a
crossing of worldlines in the canonical spacetime) and a
deformed dispersion relation with an additional energy
scale A (scale of Lorentz invariance violation) such that in
the limit (p3/A%) — 0, (p?>/A*) — 0 one recovers the
dispersion relation of SR, is just an example of deformed
kinematics which is not compatible with the relativity
principle. One can have other possibilities for Lorentz
invariance violations with a total four-momentum differing
from the sum of four-momenta but with a crossing of
worldlines in a generalized spacetime if one considers a
DDR that is not invariant under the Lorentz transformations
determined by the DCL through the requirement of having
a ten-dimensional Lie algebra with Lorentz generators and
the generalized space-time coordinates as generators.

V. LOCAL DCL1 AND x-POINCARE
KINEMATICS

In our discussions of the model with a deformed
composition law (@), we have not considered the arbitra-
riness in the starting point corresponding to the choice
of canonical coordinates in phase space. In fact, if one

considers new momentum coordinates p; related non-

linearly to p,, then one will have a new dispersion relation

defined by a function C’ and a new deformed composition

law @' which are related to the function C and the

deformed composition law @ by

Cp)=C(p). PV & P, =" e p?),
(55)

Then we have

o 8(/{/ @ p/)
o (p) = lim =
L Ok@p), ok, Ok ® p),
=0 akf, k=0 akﬁ, ak/}

k@ p)ok®p), Op ,
aka - 8py qpl/ (p)’ (56)

=1
00k @ p),
where we have used that 0k;/ 0k, = 5 when k — 0. On
the other hand, the nonlinear change of momentum

variables p — p’ defines a canonical change of coordinates
in phase space with

0

xH = x/’if, (57)

op,

and then
(04 0 p a
Ma(p') = ¥ 3PZ @ (p')
op, Op,

= SP () = xgt(p). (58)

where we have used Eq. (56) in the second equality. This
means that ¥’* = X%, and the generalized space-time coor-
dinates for a one-particle system are invariant under a
canonical change of phase-space coordinates correspond-
ing to a nonlinear change of momentum variables.

When one considers the two-particle system, one has

ok & p’<2))
2)a a .
(pza)i‘ (p’(z)) = goj, (p/(z)) — lim K

i T

but the same argument used in Eq. (56) leads to the relation

lim oK & p )i = 8p;4<2) lima(k  p )” (60)
K0 Ok, apl) k=0 Ok, '
and then one has
o /(2)
2)a 14 2)a
o (p®) =L (p?). (61)

= %
apS/Z) (D

The two-particle canonical change of variables in the two-
particle phase space,
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x/” = x¥ —ap£l> xlﬂ = x¥ —8pl(/2)
(1) (1) ap;l(l) @) 2 ap;(z)

(62)

will then leave the generalized space-time coordinates of
the two-particle system invariant,

a ~la

=y Xo = (63)

This means that all of the results (crossing of worldlines, a
k-Minkowski noncommutative generalized spacetime, and
a relativistic deformed kinematics) obtained in the previous
sections for the local DCL1 (24) will apply to any other
deformed composition law obtained from it by a nonlinear
change of momentum variables.

In particular, one can consider a nonlinear change of
momentum variables p, — p; such that

pi="ri  (1+epy/A) =P/, (64)

The new composition law that results from applying this
change of momentum variables to the local DCLI is

(p/(n @ p’(2>)0 _ pg(l) +P2)(2>,
(p/(l) @ p/(2)>i _ p:»(l) + eeﬂ(’;(l)//\pg(z)’ (65)

and one also has

P(z) - ﬁz 2 /A /A 2 /A
PP N2 e/ ) — e i/,
(14+epo/A)

(66)
The composition law of four-momenta p;l is (whene = —1)

just the composition law corresponding to the coproduct of
momentum in the bicrossproduct basis of the x-Poincaré
Hopf algebra [23], and the new function of momentum
C'(p') is just the function corresponding to the Casimir of
the x-Poincaré deformed algebra in such a basis. Then, we
see that a change of momentum variables, applied to the
deformed relativistic kinematics obtained from an imple-
mentation of locality with a deformed composition law
DCL1, leads to the x-Poincaré kinematics. This establishes
the relation between the algebraic framework based on Hopf
algebras to go beyond SR kinematics and the framework
presented in this work based on the possibility to identify a
generalized spacetime where interactions are local.

The new perspective of RDK based on locality leads,
together with x-Poincaré relativistic kinematics in the case
€ =—1, to a new option when ¢ = 1. The main new
ingredient is that the new scale A is not a cutoff in the
energy in this case. This is a possibility that deserves to be
considered and has been overlooked in the context of
doubly special relativity.

The relation between x-Poincaré kinematics and locality
was identified in a less direct way in a previous work [21].
In that paper, locality was implemented by asking that the
noncommutative coordinates do not mix space-time vari-
ables. When one adds the condition that the space-time
coordinates of the one-particle system (obtained as a limit
of the coordinates of the two-particle system when one of
the momenta goes to zero) define a xk-Minkowski non-
commutative spacetime, it is found that x-Poincaré kin-
ematics is compatible with the locality of interactions. In
the present paper, the new implementation of locality—
based on the use of generalized space-time coordinates
defined as a sum of two terms, each depending on the
phase-space coordinates of each particle—has allowed us
to derive the general form of a deformed composition law
DCL1 compatible with locality, and x-Minkowski as the
spacetime defined by the relative coordinates of the two-
particle system.

A closely related result was the identification of a “rigid”
translational symmetry [22] in an extension to 3+ 1
dimensions of a 2 4+ 1-dimensional model for a deformed
relativistic kinematics. The identification of k-Poincaré
kinematics as a deformed relativistic kinematics obtained
from a model with local interactions gives an explanation of
these previous results.

In a recent work [19], a derivation of an isotropic
relativistic deformed kinematics (RDK) from the geometry
of a maximally symmetric momentum space was presented.
This gives a complementary perspective to the derivation of
a RDK from the locality of interactions in a generalized
spacetime, as presented in this paper. The ten-dimensional
Lie algebra with Lorentz generators and generalized space-
time coordinates as generators, is just the Lie algebra of the
generators of isometries in the four-dimensional maximally
symmetric momentum space. The implementation of
Lorentz transformations in the two-particle system with
the requirement that the transformation of one of the four-
momenta does not depend on the other four-momentum (a
condition which was necessary to be able to derive the
RDK and was justified by the choice of new space-time
coordinates in the two-particle system with a mixing of
phase-space coordinates only for one of the particles) has a
simple explanation in the geometric perspective. It is a
consequence of the identification of the composition law
with an isometry. The derivation of the relativistic invari-
ance of the conservation of the total momentum is a
consequence of the identification of a composition of
isometries as an isometry [19].

VI. ASSOCIATIVITY OF THE COMPOSITION
LAW OF MOMENTA, LOCALITY, AND
RELATIVISTIC KINEMATICS

We have shown in Sec. I1I that associativity is a necessary
condition for a DCL1 to be compatible with the locality of
interactions. A nonlinear change of momentum variables
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applied to an associative composition law preserves this
property, so that any deformed composition law obtained
from a local DCL1 by a nonlinear change of variables will
also be associative. In Sec. II we have also shown that any
associative DCL is compatible with locality. This raises the
question whether associativity will be a property of any DCL
compatible with locality.

If one goes back to the first equality in Eq. (8) and takes a
derivative with respect to pfpl)
introduces the notation

on both sides, and one

(k@ p?)
alH(2)) ~ v
Ll/(p ) /161—1;% 8ka ’
. 0(pM @ k)
al (1)) = = Y
Ri(p™) = lim o (67)
one finds
9 (p!! GBp Ny Le(p)
ap apy
(Y e p?), Re(p1)
apz(/l)app
0 1)@ 2) ORX (1)
: (l)p b y(fl) ) (68)
8[7,, app
Next, one can take the limit lim ,u)_,, leading to
oLu(p?) |, L (p®) Lot
T L) =T S L) T (69)
Pv
where
L% (p(2) 3 (pM) @ p®
LI . iy S0 @2 ), T Ju (70)
Ao opllop;

denotes the coefficient of the term proportional to pg,l) p,(,l)

n (p(1> @ p(2>)ﬂ’ and

pa 2(p) @ »@
C/”\ = lim T @p7), (1)69 L ) (71)
pY.pP-0 Op, Opa
is the coefficient of the term proportional to pél) pf) in
(p!V @ p?)),. Using the symmetry under the exchange
a <> p of L,;” in Eq. (69), one has

oLL(p?) ., oLg(p®)

Li(p®@) - Li(p?)
ops ops
&=

This set of differential equations for the functions LY (p®))
is just the condition that the phase-space variables

] = x2rLy(p®) (73)

are the generators of a Lie algebra,

HYV U
) —¢Cp

iy =Ty (74)

The infinitesimal transformation with parameter € of the
momentum p? is

spl) = e, {p Ty} = e,L4(p®?)

ok ® p?), (e®p®),—pi.  (75)

= ¢, lim

k—0 ok,

If the composition law is associative, then it can be used
to define a finite transformation by successive application
of the infinitesimal transformations generated by the 7% as

(2) @)

pi = pu =(a®p?), (76)

for a transformation with parameter a.

(2)

Similarly, taking a derivative with respect to p,
of pﬁ,l) in Eq. (8) and considering later the limit lim ¢,

one finds that

instead

7% = xRl (pl") (17)

are the generators of a Lie algebra,

(C%U - Cp ")

Th, Th} =
{Th T} =~

Tg. (78)

which is just the Lie algebra we have found for 7', with a

global sign change in the structure constants. The infini-

tesimal transformation with parameter ¢ of the momentum
M

p'Y is

1) . 1 v v
5[7/(4 )= eu{p!(t )’ TR} - euR,u(p(l))

a(p(l) ® k)ﬂ 1 (1)
= elim =T = (0 ® ), —pll ()
and if the composition law is associative, then it defines a
finite transformation

(1) (M _ (p(l)

P’ = pu @ a), (80)

In particular, we have seen that a local DCL1 and the
different composition laws obtained from it by a change of
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momentum variables are associative, so that they can be
associated to finite transformations generated by the 7% or
T%. In Ref. [19], it was seen that x-Poincaré kinematics
corresponds to the only relativistic kinematics for which the
generators of translations defined from the composition law
close an algebra. This explains why the local DCL1 (which,
as we saw in Sec. IV, defines a relativistic kinematics) is the
deformed composition law of x-Poincaré kinematics in a
certain basis.

Other alternatives for a deformed relativistic kinematics
beyond x-Poincaré (Snyder and hybrid models) have been
obtained in both the algebraic [24] and geometric frame-
works [19]. They lead to T’Z.R generators (defined from
the corresponding DCL) which do not close a Lie algebra
and thus, according to the previous arguments, are not
compatible with the locality of interactions. Then we
conclude that, in a deformed relativistic kinematics, the
locality of interactions, implemented in the way proposed
in this work, requires the associativity of the DCL and
selects x-Poincaré kinematics as the unique relativistic
isotropic generalization of SR kinematics compatible with
locality.

VII. CONCLUSIONS AND PROSPECTS

We have shown how a deformed composition law for
the four-momentum defines, at the classical level, a
modified notion of spacetime for a system of two
particles through the crossing of worldlines in particle
interactions, which is the way spacetime is introduced
in SR.

We have used an appropriate nonlinear change of
momentum variables to prove that the framework pre-
sented in this paper contains the results of the x-Poincaré
Hopf algebra and gives a complementary perspective to
the derivation of a relativistic deformed kinematics based
on the geometry of a maximally symmetric momen-
tum space.

The work presented in this paper opens a new perspec-
tive on the formulation of a deformation of relativistic
quantum field theory based on either the implementation
of a deformed kinematics with a deformed composition
law for the four-momentum, or the associated generalized
notion of spacetime.

Having an understanding of the introduction of a new
energy scale from different perspectives can be important
in order to explore if it has a realization in nature through
its possible observable effects. The notion of spacetime
based on the locality of interactions defined by a
deformed composition for the four-momentum is just a
reinterpretation of the classical model used to introduce
the idea of relative locality (the loss of the locality of
interaction in canonical spacetime due to a deformation
of the composition of four-momenta). The identification
of a physical spacetime that differs from the canonical
spacetime has implications on the propagation of

particles, in particular on the energy dependence of the
velocity of propagation of a free particle [25,26], which
is one of the possible observable effects of a departure
from SR with a new energy scale A.

We have found some remaining ambiguities in the
identification of the generalized two-particle space-time
coordinates implementing the locality of interactions and
also in the Lorentz transformations of the two-particle
system. This suggests looking for some additional physi-
cal requirement replacing the ad hoc prescription (mixing
of phase-space coordinates in the generalized space-time
coordinates and mixing of the momentum variables in the
Lorentz transformations for only one of the two particles)
used in this work to fix these ambiguities.

In contrast with the idea of the loss of the notion of
absolute locality due to the modification of the energy-
momentum conservation law in a deformed relativistic
kinematics, in this work we have proposed the possibility
to maintain the identification of a physical spacetime
through the locality of interactions. The next step in this
direction is to check the consistency of the new per-
spective of spacetime through the identification of
observables related to the generalized space-time coor-
dinates defined by the locality of interactions.
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APPENDIX: LORENTZ TRANSFORMATION IN
THE ONE-PARTICLE SYSTEM OF THE LOCAL
DCL1 KINEMATICS

We define the Lorentz generators J% by the requirement
that, together with the space-time coordinates X?, they
generate a ten-dimensional Lie algebra. Given the Lorentz
algebra generated by J% and the algebra of the space-time
coordinates ¥* (when there is no mixing of phase-space
coordinates in )“cf‘w),

{2} =—(e/0)F, {F.¥}=0. (Al)
the rest of the ten-dimensional algebra is determined by
Jacobi identities:

{79,099} = &% — (e/N)JY,
{7, 7%} = 6730 — (e/N)J,

{70,075} =0, {x, 15} = k%) — 5Uxk. (A2)
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Using

aJl (p)

) 780 - i) (a3

(97} = ott) w0 T () = (2T

P

in the algebra (A2), one finds the set of equations

a(pﬂ ] 8j2](p) 0 ) j 0
0 = e/NT. (p),
( 3pp o op, " (p) ) = ou(p) — (/N T (p)
gl (p 0T () i
(25022 720) -2 L)) = S7080) = (/0T ).
afp,xp 0Tk (p) )
Ty (p) ——2—=¢0 =0,
( o, b ( op. ¢ (p)
9¢,(p) ]k 8j{;k(p) i ik J ij, ok
( o, Th( prmp) = 8“pu(p) — 8" 9,(p). (A4)
Using the expressions
. 0k ® p) ; . O(k@® p)
0 o 0 _ J _ S o U
W) =i =, = Lrero/A gilp) = fim =R =0,
. O0(k® p); i . O0(k® p); ;
0 — Fli _ oy J = S A

for the functions that define the generalized space-time coordinates in the one-particle system of the local DCL1 kinematics
according to Eq. (33), we end up with the following system of equations for 7, ,{fﬂ( p):

0y { o 0TV agyl  agy . )
= (e/N)|2Ty - 0 — 0 O = —5U(1 +epo/A) + (e/N) T,
dpo (e/A) o —Po apo Pk aps ap; ( po/N) + (e/A)
0T oY o ogY §
Ty = dl N2 = S aﬂ S = e /A -+ (/N T,
Ty w o og) agl Tl
apo - (€/A) |:k7 — Po 8 —Pm apm 8pl - 07
8~7{k _ Jk jfk Jfk aj{k _ sijsk ik s/
| e A (46)

When one adds the condition that in the limit (p3/A?) — 0, (p*/A?) - 0, one should recover the SR Lorentz
transformation

Ty = =p T ==8po. Th =00 T~ (5fp; =m0, (A7)
one finds a unique solution for the Lorentz transformation of the relativistic kinematics defined by the local DCLI:

JIp)=0, T (p)=6lpi—bip
TY(p) ==p;(1+epo/N). TV (p) = 8l[=po—ep3/2A] + (e/N)[B*/2 = p;pl. (A8)
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