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Quantization in background scalar fields
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We consider (0 + 1) and (1 + 1) dimensional Yukawa theory in various scalar field backgrounds, which
are solving classical equations of motion: ¢ = 0 or ¢, = 0, correspondingly. The (0 4 1)-dimensional
theory we solve exactly. In (1 + 1)-dimensions we consider background fields of the form ¢, = Et and
¢ = Ex, which are inspired by the constant electric field. Here E is a constant. We study the backreaction
problem by various methods, including the dynamics of a coherent state. We also calculate loop corrections
to the correlation functions in the theory using the Schwinger—Keldysh diagrammatic technique.
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I. INTRODUCTION

The main goal of quantum field theory is to find the
response of the fields to external perturbations, i.e., to find
correlation functions or, more generically, correlations
between an external influence on the system and its
backreaction on it. In classical field theory correlation
functions are solutions of equations of motion. In quantum
field theory one also should take into account quantum
fluctuations, i.e., calculate loop corrections to the tree-level
correlation functions. Usually one treats quantum fluctua-
tions using the Feynman diagrammatic technique. It
implicitly assumes that external perturbations do not
change the initial state of the theory, i.e., the system
remains stationary.

However, strong background fields usually take the
state of the quantum field theory out of equilibrium; in this
situation standard (stationary or Feynman) technique
incorrectly describes the dynamics of the fields. For
instance, stationary approximation is violated in an
expanding space-time (see, e.g., [1-5]), in strong electric
fields [6,7], during the gravitational collapse [8], and in a
number of other nontrivial physical situations [9-12]. In
such situations loop corrections to the tree-level correla-
tion functions grow with time. This indicates the break-
down of the perturbation theory. Namely, every power of
the small coupling constant is accompanied by a large
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(growing with evolution time) factor. This raises the
question of the loop resummation.

Such a resummation was performed only in a limited
number of cases [2-7]. Moreover, even in these cases one
can catch only the leading qualitative effects in the limit
of long evolution period and small coupling constant.
In this respect it would be nice to find a simple but
nontrivial example of a nonequilibrium field theory, in
which calculations and dynamics itself are more trans-
parent than in complex gravitational and electromagnetic
analogs.

As an example of such a nonequilibrium situation we
propose to consider the Yukawa theory of interacting
fermions and massless bosons in (D + 1)-dimensional
Minkowski spacetime:

s= [ @[3 @07+ iwpy—sgmy|. (1)

We start with D = 0, 1. Usually one quantizes this theory
on the trivial background ¢, =0, w4 = 0 and uses the
standard equilibrium approach to find scattering amplitudes
[13]. This approach is not applicable in the presence of a
strong background scalar field ¢, at least if there is a
pumping of energy into the system, which may generate an
increase of the higher level populations and anomalous
quantum averages. To study such an out of equilibrium
situation, we quantize the fields on a nonzero classical
background and then calculate correlation functions using
nonequilibrium Schwinger—Keldysh diagrammatic tech-
nique [14-20].

Namely, in this paper we rely on the following program.
First, we assume that there is a strong scalar field, i.e., a
classical solution ¢py(x) > 1 for some values of (D + 1)-
dimensional x and yw, = 0. For instance, we separately
study linearly growing in two dimensions background
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fields of the form ¢ = 9 + Et and ¢ = + Ex inspired
by the strong background electric field in QED [6,7].
Whereas the separate paper [12] considers the case of the

strong scalar wave background of the form ¢, = %(D("T;)

Second, we split each field into the sum of the “classical
background” and “quantum fluctuations™ ¢ = ¢y + ¢,,
W = y,, quantize the “quantum” part and find tree-level
correlation functions. We use the exact fermion modes
instead of plane waves; thereby we explicitly find the
response of the fermion field (at least at the tree-level in
such backgrounds). Then we find at tree-level the response
of the scalar field itself on the background.

Finally, we calculate loop corrections to the correlation
functions using nonequilibrium Schwinger—Keldysh dia-
grammatic technique. In particular, we are interested in
the loop corrections to the Keldysh propagators for scalar
and fermion fields, because these propagators reflect the
change of the state of the theory. Namely, at the loop
level they show the time dependence of the correspond-
ing level populations and anomalous quantum averages.
The usual equilibrium technique is not applicable if these
quantities are non-zero. For instance, this is the case of
strong electric [6,7] and gravitational [2,8] fields, where
loop corrections to the Keldysh propagator grow with
time.

Feynman technique takes into account only contribu-
tions of the zero point fluctuations into correlation func-
tions. To take into account the change of the initial state of
the theory (change in the anomalous averages) and of the
excitation of higher than zero point levels (for the exact
modes in background fields) one has to apply the
Schwinger—Keldysh technique.

However, in this paper we show that strong scalar fields
under consideration do not share the properties of the
background electric and gravitational fields: even in the
limit of indefinitely long evolution period loop corrections
to the level population and anomalous quantum average
remain finite in the first loop level. Which means that while
in the strong electric and gravitational fields to understand
the dynamics one has to resum the leading contributions
from all loops (see, e.g., [2] for a review), in the back-
ground scalar fields under consideration one does not need
to do that.

Let us also emphasize the other two apparent impor-
tant differences between strong scalar field and strong
electric and gravitational fields. The equations of motion
for a pointlike relativistic particle in the ¢4 =4 + Ef,
¢pa =45+ Ex,or g = %Cb(%‘) backgrounds does not have
Euclidean worldline instanton solutions and the effective
actions in the scalar background fields are real [12].
Therefore, there is no particle tunneling in the strong scalar
fields under consideration. This distinguishes strong scalar
field from the strong electric [21-23] or gravitational [24]
ones. However, the situation with the particle creation in the

scalar field background ¢, = %CIJ(%‘) is not that trivial as is

shown in [12] on the tree-level. This can signal that in the
latter background field loop corrections also may grow with
time, but that is a subject for a separate paper and is not
considered here.

The paper is organized as follows. In Sec. II we discuss
the one-dimensional problem. This is the simplest case to
our knowledge, because in (0 + 1) dimensions the scalar
current A(y) can be calculated exactly. Moreover, the
theory can be solved exactly. Using operator formalism we
show that first loop corrections to the scalar two-point
functions are fully determined by corrections to one-point
functions. Then we reproduce this result in Schwinger—
Keldysh diagrammatic technique and extend it to all orders
of perturbation theory.

In Secs. III and IV we consider the case of linearly
growing in time, ¢ = % + Et, or in space, ¢ = + Ex,
scalar field in (1 + 1) dimension. We discuss the subtleties
of choosing the correct fermion modes and quantize the
fermion field. Using these modes we calculate the tree-level
scalar current and first loop corrections to the scalar and
fermion propagators. We find that in both cases these
corrections remain finite in the limit of infinitely long
evolution periods.

In Sec. V we consider another approach to the scalar
field background: we examine the time evolution of the
“coherent state” corresponding to the initial value of the
field ¢ (x) =% + Ex:

<¢cl|$(t =0, x>|¢cl> = ¢cl(x)'

Such an approach corresponds to a different setup for the
background field, which at first sight seems to be the same.
On one side, if we consider the background field ¢, =
2+ Ex for all times and find the exact fermion modes in it,
this should correspond to the situation that the background
field is maintained somehow for all times in its fixed form
under consideration. Or this approach is applicable when
the backreaction on the background is very week. On the
other hand, if we consider a background field set up by the
initial coherent state |¢;), which is then released to evolve
freely, such an approach can be used for the case when the
backreaction is strong.

To the best of our knowledge, the last approach has not
yet been considered for other nonequilibrium systems.
However, we find that the behavior of the scalar field in
different setups are qualitatively the same, which seems to
be a peculiarity of the scalar background fields under
consideration.

Finally, we discuss the results and conclude in Sec. VI. In
addition, we discuss the asymptotic expansion for the
parabolic cylinder functions in the Appendix A, review
textbook derivation of the Feynman effective action and
renormalizations for the scalar field in Appendix B, and
derive the coherent state in Appendix C.
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II. STRONG SCALAR FIELD IN
ONE DIMENSION

To start with we consider the most simple situation—the
(0 + 1)—dimensional quantum field theory of interacting
fermions and real scalar field. In considering this simplest
(0 + 1)—dimensional situation we will show many technical
details for pedagogical reasons to introduce the nonsta-
tionary technique and set up the notations.

There are two options to describe fermions in one
dimension. First one is determined by the following action:

S—/dr[éqﬂiw—ww} (2.1)
where we denoted the conjugated fermion as (7 = . The
fermions become Grassmanian upon quantization. Another
option is the theory with two-component spinors:
| _
S = /dt [Eqﬁ + ipryoy — /1(/):,/14, (2.2)
where yo = (%), ¥ =y’

It can be shown that the situation in the latter theory is
just a bit more complicated than in the former one.
Essentially the dynamics is the same. The main compli-
cation of (2.2) in comparison with the theory (2.1) is that in
(2.2) upon quantization we have four fermion Fock space
states, 0,0), |0,1), |1,0), and |1, 1), rather than two, |0)
and |1) as it is the case for (2.1). In what follows we
consider only the theory (2.1). We address the theory under
consideration as if it is the simplest one dimensional
quantum field theory. Namely instead of calculating quan-
tum mechanical transition amplitudes we calculate corre-
lation functions. Our main goal is to find the backreaction
on a strong scalar field, to be described below, in these very
simple settings.

The equations of motion for the action (2.1) are as
follows:

{ b =iy, (2.3)

iy = Apy.

These equations have the following classical solution:

m a
¢cl(t) = _+Zt’

1 (2.4)

W =W = 0,

which we will consider as a background.
Then we consider mode decomposition for quantum
parts of these fields over the classical background (2.4):

(2.5)

where operators d and & obey the standard (anti)commu-
tation relations:
{a,a"} =1, [@,a7] = 1. (2.6)

The equations for the modes on this background are as
follows:

f=0.
{(ii—m—at)pzo. 27)

dt

Thus, we have the first order differential equation for the
fermion modes, hence, their form is

(1) = 7t [ tmraiar’ (2.8)

As a result, the tree-level expectation value of the equal-
time product of two fermion operators does not depend on
time:

Opwl0) =0 and (llgyll)=1.  (29)
where a|0) = a'|1) = 0. To find (@) exactly, note that
the full Hamiltonian of the theory is as follows:

2

~ pis
Hyy = Apyry +—-,

5 (2.10)

where 7 is the momentum conjugate to the scalar field,
[, 7] =i, {w,y} = 1. Using such a Hamiltonian one can
find that:

hence,  (0lpy]0) exper (1) = O

1>exact(t) =1

[y, Hpyy] = 0,
and  (1[py

(2.11)

Thus, we have two options for the backreaction problem:

(#)
(9)

—A(0lpy|0) =0, and

A1) = 2,

(2.12)

i.e., either the background force is zero or nonzero, but
constant.

It should be stressed at this point that the result under
consideration does not depend whether we quantize in the
background scalar field (2.4) or we put the background
field to zero. However, to complete the solution of the
problem, we also have to calculate the scalar and fermion
two-point functions, when the points do not coincide.

To do that let us point out one important issue. Consider
one-dimensional scalar with a nonzero mass:
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(2.13)

So=7 / A — )

—_ 1 e—iwt
V20 :
Consider the two-point Wightman functions in this

theory in the limit @ — 0:

The standard mode in this case is f(¢)

1 . o t .
P = = (ae™ e a\/% +iy 5 -
—iw(t—1") 1 :
n o€ W—’O_ _ i o

(2.14)

Note that if we just omit the term 5 in the propagator it can
be used as the tree-level Wightman scalar function in the
theory (2.1). In fact, the latter one does solve the appro-

priate differential equation:

d2
(dzz + a)2> G(t—1)=0,

and can be used as a basis for the construction of other
propagators. Such as, e.g., Feynman, retarded and Keldysh
two-point functions.
On the other hand, consider the direct quantization of th¢
scalar part of the theory (2.1). Then the mode is f(¢) = %
. . . 2
and the expansion of the field operator is

Mg:&§w+quw>@¢

It is easy to check that such ¢ satisfies the equation of
motion and [¢, 7] = i.

Now we can calculate the tree-level boson Wightman
propagator:

(2.15)

(p(0)(7))o = %<0l[(a +a') +i(a" - a)i]
< [(a+a’) +i(a" - a)r]]0)

Cl—i(r=t) 1t

. (2.16)

This provides another option for the two-point function in
the theory. The two choices of the Wightman propagators in
the theory correspond to two different choices of states.
While the second choice corresponds to a ground state in
the Fock space, the first one is a sort of a coherent state.
A somewhat similar situation appears for the massless
scalar field in two-dimensional flat space or in de Sitter
space [25].

Please also note that while the first choice of the
propagator respects the time translational invariance, but
does not respect so called positivity, (¢?(¢)) > 0 (in the

present case {(¢*(f)) is just vanishing, while in two-
dimensions similar Wightman function can become neg-
ative), the second choice does respect positivity, but
violates the time translational invariance.

What remains to be done now is to calculate the exact
two-point Wightman function for the scalars and fermions.
In the next two subsections we will do that in two different,
but related, ways. But before doing this let us explain the
resulting solution of the problem in simple terms. Consider
a solution of the second equation in (2.12):

(§) = —A. (2.17)

It is given by

A
<¢>:—5[2+C|t+6’2, (218)

where c¢;, are integration constants. Hence, the field
operator ¢(f) can be written in the following form:

A m a 1 A

d(t) =—+—t+—=[(@+a") +i(@ —a)i

PRV RN}

A
—§t2+C1f+C2. (219)

Then, the boson propagator has the following form:

2

AH)D(1)) = () b)) =522

A A
—§C1<f%t2 + 31y) —Ecz(ﬁ +13)

+ ClCZ(tl + ZQ) + C%l] tz + C%. (220)

This expression coincides with the exact result shown, e.g.,
in Eq. (2.34) if we set

(2.21)
¢ = —gt%. (2.22)

That is true because the exact expression follows from the
“tadpole” diagram, which corresponds to the solution of
the Eq. (2.17).

A. Two-point functions and perturbative corrections

Let us make the field ¢ dynamical and calculate
corrections to the tree-level propagators. The potential
operator in the interaction picture is as follows:

V(1) = U(t. to) (A (t0)irw) Up (1, tg) = Ap(1)iprr

= Aaf (1) + & f (1)t a. (2.23)
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where #, is the time after which the self-interaction Agyry is adiabatically turned on. We recall that gy does not depend on
time and f(¢) = 1;\/%’ Evolution operator in the interaction picture is as follows:

Ultye1,) = Texp {—i 5 ng(n)} =i [y i [T aven [ devie +

a

tll tll

=14+ Uty ta) + Us(ty. ta) + - (2.24)
One can explicitly calculate the first and second order corrections to the evolution operator:
il ., i .
Ul(tbvta) = ——2aTa (ta - tb) —1 +§(ta =+ tb) a+H.C. s
22 At A 1 2 2 . . ATA
Uz(tb, ta) = —Ea'a ﬁ(fa - tb) (12 + Sta + tb(3tb +4l) + ta(6tb —41))a a
1
-3 (t,—1,)2(2i +t, +t,)%aa + H.c.] , (2.25)

where we have used the identity a
vacuum state of the scalar field, @|0) = 0:

faa'a = a'a. Now let us calculate the Wightman function of two boson fields in the

Dexact(tl’ZZ) = <¢(t1)¢([2)> - <UT(t1,to)d)(ll)U(Zl,l2)¢(l2)U(t2,[0)>
={[l + U(tg, t;) + Us(to, t;) + | [1 + Uy (t1, 1) + Us(t1, 1) + -+ -op>

X [14+Uy(ty, to) + Up(ty, tg) + - +]) = Do(t1, 1) + AD(t1, 1)) + -+ -,

where we denote ¢(t,) = ¢, for short.

Note that if we average over the vacuum for fermions,
al0) = 0, all contributions except the bare boson propa-
gator vanish because they always contain the combination
w|0) = 0. So in this case the tree-level expression for the
boson propagator is exact:

Dexact<t1’ t2) = DO(tl’ t2)' (227)
Now consider the averaging over the state af|1) = 0 for
fermions, which gives a less trivial result. Using the

decomposition of the evolution operator, one finds that
the correction to the tree-level propagator grows with time:

AD(thtZ)
12
= g(fo —1)(to— 1)
X {(tg + 1, = 20)(tg + 1 + 20) f(11) f*(12)

+ (tg + 1, = 20)(tg + 12 — 20) f (1) f(t,) + H.c}
12

= Z(ﬁ — 19)*(1, — 19)*.

(2.28)
To calculate (¢(r,)¢p(2;)) we should simply change
t; < t,. For the future reference we show here expressions
for the Keldysh and retarded/advanced (R/A) propagators
[16-20]:

(2.26)
DX (11,12) = 5 (9(0). #(02) )
DRIA(1, 1) = £0(%1, F 1) ([p(11), p(12)]).  (2:29)
Note that
DA(t,t,) = DR(t,,1,). (2.30)

This means that advanced and retarded propagators behave
similarly and we need to calculate only the retarded one.
Thus, it follows that

Dk :%[f(tl)f*(tQ) + () f()] = H%
ADY = /1742 (1 = 10)*(t2 = 10)*,

D§ = 0(t; — 1) [f (1) f*(12) = f*(11) £ (12)]
=i0(t, —t,)(tr — 1;),
ADR = 0. (2.31)

Here subscript 0 denotes tree-level propagators, while
AD——perturbative corrections which we calculate here.
To understand the obtained result let us calculate the
expectation value of the single operator:

(1) = (U (t1.10) 1 U (11, 1)) (2.32)

025005-5
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Up to the first order in A the correction looks as follows:

Alpy) = —i2 / " dty((r) — (hah1))

! A
= /1/ 1 diy(ty — 1) = _E(tl —1)*  (2.33)
Iy

Hence, we see that AD is completely determined by the
correction to the one-point correlation function:

AD(1,,1;) = ADX(1),1,) = A1) A{¢hn)
/12
= Z(h —10)* (12 = 1)*.

In the following subsection we will see that this contribu-
tion corresponds to the so-called “tadpole” diagrams. And,
thus, although we have obtained the result under consid-
eration only at the order 4 in the expansion of (2.26) it is
actually the exact expression.

(2.34)

iIG™(x1,x2) = (Ty(x))p(x)) = 0
G (x1,x0) = (T ()i ( 0
G (x1,27) = (w(x)@(x2)),

G (x1,27) = = (W (x2)w(x1)),

Apart from other things the observations that we
have made in this section indicate that the growth of the
two-point function with times #; , has no connection to the
change of the state in the theory unlike the case of
nonstationary situations in higher dimensional quantum
field theories. Namely, the time evolution in the theory does
not lead to a generation of the anomalous quantum averages
and level populations neither for fermions nor for the
boson. In other words, the initial state does not change
despite the nonstationarity of the theory.

B. Schwinger-Keldysh diagrammatic technique

In this subsection we recalculate the results of the
previous subsection with the use of the diagrammatic
technique. We use Schwinger-Keldysh diagrammatic
technique [14-20]. This technique uses the following
fermionic propagators:

(2.35)

where (---) denotes averaging over an appropriate initial state, 7' stands for the time ordering and 7—for the antitime
ordering. Corresponding bosonic correlation functions are as follows:

iD™(x1,x3) = (Tp(x1)p(x2)) = 0

DV (x1, ) = (Tp(x1)p(x2)) = Oty — 1)
iD™(x1, x2) = ((x1)(x2)),

iD™(x1,x7) = (P(x2)(x1)).

In what follows we will include the imaginary unit into the
definition of the correlation functions (2.35) and (2.36) for
short.

One can also define these correlation functions using
the Keldysh time contour, which starts at the moment ¢,
goes to t — +oo and then returns back to the starting
point [15]. The contour appears due to the simultaneous
presence of time ordered U and antitime ordered U' in
(2.26). Ordering along this contour corresponds to
the time-ordering on the “forward” part and to the
antitime-ordering on the ‘“backward” part. Hence, one
can assign “F” signs to the fields sitting on the forward
and backward parts of the contour, correspondingly,
and define correlation functions G** = (y,y,),
D** = (¢, ¢.). This definition is equivalent to the
definition (2.35) and (2.36). More details can be found
in [16-18].

(ty = 1)iD* = (x1, %) + (1, — 1,)iD™" (xy, x2),

iD_+(xl9x2) + a(tz - tl)iD+_(xlax2)v

(2.36)

Also note that functions G** and D** are not inde-
pendent due to the relations:

Gt +G =G +G T,

Dt + D™ =Dt 4+ DT, (2.37)

It is convenient to do the Keldysh rotation from the forward
and backward (“+”) components of the fields to the so
called classical and quantum componentsl [15-17]:

() =#G) G)=+()
() =2(G) 2= (500

n general, matrices which rotate fields ¢, w, and  are
independent, but here we choose them to be equal to each other.

D=

(2.38)
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and introduce the Keldysh and retarded/andvanced propagators:

; 1 _
G* = (yawa) = 2 (G +G™),
GR = (yap,) =G~ -G,
G = (yya) =G~ =G,

This definition is equivalent to the one used in (2.29).

Note that in (0 + 1)-dimensions diagrammatic technique
works only for correlation functions averaged over the
vacuum or thermal (stationary) state, because diagram-
matics is based on Wick’s theorem [11,26], which is
applicable only in stationary situations in one dimension.
However, in our case this restriction does not bother us,
because the state of the fields does not change in time. In
higher dimensional quantum field theory this restriction
disappears because of the infinite space volume which kills
unsuitable operator averages [20,27].

Let us calculate the first loop correction to the boson
two-point correlation function using Schwinger-Keldysh
diagrammatic technique. First, we consider the averaging
over the state |0),,|0),. In this case tree-level propagators
have the following form [it is easy to restore the remaining
four correlators using definitions (2.35) and (2.36)]:

t
Gy~ (11,1) :exp{—i/ 1(m+at’)dt’},
5]

Gy (t.1,) =0,

Dy~ (t1.2) = 1) (1) = LA,

(tin)(1 i)
o)

Dy (t1,1) = (Dy~ (11, 1))* (2.40)

The one-loop corrections to the scalar field propagators
(Fig. 1) is vanishing:
- —iﬂ,/dl‘z

Algy)

o':{Jr,—}

)

1
DX = (papa) = E(DH +D77),

DR = <¢cl¢q> =D - D_+7

DA = (pyba) = D =D+ (2.39)
I
AD™ (11, 1,) = =22 / dtydiy Z D(1, 1)
o34={+.~}
X G713, 14) G714, 13) D7 (14, 1)
x sgn(o304) = 0, (2.41)

because G~ =0 and 03,0,3 =0, where for short we denote
934 Ee<l3 - t4). Thus, ADK(II, t2) = ADR/A(II, tz) =0.
Due to the same reason the so-called “bubble” diagram
(Fig. 2) is also equal to zero.” Finally, the tadpole diagrams
(Fig. 3) are zero because they contain the free fermion
propagators in coincident points: (O|y|0) = 0. Thus, one-
loop corrections to the boson propagator is zero for the case
of averaging over the state |0),,|0) ;. This is exactly what we
have seen in the previous subsection [see Eq. (2.27)].

Now let us take the average over the state |1),,(0),. In
this case tree-level boson propagators do not change,
whereas tree-level fermion propagators acquire the follow-
ing form:

G(T_(tlv t2) =0,

—exp {—i [2 “m+ at’)dt’}. (2.42)

Ga+(tl P t2)

The diagrams (Fig. 1) and (Fig. 2) in this case are zero
again for the same reasons. Hence, we recalculate only the
tadpole diagrams (Fig. 3):

Z D*(11.1,)Ggi (12, 12)sgn(—0)

+oo t y)
—M/ dt,DR (11, 1,) = /1/ l dtr(ty —1;) = —5(11 —1)%,

Ty
Algr) = —id [ diy Y D™(t1,12)Gga(t, 1r)sgn(—o)

o={+,—}

) +0o0 ) A
— =it [N ) =4 [ dnte, - 1) = =5 (0 - 0 = A1),
to )

(2.43)

’In the Schwinger—Keldysh diagrammatic technique vacuum bubbles always cancel out.
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FIG. 1. One-loop correction.

FIG. 2. Bubble diagram.

FIG. 3. Tadpole diagram.

Hence, the correction to the boson correlation function
looks as follows:

AD™ (11, 1) = ADX (11, 1) = MA@ ) A7)
/12

== (1, = 19)*(1p — 19)*,

1 (2.44)

which coincides with the result (2.34) from the previous
subsection.

Note that if we choose the bare scalar Wightman
propagator as follows:

i
(D192)0 = _E(tl - 1), (2.45)
which, as we have discuss around Eq. (2.14), respects the
time translational invariance, we will get the same answer
for the tadpole diagram:

/14
AGC1020304 (l] 1, 13, [4) = 2/ dtsdtedt;dtg Z
o5678=1+—}

X G%71 (14, 17) G (17, 15 ) G773 (15, 13) D757 (15, 17) D7% (16, 13)sgn(o506 ) sgn(0705).

FIG. 4. Diagram with corrected vertex.

+o0
AlpT) = Alg) = —i2 / dt,DR (1. 1)
1 A
=4 [Man(n =) =5 -wP (249

because retarded propagators do not depend on the state.
Thus, the diagrammatic technique gives the correct com-
binatoric factors and reproduces the result of the direct
calculation performed above in the subsection II A.

C. Exact boson propagators

As we have already pointed out in the subsection II A,
the tree-level expression for the boson propagator is exact
if we average over the fermion vacuum a|0), = 0:
Dexact(t1, 1) = Dy(t1,1,). So in this subsection we con-
sider averaging over the state a'|1),, = 0. We will see that
in this case the situation is nearly the same.

Let us classify what sort of diagrams can provide
contributions to the exact boson propagator (¢¢,).
First, note that corrections to fermion propagators vanish
due to the fact that they come from the interaction vertex V,
which contains fields in coincident points, and (P )eyaer =
(), as we have already shown above.” Many-loop
diagrams containing (Fig. 1) and (Fig. 2) and even such
diagrams with corrected vertexes, e.g., (Fig. 4) vanish for
the same reasons as have been discussed in the previous
subsection.

Consider loops connected with more than one boson
propagator, e.g., (Fig. 5). To prove that this diagram also
vanishes, we consider such diagrams as depicted on the
Figs. 6 and 7. These two diagrams are described by the
following expression:

G217 (11, 15)G7% (15, 16 ) G™* (16, 1)

(2.47)

Note that G™= = 0, so only expressions of the following form:

This observation means that we know the exact value of the fermionic two-point functions in the theory under consideration.
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GO (11, 15)G T (15, 16) G2 (16, 1)) G T (14, 17) G (17, 13) G173 (13, t3) D (15, t7) DT (16, 13),

)
GO (11, 15)G (15, 16) G (16, 1) G (14, t7) G (17, 13) G~ (13, 13) D" (15, 17) D (14, 13),
G (11, t5)G ™ (15, 16) G~ (16, 1) G7 " (14, 17) G (17, t3) G (13, t3) D™ (15, 17) D™ (14, 13),
GN (11, 15)G™ (15, 16) G~ (16, 12) G (14, 17) G~ (17, 18) G~ (13, 13) D™ (15, 17) D™ (16, 1g) (2.48)

may give nonzero contributions. But due to the presence of theta-functions they are proportional to (7, — #,) and, as we
remember, such diagrams come from the interaction vertex V which contains fields in the coincident points, where 7 (#)y(¢)
does not depend on time 7 due to the form of modes (2.8). Hence, for example, in the diagram of the Fig. 5 we have, as a
part, the four point correlation function G”1%2%% (1, t,t, 1), in which we can set all its arguments equal to ¢. Hence, that
enforces #; = t, and contributions from the Fig. 6 and Fig. 7 vanish in the case under consideration. The contributions of
higher-loop diagrams are also zero for the same reason.

As a result, only the remaining tadpole diagrams (Fig. 3) can give the nonvanishing contribution. So the exact

propagators are as follows:

D;;;Ct(th t2)

Dg{act(th t2)

R R/A
Dex/act(tl’ t2) DO/ (tlv t2)

This generalizes the result of the subsection II A to the
arbitrary order in 4 and, as we have explained above, comes
from the solution of the Eq. (2.17) with the tadpole
appearing due to nonzero right-hand side (1|py|1).

FIG. 5. Two loops connected with double boson propagator.

t1 ts tg to

t3 tr tsg ty4

FIG. 6. Ladder parallel diagram.

tl t5 ‘\ /" t6 t2

t3 t7 tg t4

FIG. 7. Ladder cross diagram.

(1—it))(1 +ity) 2?

=D{(t1,1,) + A1) A{ghy) =

1 22
= DE(11.1,) + Alg)A{ghy) = — 1112

= +if(£t; F ) (t, — 11).

> + 1 (11 = 19)* (1, = 1),

+— (11 = 19)*(t2 — 1),

2 4
(2.49)

III. LINEARLY GROWING IN TIME
BACKGROUND SCALAR FIELD IN
TWO DIMENSIONS

In this section we consider the Yukawa model of inter-
acting fermions and real scalar field in (1 + 1)-dimensional
Minkowski space-time with (+, —) signature of the metric:

5= [ Ba,,qsaﬂqw iww—ww} (3.1)

where we denote § = y#9,, 7 = w'y" and assume that the

coupling parameter is 4 > 0. In this section we use the
Dirac-Pauli representation for the Clifford algebra:

o<(y ) (50 e

The equations of motion for the action (3.1) are as follows:

2 P
{8 ¢+ Apy =0, (33)

(i§ — Ap)y = 0.
Their classical solutions can be taken as y, =0, ¢, =
F(t—x) + F(t + x), where F and F are arbitrary smooth
functions. In what follows we consider such classical
solutions as external backgrounds and split the classical
and quantum parts of the fields: ¢ = ¢+ ¢, w=
Wa + . Our goal is to calculate correlation functions.

Concretely, in this section we consider the background
field which linearly grows with time: ¢, = Et, where E is

025005-9



AKHMEDOV, LANINA, and TRUNIN

PHYS. REV. D 101, 025005 (2020)

some real positive constant.* Specifically, in the limit
E — 0 this background reproduces free massless fermion
field. When E # 0 the Hamiltonian depends on time, i.e.,
the situation is not stationary. Hence, one may expect the
particle creation that is similar to the one in strong electric
[14,21-23] or gravitational fields [24].

However, let us emphasize the difference between, e.g.,
the pair creation in the electric field background (the well-
known Schwinger effect [14]) and processes in the scalar
field background. On the one hand, at tree-level the particle
creation in the electric field can be attributed to the quantum
tunneling through the classically forbidden region. The rate
of such a process is described by an imaginary part of the
effective action; moreover, the expression for the rate is not
an analytic function of the background field [23]. On the
other hand, as we will see below the imaginary part of the
Feynman effective action on the scalar field background is
zero (see Appendix B). Hence, nonzero quantum expect-
ation values indicate rather vacuum polarization than
particle creation. But, as is discussed in [12] the situation
with the particle creation in the background scalar fields is
not that trivial.

Furthermore, note that the background scalar field
¢ = Et is rather unrealistic, since an indefinitely growing
field requires infinite amount of energy. However, it allows
one to grasp the main properties of the model. It would
be more appropriate to consider the pulse background
¢a = ET tanh, which becomes constant at the past
and future infinities and reproduces the linear growth for
|f| < T. Such a configuration does not solve the equations
of motion without a source in (3.3). Another possibility
is to consider a strong wave, i.e., F(f—x) which has
compact support. The latter classical background was
considered in [12].

A. Modes

To set up the notations let us start with the consideration
of the free massive fermion field without a background
scalar field. This field can be decomposed into the modes as
follows:

wle) = [ Sl (00 + b (). (3.4)

The functions " (1,x) = upe”"P* and w7 (x) = v,e'Pr,
which are positive and negative frequency modes, solve the
free equations of motion:

‘of course, one can obtain classical solutions with other values
and signs of this constant via time shifts: r— 1+ 0t =
b = E5t.+ Et, or reversals: t— —1= b =45- Et‘ Eg,
one can give a mass m, to the fermion field by the time shift

ot = T—E However, these transformations do not bring anything
substantially new into our discussion. So, we consider positive E

and zero mass without loss of generality.

(i) = m)y = 0, (3.5)
and creation and annihilation operators obey the standard
anticommutation relations:

{ap’aji} = {b[wbj]} = 271'5(]) - Q)' (3-6)
This fixes the equal-time anticommutation relations for y
and y':

{wa(t.x).w}(t.y)} = 8(x = y)5,. (3.7)
where we restored the spinor indices a, b = 1,2. The form
of u, and v, spinors is as follows:

b= ()~ (7))
w= (o) =7t (o)

where @ = \/p> +m? and we have used the Dirac
representation for gamma-matrices (3.2). For further pur-
poses (see footnote 5) we introduced the phase factor
sgn(p) which does not affect the conditions (3.5) and (3.7).
In what follows we omit the index p of u and v,
where it can be easily restored.

The fermion field in the time-dependent background can
be decomposed in the way similar to (3.4), except that
functions w*) solve the equations of motion (3.3) with
¢ = ¢ instead of the free equations (3.5):

(3.8)

p> Up»

[iy*0, — M(1)]y =0, (3.9)
where we define for short:
M(t) = a1, a=AE. (3.10)

Because of the spatial homogeneity it is convenient to
represent the modes in the following form:

w(t,x) =y, (1)~ (3.11)

Substituting this factorized solution into (3.9), one obtains
the equation for the time dependent part of the modes:

[iy°0, —y'p = M(0)]y, (1) = 0. (3.12)
One can decouple this system applying the operator
[—iy?0, —y'p — M ()] to its left-hand side and keeping
in mind that the eigenvalues of y° are +1. Hence, the
equation reduces to:

025005-10



QUANTIZATION IN BACKGROUND SCALAR FIELDS

PHYS. REV. D 101, 025005 (2020)

07 + (C‘)g’z))z(t)]llfl,z(t) =0, where

(@YD) (1) = p? + 22 £ ia. (3.13)
Note that this resembles the equation for the massive
charged scalar field on the constant electric field back-
ground [1,6,7]. Its exact solution is the sum of linearly
independent parabolic cylinder functions D, (z):

w1lz(t)] = A1D,[z(1)] + B1D_,_[iz(1)],

wolz(1)] = AyDy_y [z(1)] + B,D_,[iz(1)], (3.14)

where A 5, B; , are complex constants which we fix below,
and we define for convenience:

1+ ip?

T M(t),

It is not possible to define usual in- and out- modes as well
as positive and negative frequency solutions in our case due
to the fact that the external field is never switched off.
Indeed, parabolic cylinder function has the following
asymptotic behavior [28,29]:

7= (3.15)

N 1_

Do) = et Y 4(‘23("(222)"5)" + o2,
n—0 n: -3

(Do =7y + 1) (r +n-1),

v

(r)o=1. (3.16)
for |z| > |v| and |Arg(z)| < 3. In our case Arg(z) = +%
and the condition |z| > |v] is satisfied for sufficiently large
times |7 > a’;—jz. So, in the leading order as t — +oo one
obtains:

() ~ Ay a(p) exp (= Lar = Progs
V122 12(P) €Xp 205 2 g

. . 2

i ip
B —at* + —logt 17
+ 1,2(P)6Xp<2a +5 7 log ) (3.17)

where A ,(p) and B;,(p) are some constants that do not
depend on time (but depend on the momentum). Thus,
the modes w,(t,x) cannot be reduced to the sum of
positive and negative frequency plane waves, and the
interpretation in terms of particles is meaningless. Please
keep in mind that in nonstationary situations it is more
appropriate to calculate correlation functions rather than
amplitudes, at least because there are no asymptotic particle
states [30-32].

However, let us check the other limit—the ultraviolet
region, where |p| > \/a for a fixed 7. In such a limit we
expect that the modes in the strong scalar background and
in the free theory have similar behavior. In fact, in this case
the parabolic cylinder function has the following asymp-
totic expansion (see Appendix A for details):

eﬂsl_)z M 3
P05 ()
ipz ipzl

(VMZ g2 M) i/ M2 2
X @4a  4a 2a 2a

Jeolats))

Hence, for times |7| <<% the exact modes behave as
follows:

(3.18)

y12(t.x) ~ A (p)e PP+ B (p)ellrierivs, - (3.19)

which means that for fixed time and large momenta one
obtains the standard flat space plane waves. Now it is clear
that functions D, [z(f)] and D,_;[z(¢)] correspond to “pos-
itive frequency” modes, i.e., the exact harmonics should be
as follows:

(+)
N A O D, [z(1)]
o= (wé% ) - <<"3f-M<’>> D, [2(1)] )

(3.20)

where we used the system (3.12) to relate the first and
second components of the spinor. One can simplify this
expression using the following relations for parabolic
cylinder functions [28,29]:

1
azDu(Z) +§ZDD(Z) - DDD—](Z) =0,

0.D,() = 32D, + Do) =0, (321)

and represent the “positive frequency” modes in the form:

D, [z(1)] .
() x) = A ) eirx )
vp (hx) =4 (T—fD o) 6

They behave as w ~ e IPIHtiPY for sufficiently large
momenta. We choose to consider such modes out of all
options present in Eq. (3.14) because they have proper UV
behavior, i.e., tend to the free fermion field modes in the
limit p — oo0. Propagators expanded in such modes possess
the proper Hadamard behavior. Which means that they lead
to the same UV renormalization as in the absence of the
background field. On general grounds we think that this is
the appropriate physical picture. We come back to the
discussion of other options below at the end of this
subsection.

In the same way one obtains the “negative frequency”
modes:
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ELD*_ z(t )
!//;_)(l‘,x) :A(_)<\/§\/2_a v 1[ ()])e—lpx, (323)

Dj[z(1)]

which behave as y ~ e!lPl'=P% for sufficiently large
momenta.

Let us fix the coefficients A(*) and A(~) using the equal-
time anticommutation relations (3.7):

{wa(t,x),wh(t,y)}
dp dq () (3 (F) (i i(pam
//2712 H{ay,, ag tyap (Ow,, (1) el (Px=gy)
+ {by, bq}wéf,i(t)wﬁ,fq’ (1)*e~iPr=ay)]
dp ~ )
:/g[vfip)(t)w( (1) + o (0wl (0]
<) = (5= )6, (324

where we use the canonical anticommutation relations
(3.6). This condition is satisfied if
W (WS (07 +widp (0w, (07 = 64
AT PID, (2)]* + AT 2,,|Du @P =1
& 3 JACRID, ()2 + AP LD, (2) =
(AP = |AOR) 1= 2 y<z>D:_1<z> =0,
(3.25)

for arbitrary times z(z). Note that this condition is time-
independent due to the equations of motion and the relation
wi (1) = —y}lb(wflz(t))* which follows from the sym-
metry of the system (3.3):

A,y () (0" + Wiy () ()7) = 0. (3.26)
First, (3.25) implies that |[A(")> = |A(D)|2 = |A]2. Second,

it allows one to find the constant |A|> by setting the
argument of parabolic cylinder functions equal to any
convenient value, e.g., to zero:

2

7 p 7
A2 | =
TG+ &)1 " da T+ %)
Using the properties of the Gamma function:
z 1 2 r

r _— =+ =—,

IGiy) = ysinh(zy)’ ’ (2 * zy> cosh(zy)
we find that

AR = %, (3.27)

Let us sum up the main results of this subsection, i.e., write
down the asymptotic expressions for the modes.
For ¢t > 0, a|tf| < |p|, |p| > +/a one obtains up to a

(9(1‘;—22) that the modes behave as:

|M]

(H)(t )NL S
Y= i1 )

2[p|

% e—z\p|t+sz+%—%log2a+z(p

(3.28)

where @ is an arbitrary constant phase independent of
tand p. Up to an irrelevant phase this asymptotic behavior
coincides’ with the free modes (3.8).

At the same time, for 1 > 0, alt| > |p|, 1| > \/— one

obtains up to a O(W) that the modes behave as

] ip ip
w (1, x) =~ < » )(2at2)4ae‘+’P"+4a logh i, (3.29)

2M|

The “negative frequency” modes are obtained from the
“positive frequency” ones by the charge conjugation
operation:

x) =Py (1.x), (3.30)

yy (1,
where 7> = y%y!. Also one can check that the modes obey
the following relation:

yy (=1.x) = senpyy,”" (1.x).

(3.31)
Finally let us point out the following important issue. In this
subsection we have found a complete basis of modes
solving the classical equations of motion. But there is an
ambiguity in the choice of such a basis. Depending on this
choice, there are different “ground” Fock space states in the
theory. In fact, instead of (3.22) and (3.23) one could
consider canonically transformed basis of modes:

5 dq _
g (1 x) = / Z[apqy/g“(z, X) + b (1, %),

‘l7(p_)(tvx) :/ZZ [Cpqll’gi )(t x)+dquq (t,x)]. (3.32)

To respect the canonical anticommutation relations for the
fermionic fields and for the corresponding creation and
annihilation operators the Bogoliubov coefficients, a
b,,q, pa> and d
listed in [12].

rq

»q» Should satisfy certain relations which are

>For this reason we have introduced the phase factor sgn(p) in
Eq. (3.8).
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On physical grounds one also should demand that

apg X dpg = 5(p = q), bpg % Cpq

~0, (3.33)
as p is taken to infinity. That is necessary for the
propagators to have the proper Hadamard behavior.

Thus, there is no unique way to choose the basis of
modes and all possibilities in (3.32) are in principle allowed
and may lead to different physical situations. This fact is
apparent when there is no preferable basis of special
functions found in XIX century and listed in the standard
textbooks.

For a given choice of modes one can define a new Fock
space “ground” state:

’ >_~p

where a » and b » are canonically transformed annihilation
operators. For this new state certain physical quantities will
be different from those for the original state [12]. However,
we will argue, as it was also done in [12], that the scalar
current, (py), at leading approximation for large and
slowly changing background scalar field does not depend
on the choice of the initial state.

d)=0,  (334)

B. Tree-level scalar current

In the previous subsection we derived the exact modes
for the fermion field, which in a sense describes the fermion
response to the strong scalar field background. In this
subsection we find the response of the scalar field itself
due to the presence of the nontrivial fermion zero-point
fluctuations in the scalar field background under
consideration.

Quantizing the Hamiltonian of the theory (3.1):

A | BN A - A a
H= / dx [5 (0.8)° + (0:)° = iy 0. + 2y
(3.35)

and using Hamilton’s equations:

SO = ilH$()), w0 =ilHypx)],  (336)

one obtains the following operator equation for the scalar
field:

0P + My = 0, (3.37)
which reproduces one of the classical equations of motion
(3.3). Hence, one needs to calculate the scalar current
ja(t) = () to find the response of the classical field

¢a = (@). This current has the following form:

b)Y (Wi () (1)

// dp dq

2w 271’
- w;;a)w;;(z) )elr=ax]

- / D (P - WS 0P)

_ / P (1 - 261D, (1)),

where we have used the notations of Sec. IIT A for short,
and in the last line also we have used one of the relations
(3.25). Note that in principle the equation under consid-
eration provides an implicit expression for the current.
However, this form of the current is hard to interpret in
physical terms. To obtain physically tractable equations
we will consider only the leading contribution in the limit
t — oo for small a.

Before evaluating the integral (3.38), consider the case of
a free fermion field with a mass m. Using the free modes
(3.8) one obtains the following free current:

_ Adp m m m
<l//ll/>fI'CC = _/ _—%;log—’

_A27[1/m2+p2 2A

where we have introduced the ultraviolet cutoff at the scale
A. Note that the constant classical background ¢ =4,
substituted into the system (3.3), reproduces this case.
The analog of the mass parameter m in the theory (3.1)
is M(t) = Apq = AEt. Thus one expects the following
behavior for the current (3.38):

(1) ="M og

(3.38)

(3.39)

ﬂgbcl
2A

(3.40)

Let us check this conjecture by calculating the integral
(3.38) in such an approximation when ¢ is large and
slowly changing function. Note that M(7) = at grows
indefinitely with time, so it can overcome an arbitrarily
large fixed scale A. Due to this fact we consider cases
M < A and M > A separately. In both cases we assume
M? > a to single out the leading contributions. The case
M > A is rather unphysical as we have already mentioned.
However, we consider it for integrity.

In the case M < A we divide the region of integration
into two segments: [0, A] = [0, /a] + [/a, A], and esti-
mate integrals over these segments using expansions (3.16)
and (3.18) correspondingly:

[ v -2, 0Py
%%p{l_uﬁw(;)}
=~valt =g+ i)

(3.41)
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A 2 A M
apl1 =2 D, = [api - (14—
/ﬁ NG VM2 + p?

Hence, in the limit + — oo we obtain that:

(pw) (1) ~—10g + (3.43)

2A

113 2

where we denoted the subleading contribution as
This expression coincides with (3.40) in the approximation
under consideration. It also reproduces the behavior of the
scalar current found in [12].

In the case M > A one can use the decomposition (3.16)
in the entire domain [0, A]:

w0~ [Cap[-1+ 2 o( )]

1 A3

~—A
Tem?

+ ey (3.44)
i.e., in the leading order the current does not depend on time
and linearly diverges as A — co. We think that this
behavior has no physical sense, e.g., it does not allow us
to treat UV divergences properly. This means that an
indefinitely growing scalar field is not self-consistent
because it is not realistic, as we have mentioned already.

However, this problem can be avoided if one considers a
pulse background ¢ = ET tanh 7 instead of the ¢, = Et
one. On the one hand, for times t << T these backgrounds
coincide, hence, the result (3.43) is valid. On the other
hand, for times ¢ > T the pulse background reproduces the
free Dirac field with constant mass m = +AET. Hence, if
one chooses the UV cutoff A > M(T), the condition
AP < A is always satisfied, and the equality (3.40) holds.

Thus, the effective equation of motion for the boson field
gets modified in the following way:

P40 10g M)

Pe) + A

log ~ 0. (3.45)
This identity is valid for the fields from the interval \/ﬂ? <
Apg < A and (¢p) = ¢ + - - -. Note that ¢ = Et does not
solve this equation, i.e., the classical field must restructure
itself to satisfy the corrected equation. We discuss the
origin of such a behavior in the concluding section and in
the Appendix B.

Also note that the true equation of motion cannot depend
on the artificial UV cutoff A. This problem can be solved
by renormalization of the bare mass of scalar field. It turns
out that quantum fluctuations break the symmetry of the
problem and bring to the scalar field constant nonzero value
¢ = (@) (see Appendix B). First, this means that the UV
cutoff in the expression (3.45) is replaced by the vacuum
value A(¢)ss. Second, excitations of the scalar field near

J(+o ()]

e 2 0254

the new vacuum have the mass u ~ 4. We review the
derivation of these statements in the Appendix B.

C. Loop corrections

The tree-level calculation of the subsection III B indi-
cates the decay of the strong scalar field ¢p = Et. Usually
this means that loop corrections significantly perturb the
ground state of the system. Which means that the back-
ground field excites population of higher levels and
anomalous averages [1-3,6-8,16]. In this subsection we
calculate loop corrections to the correlation functions and
find that loop corrections actually do not grow with time,
unlike the case of strong electric and gravitational fields.

Due to the nonstationarity of the theory in question we
use the Schwinger-Keldysh diagrammatic technique dis-
cussed in Sec. II B. Note that the definition (2.35) should be
corrected to take into account spinor indices of the fermions
in two dimensions. For convenience we do the spatial
Fourier transformation:

Xl,XZ /—G (tl,tz, ) ZP(XI_XZ), (346)

which gives the following expressions for the fermionic
propagators:

1 1x 1 2%
. _ % l//plwp2 _l//pll//pZ
lG(Jlrb (t]aZZ;p) - W;lw;Z(yo)cb = ( 2 1k 2 2k
wplpr _Wplpr
~1 ~1x ~1 ~2x
o 4 ~ox VW2 V¥
iGyf (11,13 p) = =0 W55 (1) e = ( T
“VpWpr VW
2%, 2 2%
B <_‘l’p1‘/’p2 _ll/plll/p2> (3.47)
B Lx o, 2 s, 1 ’ :
Wpll//pZ Wplll/pZ

where a, b enumerate spinor indices and we denoted for
short wg,”;) (ta) = W w(_;),a(t(l) = %, Here we also used

the representation (3.2) for gamma-matrices, decomposi-

tion (3.4) and the relation z//( p> (1) = (1,z/§7 )( 7). Let us

emphasize that we use the exact modes (3.22) and (3.23)
rather than the plane waves (3.8).
Corresponding bosonic propagators are as follows:

1
=_— e-ilpl(n- lz)

iD+_(t],[2;p> 2| |

= fp([l)f;(IZ)

|
= *(t ) = —— 1|P\(11—lz),
fﬂ( l)f])( 2) 2|p|e

where functions f,(7) are nothing but the free modes of the
scalar field:

iD™t(t, t2; p) (3.48)
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dp

bt x) = / L g ()" + ahf (1)) (3.49)

Operators a, and a}, satisfy the standard commutation relations: [a,,, a;] = 2725(p — q).
Using mode decompositions for fermion and boson fields, one obtains that after the Keldysh rotation (2.38) the tree-level
propagators have the following form:

DR (11,155 p) = 5 1 (1) 5(0) + F3 () (1)
DRA(1y, 133 p) = £0(t, F ) [f o (1) [ (02) = [7(11)f p(12)],

1 * * * *
Gy (11,123 P) = 5 WpWpd = WWs + VW0 —WoiWa),

R/A * * * *
Gy (11,123 p) = £0(0 F 0)(Whwhs —w2whh —whivh, + w2y, (3.50)
Apart from the other advantages (e.g., less bulky formulas), these notations allow one to study the behavior of each p-mode
separately. Namely, the retarded and advanced propagators carry information about the spectrum of quasiparticles, while the
Keldysh propagators allow to specify the state of the theory. In fact, if one does the quantum average over an arbitrary state

ly) which respects spatial translational invariance, the Keldysh propagators acquire the following form:

DN (113 p) = (43 ) Fo00F5(02) + R (0)1 -y 1) + Hec

1
trGS, (1. 125 p) = < - ”;) (‘//1171‘//;;5 - W1271W§7*2) - K}(W;;ﬂ’f;z + Wil‘/’,laz) + (c.c, p.c,H.c.),

2

where H.c. denotes Hermitian conjugation, p.c. denotes
the change p — —p and c.c. denotes the change
zpﬁ,ﬂ - y/H. Also we introduced the notations as follows.
First, the bosonic Keldysh propagator incorporates the
level population of bosons (y|aja,|y) = 2zn,5(p — p')
and anomalous quantum average (y|a,a_,|y) =
27k,8(p — p') and its complex conjugate. Second, the
trace of the fermionic Keldysh propagator contains the level
population of fermions (y|a}ha o) =2an,6(p — p’), anti-
fermions (;{|b+_pb_pl ly) = 2x#i,6(p — p') and anomalous
quantum average (y|a,b_,|y) =2zk,6(p —p') and its
complex conjugate. Note that the tree-level retarded and
advanced propagators are proportional to the commutator
[¢, ¢] or anticommutator {y, "}, correspondingly, which
are c-numbers. L.e., the latter propagators do not depend on
the choice of the state |y).

4‘_ .~§
Ne A
* -
¢ )
* A
‘

.

,
: \
2 1
+ +

(a)

FIG. 8.

(3.51)

|

Before turning on the interaction term, i.e., in the
Gaussian theory, all these expectation values are exactly
zero for the initial state @|0) = @|0) = 0 that we consider.
However, they can grow in time in the interacting case due
to the nonstationarity of the background field. Namely, the
secular growth of the level populations n,, n), or i1, (if
present) indicates the amplification of the higher levels
(than zero point fluctuations of the exact modes), whereas
the growth of anomalous quantum averages (if present)
means that the state of the theory at the start of the evolution
is not the true vacuum state [2]. In the following sections we
estimate one-loop corrections to these averages (Fig. 8) and
check their behavior at future infinity.

1. One-loop corrections to the boson propagators

In this subsubsection we calculate one-loop corrections
to the boson two-point correlation functions (Fig. 8).

L T L LT
+ +

(b)

One-loop corrections to the fermion (a) and boson (b) two-point functions. Solid lines correspond to the bare fermion

propagators, dashed lines correspond to the bare boson propagators.
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For convenience we denote T =1 (t; + 1), 7 =1, — s,
where t; and f#, are the time arguments of the two-
point functions. To simplify the expressions below we
assume that the evolution of the system starts after the
moment f, = —7. Note that the full evolution time is
T —ty = 2T. Then we take the limit 7 — oo, fix 7 T
and single out the leading contributions in this limit.
Such contributions indicate the destiny of the state
of the theory under consideration, because they tell
about the time evolution of n,(T) and «,(T) introduced

|
ADR(tl,tz, = —ﬂztr/ dl3/ dl4/

p+aq P—q
Rty 133 p )Gfb <137 l4;2> Gfa (14, 13] >

in the previous subsection. For short below we use the
notation

M(t,) =M

First, one can show that loop corrections to the retarded
and advanced propagators never grow as 7 — oo and
7 = const. In fact, due to the presence of the theta-function
in these propagators one obtains the following expression
for the first loop correction to the retarded propagator:

AEt, = at, =

>DR(t4, tr,p). (3.52)

Due to the limits of integration over #3 and ¢, such an expression can grow only if 7 — oo, but not when 7" — oo for fixed 7.
The higher-order expressions posses similar behavior, because loop corrections do not change the causal properties of the

retarded and advanced propagators [2,16-20].

Now let us calculate the first loop correction to the Keldysh propagator:

1
[AD++(t1, ty;p) + AD™

:——/dt3dt4/

where we denote for short G5 (t1.1;p) =

ADK(tl s tz; p)

0134 {"" -}

~(t1. 23 p)]

D (e (P )ox (25 0) i (phsentesn). (:53)

Gi5*(p), D** (11,13 p) =
coincident spinor indices. Also we denote the one-loop corrections to the propagators D™ and D™~

D5(p) and assume the summation over the
as AD™" and AD™".

Then we open the brackets in (3.53) and substitute the tree-level propagators (2.35), (2.36). As a result, we obtain an
expression of the form (3.51), in which leading contributions to the level population and anomalous quantum average have

the following form:

da eip(t=ta)
~21’Re / dts / dr, / a¢

2p
:—Re/ dt';/ dt4/

d ip(t3+iy)
and &, (T) = 272 / dts / d1, / ¢ > F(t;)F*

2/12
— / dt3 / dl4 /

eP(5=) F* (1) F(14) + sgn(|p| —

F(t3)F*(13) cos (p(t3 + 1)) + sgn(|p| =

F* (1) F (1)

lgl)e™ P STIF(6)F ()], (3.54)

|q1)F(t3)F(14) sin (p(t3 — 14))].
(3.55)

Here we neglect the subleading (in the limit 7 — oo, 7 < T') contributions and introduce the function F(¢) to simplify the

expressions:

p+q
tr[G3+4< 5 )G43<

%)] — F(t3)F* (1),

(3.56)

Using the expressions for the propagators (2.35) one obtains that:

(3.57)
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In both identities (3.54) and (3.55) we have divided the area
of the integration over #; and ¢, in a specific way and then
used the property (3.31) of the modes. Also we assumed
that p > 0 and used the invariance of the function F(r)
under the change ¢ — —q.

It is instructive first to calculate integrals (3.54) and
(3.55) in the theory without background field ¢, i.e., when
the fermion modes are just plane waves (3.8). Substituting
these modes into the integrals, one finds:

12/ dt/ / d"/\/ vt
_,12/ dt/ qN(s (@30 + w2 + |p])
~ O(2T),

wp=q-+|p|)7
2

(3.58)

and KPT +00)

d 2i l0)17+(l mp q
_—2,12/ dt/ dr/ q/\/ Pl iloggatory?

o [*dd
=22 [ "SIl

X <ﬂ'5((x)p2+q + a)l%q) -P !

)~ow@r),

Wp+q + wpr=4
2 2

(3.59)
where N denotes the following expression:
1 (P +a)(@eze = m) + (p = q) (@ — m)
N=— . (3.60)
16 Wpsarze(@pg — m)(weze — m)
which depends on p and g and does not depend on ' = 57"

and 7 =t; —t,. In the second integral we used the
Sokhotski—Plemelj theorem and denoted the Cauchy prin-
cipal value as P. Note that in x, we put the argument
T = +oo and, hence, extended the limits of integrations
over times to the infinity, because we would like to show
that it is not divergent as 7 — +o0. Thus, one obtains either
finite expression6 as T — 4-oo or an integration over delta-
function whose argument is never zero. In other words, the
one-loop correction to the free boson propagator does not
grow with time T due to the energy conservation which is
ensured by the delta-functions. This agrees with the fact
that in stationary situations correlation functions depend
only on the time difference #; —#, and do not depend
on T = (tl + t2)/2.

Now let us consider the strong scalar field background,
where the modes have the form (3.22) and (3.23).
Unfortunately, in this case the integrals (3.54) and (3.55)
cannot be taken exactly. Hence, we will estimate them in

®Note that the integral over dg in (3.59) converges.

the limit 7 — oo, 7 < T. Concretely, our goal here is to
find if there are contributions to n and x which survive in
the limit 7 — o0, 4 — 0 and A*¢(T) = const, where g(T) is
some growing function of T (e.g., g(T) = T" for n > 1
or g(T) = logT).

Using the expansions (3.28) and (3.29) one can estimate
the function F(1):

I+sgn(p—q) |, l+sgn(g—p) 2pat _jlptaltlp-dl,
( 2 + 2 ‘qz_pzl‘f’"') 2 )
< lp=dl
200

\P q\ p+al
if <t <57,

F(t) ~ (\/L.

(5

. ) —&—t|p+q\t

if r> lpral

el +75 i “7 ) log (2af?)
’ 20

(3.61)

Before calculating integrals (3.54) and (3.55), let us guess
where the leading contribution may come from. First, we
expect that propagators with small external momenta,
p < aT, grow faster, because corresponding low laying
levels are easier to populate. Second, usually loop integrals
receive leading contributions due to large virtual momenta,
q > p—the main income into the lower p—levels comes
from the higher g-levels. Finally, the intuition gained
during the study of other background fields [2,3,6—11]
tells us that the main contribution should come from the
integrands of the form F*(t3)F(t)e’?(5~"), because in this
case it is possible to single out the part of the integrand
which does not depend on #' = 27, (Then the integral over
df may give the growing w1th T factor.) For all other
combinations of functions F(¢) and e’ this behavior is
impossible,” hence, their contributions are suppressed.
Based on this argumentation, consider the following
integral (p < aT):

00 T 13 .
I_/ dq/ dt3/’dt4F*(t3)F(t4)elP<’3-f4>: (3.62)
0 0 0
0
dt dt tat§—2ipt4
/)24:1 3/ 42at3
dt wttz—ion2 3.63
[*’l 3/+ 40! i 4] (3.63)

"Except the combination F(t3)F*(t4)e’?(=s) which is not
presented in the integrals (3.54) and (3.55), and complex
conjugated combinations.
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2aT-p o 4 t &”p ep 3 pats
+/ dq [/2 df3/ dty——>— Pty el H—%; dtg/o2 dty f;a4elq(t3—z4)
2a

£ s j r G q .o
+ dl‘q d[4elq(t3—l4) + df3 dt4 elaty—iqly
q ) ﬂ % 0 2(1[3

1[+17 T [3 )
dl3 dt4 q eiat_%—iqu + dt3 : dt4 q eial%—iazi
e 2V 2at ap e daPtat
3 2a S 3t4

2aT+p Y] 4 l‘[ T q:lp 2 ' A
+/ dg |:/2 dl3/ dr,——— 34 pra’ty eld tz—t4)_|_/ dt3/2 dt4$elq(t3—t4)
2aT—p % A p;
1 f ‘
AL foae] 5o

4p? e
/ dq/ dt3/ dr, P2 B4 Ll igy-1) (3.66)
2aT+p

In this expression we threw away the subleading terms, i.e., held only leading absolute values and phases of the integrands
in the limit in question. However, even this rough estimate shows that there are only two terms which can grow as T — o
(in the above formula these terms are enclosed in the boxes), whereas other contributions give constant or decaying with

T corrections:
2aT— p r ] T
I, = / / dt3/ dt, ela(t=ts) :l—l ga—+(’)<£>, (3.67)
. P a

2a

_ [2aT-p T s N P )
Izz/p dq/q;;dt3 /fg;dt44a2t3t4e ’ 4_§aT+710g?+0 2) (3.68)

Here O(%) denotes such a function g(T') that Ag(T) = constas A — 0 and T — oco. Now it is obvious that such contributions
cannot appear if the integrand contains F(#3)F(t,) instead of F*(#3)F(t4), because in this case oscillating terms do not

] (3.64)

cancel out:
2aT—p . 2aT-p d 1
I, ~ / dq / dts / diyeia(ttis) o / =2, (3.69)
p p q p
ZaT—p 2 ZaT—]) iaT? 2 M 1
I, N/ dq/ dl3/ di, q elat2+taf4 ~/ dq (q f 1 qe * > ~—. (370)
, 4a’tat, ) T (q+p)?) p

Also there is no any significant contribution if p > aT. In fact, in the latter case the line (3.64) is replaced by the line (3.65)
which gives leading behavior similar to (3.67). However, this time it is bounded from above:

1 [2aT+ T f , 17/i T
1:—/ pdq/ dt3/3dt4eW(’3"4>+--~z—<£+iT> log <1+a—> —iT+~--—O<£). (3.71)
2/, ar ep 2 \2a p a

Thus, despite the fact that this integral grows at some time intervals, it is suppressed by big external momenta and does not
diverge when T — oo.

Now let us combine all the above observations to estimate the expressions (3.54) and (3.55). Keeping in mind the
integrals (3.67) and (3.68), we consider small external momenta: p < a7, neglect the integrands proportional to F(t3)F(,)
or F*(t;)F*(t4), and focus on the interval p < g <2aT —p, L2 <13 < ”;a”, LL < 1, < t;. However, this time we
calculate the integrals more accurately, i.e., we take into account the next-to-the-leading order terms in the phases of the
exponents:
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12 20T—p q2+1
T)~—R d
" (T) wp e/ q/u
/’L 2aT—p
ke / dq / dt, /

t 2
*dty / " ity el ap) =) iplis—io) Hia -1
o Jaze

latz—mterlp(t; 1y) 4

2
a2l
4a 13ty np a

2? al
~—Re|zaT + pl 0g— lpl —|—(’)
np 3 2 p
~120(£> -0, asA—0,T - oo, (3.72)
a
202 [2aT- L
and KP(T)N——/ pdq/ dt3/ diye™iatp)=t)+3ia(3-5) cos (p (13 + 14))
p
272 [T T 222 (p
d dl mt —iat; t t _Zolt
p q 3 q2+p 4a t3t4 ACOS( (3 + 4)) ﬂp (a)
202 [2aT-p  [2isin(Z)cos(2Z in(2pT) ¢*>  sin(& 2/?
- s PSR o) _sinl2pT) ¢ _sin) 22 (p
zp J, q 8p T rq p a
/12 p2 p2 /12 p
~ = sin (—)C <—) + —sin(2pT) + l%’)(—) -0, asl1—-0,T - oo, (3.73)
p a a p? a

where Ci(x) is the cosine integral. In essence, integral
(3.72) does not grow with T because it is real and the
integral (3.73) does not grow due to the oscillating term
cos (p(t3 + t4)). Thus, both level population and anoma-
lous quantum average do not grow in the limit 7 — oo.
They are generated, because the situation is not stationary,
but are suppressed by the small 4> factor, which is not
accompanied by a growing factor 7", n > 1. This situation
is very different from the case of strong electric and
gravitational fields [1-3,6-8].

The technical reason for the absence of the secular
growth in the background scalar field as opposed to its
presence, e.g., in constant electric field or de Sitter space
can be explained as follows. In the constant electric field
(de Sitter space) all the quantities depend on the invariant/
physical momenta ps; — eEt (|ple™"). (Here ps is the
component of the momentum along the external electric
field E and H is the Hubble constant in the case of the de
Sitter space.) As the result all physical quantities are
invariant under the simultaneous translations ¢ — t —a
and p; — py —eEa (|p| = |ple=*"). Due to such sym-
metries the integrands of (73 + #4)/2 combination do not
depend on it. This fact brings the growing factor of 7. At
the same time in the background scalar field under
consideration there is no such a symmetry.

Finally, note that Wightman functions D*~ and D~ also
do not receive growing corrections in the limit 1 — 0,
T — oo for the same reasons. As we have shown above,
these correlation functions can receive growing corrections
only from the integrals of the form (3.67) and (3.68);

|

however, both D™~ and D~ contain only the real part of
these integrals. This is consistent with our observations
above, because imaginary part of such correlation functions
is proportional to the retarded propagator, which does not
grow in the limit in question.

2. One-loop corrections to the fermion
Keldysh propagator

In this subsubsection we calculate one-loop corrections
to the fermion two-point functions (Fig. 8). We also work in
the same limit for times 7 and 7 as in the previous
subsubsection and set t, = —T.

For convenience here we restore the mass of the boson
field:

1 1
S = / d*x [2 ') S + iy iy | (3.74)

On one hand, it allows us to avoid uncontrollable infrared
divergences in the loop integrals due to massless 2D scalar
field. On the other hand, it is a standard textbook exercise to
show that the scalar field spontaneously acquires a mass
1~ A (see Appendix B). We use this estimate to roughly
check the self-consistency of the expressions below.
Obviously, loop corrections to the fermion retarded and
advanced propagators do not grow with time. In fact, these
propagators have the same causal properties as boson
retarded and advanced propagators, and hence the reason-
ing of the previous subsubsection also works for them.
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First loop correction to the fermionic Keldysh propagator is given by the following expression:

1
==[AG) (1. 125 p) + AGL; (11, 1; p)]

AGK (1.1, p) 5

=2 / drydi / I (p)GL (@)D (p - )G (p)sen(osoy).  (375)

0123 {+ -}

Then we open the brackets, substitute the expressions (2.35) and (2.36), take the trace over the external spinor indices and
obtain the following leading contributions to the fermion level density and anomalous quantum average:

2 dq e'lp=dllt1s) 1%, 2 2 1 12 2 1
N—2/1 Re/ dt3/ dt4/2ﬂ,’ 2|p q| (Wpf}l//qik?,+l//pf31l/q?<3)(l/jq,4u/p,4+l//q,4ll/p.4)7

5 \p ql(53— t4) eilp—al(t+14)

) dq e_l‘p (Jl t% 1) ! 1 5 » !
and  «),(T) ~24 / dts / dt, / WysWhs = Woswo ) Wy T Wyt

2z 2lp—gq|
l‘l’ ql(ts—ts) -
< [N [Man [ S| S RGO (1) = A1)
l|P ql(t3+t) -
+ sgng =4l (H(13)H(14) + H(13)H (1)) | (3.77)

where we introduced functions H(t) and H(t), which are defined as:

H) = ' 0wl (1) +ylS 0wl ),
@) =\ 0w ) = (owlH ). (3.78)

As in the previous subsubsection, we have divided the area of the integration over #; and 7, in a specific way and then used
the property (3.31) of the modes to obtain expressions (3.76) and (3.77). Also we assumed that p > 0.

For illustrative reasons let us again perform the calculation in the case when there is no any background field, ¢, = 0. As
in the boson loop calculation (Sec. III C 1), it is straightforward to show that one-loop corrections to the fermion quantum
expectation values do not grow with 7"

T 0
(1) = 22 / dr / "T’/ 90 gt sl
1o —0

T
:,12/ dt'/qua(wp+wq+|p—q|)~0(T0>, (3.79)
)
2 dq 2 —
and &, (T)~24 dt Ne iyt g=i(|p=gl+w,)7
:2/12/d/\/'52a) (71'5 —gl+o —P;>~OT°. 3.80
N300, (23(p ~a| + @) =P )~ OT°) (3.80)

Here we have made the following substitutions: ¢ = %, 7 = t; — 1, and singled out the time-independent parts of the
integrands:
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1
|p _ q| (l//;%ll/é 3 + ll/p 3lllq 3)(1//(] 41‘”1’ 4 + 1/13’41//;7‘4) Me @ +(1) ( t4), Where

L (p(wy —m) + q(w, —m))*
~p—dl 40,00, Wt)(w

1 . .
lp — 4 (W hawh s =w2awl ) (Wi +yiyhy) = Nemodtamtatiopiatis) - where
_ 1 (pg— (0, —m)(@; —m))(plw; —m) +q(w, —m))
p -4l 4w,0,(w, —m)(@, —m)

(3.81)

As in boson calculation (Sec. IIT C 1), integrals do not grow due to the delta-functions which ensure the energy conservation
law. As the result the two-point functions depend only on the time difference #; — 75, as it should be in stationary situations.

However, in the strong scalar field background there is no energy conservation. At the same time the integrals (3.76) and
(3.77) again cannot be taken exactly. Hence, we estimate them in the limit 7 — oo, 7 < T. Using expansion (3.28) and
(3.29) one can find the behavior of H(¢) and H():

seng+1 | seng=1altl(lg|=p)\ —i(p+|g-p))t :
(2 += S )€ , if t < min(p,

)-

g (2at2)4u ‘izrz—"|‘7|’, if p <|q|
H(t) ~ (3.82)

ic

(2at2)4ae “ipt lgl < p and |gq| <alt| < p,

),

S

242
ptq ) a2
Sagtf (2a?) e if 1> max(p,

/N

1- Sgnq sgnqﬂa\t\(\qHP) e—ilp=la=plt_ .
+ , if t <min(p, ,
2|qlp (p.1ql)

(ar) e Eii, i p<lq| and p<ali <|ql,

(3.83)

Ez
n
S sk

(2at2)4u —iptf lg| <p and |q| <alf] < p,

2
2072)" %, if 1> max(p. |q)).

—~

Here we showed only the leading terms in the exponents and their prefactors, as in the previous subsubsection.

Note that integrals of H(t;)H(t,) and H(t3)H(t4) (and similar expressions) are suppressed in comparison with the
integral over H*(#3)H (1), because the former always contain oscillating factors of both #3 — 7, and #; + 7, simultaneously.
Hence, due to the same argumentation as in the previous subsubsection, if we would like to single out a growing
contribution in the limit 7 — oo, it is sufficient to consider the following integral (we assume p < aT):

i‘q—l’\(%—u)
lq - pl
P—H . & 5 : 2 &l
= [/ dq(/ dt3/ dt4+/ dt3/ dt4+/ dt3/ dt, (3.85)
0 0 0 % 0 % %

T 1 T 2 T 1
+/ dt3/ dt4—|—/ dt3/ dt4—|—/ dr3/ dt4>
2 0 4 1 L 4
pu 2 13 T 2 T 13
+/ dq(/ dt3/ dz4+/ dt3/ dt4—|—/ dt3/ dz4> (3.86)
P 0 0 i 0 i 0
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ol % t3
+/ dq (/ d[3/ dt4 +
ptu 0 0

T b T 2 T 13
+/ dt3/ dt4+/ dt3/ dt4+/ dt3/ dt4>
s : s

[ 7 7 I
/ dt; / dt,|+ / dty / dt,
e o : b

(3.87)

0 z 13 T £ T 13
+/ dq</ dt3/ dt4+/ dlg/ dt4+/ dt3/ dz4)]
al 0 0 2 0 z L

ella—pl(t—t4)

X <H*(f3>H(f4)W

Note that we have restored the mass u # 0, i.e., excluded
the integration interval g € [p — u, p + u| to get rid of the
logarithmic infrared divergencies from the virtual boson.
Considering each term in the above sum and using
corresponding expansions from (3.82) one finds that the
only terms which potentially can grow with 7 come from
the integrals in boxes:

i aT | 1
1:’10g“+(9<> -logp+(’)<>. (3.89)
2a P a u a

Here O(2) denotes such a function g(7') that Ag(T) = const
as 4 — 0 and T — oo. Note that such integrals do not grow
if p > aT (in this case they are bounded from above) or if
the integrand contains other combinations of H(t), H*(¢),
H(t) and H*(f) (in this case time-oscillating functions
reduce the growth rate at least by one power of T).
Therefore, we get only nongrowing with 7 contributions
both in level population and anomalous quantum averages
for fermions:

1
nhy(T) ~«),(T) ~ 2% - logg . O(a) -0,

asA—>0 and T - co. (3.90)
This limit holds even if we substitute the mass u~ A
expected from the standard equilibrium analysis
(Appendix B). Thus, for the fermions the situation is
similar to the one for bosons.

3. One-loop corrections to vertexes

To make a thorough analysis in this subsubsection we
calculate one-loop correction to the three-point correlation
function G5* (x1, x5, x3), i.e., to the vertex (Fig. 9). Note
that in nonstationary situations in strong background fields
vertexes potentially can also show a secular growth [4].

To single out the growing contributions, if any, we
consider the limit |f; — ;| < T and 1(t;+ 16 +1) =
T — 0. For convenience we work before the Keldysh rota-
tion (2.35), (2.36) and do spatial Fourier transformation.

+(CI—’—Q)>-

(3.88)

|

We set external momenta of the three-point correlation
function |p|, |g| — 0 and consider the virtual momentum in
the loop as follows |r|> aT (see fig. 9). On general
physical grounds one can expect that the growing con-
tribution, if any, comes from this region of physical
parameters. A generic contribution in this limit has the
following form:

T d
AGH ~ / dtydtsdt / "
Iy \

r\>Mm

iat2
1(115

2a

i
iar
x eEilrl(ta=ts)£ilr—p—q|(ts—ts) =il r—p|(ts=ta) £ilq|ts 7+

T o dr

N/ dl4dt5dl6/ —

f M T
iat?

iar?
x eEilrl(ta=ts)£ilrl(ts—te) il r|(ts—ta)£ilq|ts 51+

xcos(x[p+q|(ts—16) £|p[(ts—14)).  (3.91)
ts ¢
|

I
I
74
I
I
I

to

FIG. 9. One-loop correction to the vertex.
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where we took into account different signs of the virtual
momentum r. Let us estimate the expression (3.91) for
different combinations of signs. For this purpose we need
the following integral which is saturated in the vicinity
of zero:

t ix: P 1 1 .
/ P gy — + ! <—> +0(p), ifpxl
0

/ ez+””‘dx—;+0( ) +(’)Q), if p>1.
0

(3.92)

First, consider the situation when the exponent in the
second line of (3.91) vanishes, i.c., all terms which are
proportional to || cancel each other. In this case the integral
(3.91) reduces to the following expression:

T A
AGEEE ~ / drge*ilprai-lplslas [T
t M T

A
S(T —tp)log—=

NGE (3.93)

Naively one can think that such a term gives growing with
T contribution. However, such a term always appears with
the following products of theta-functions: 045055064 oOr
046065054, Which are identically zero. Hence, this growth
does not occur in the vertex.

Second, consider the case when the exponent (3.91) does
not contain the term i|r|zg, but contain terms =+i|r|t, and
+i|r|ts. Then:

AGHEE ~ / " dgerilpra-lplslae (9T T —lo
) M T M
< o). (3.94)

Finally, consider a situation when the time #; does not
cancel out in the exponent (3.91). Integrating out #, and ts,
one obtains the following expression:

ilrt(,

T Adr
AGHE* < / drs /
to M T fo

Tt oo,
aTt6

(3.95)

Our arguments here are generic and, hence, are applicable
also to other vertex corrections and to other types of
vertexes. Thus, we can conclude that one-loop corrections
to the three-point correlation functions also do not grow in
the limit 7 — oo.

IV. LINEARLY GROWING IN SPACE
BACKGROUND SCALAR FIELD IN
TWO DIMENSIONS

In this section we consider the same theory as above
(3.1), but in a different background field. We use the
following representation for the Clifford algebra:

() (3w

and consider the background field which linearly grows
with space coordinate:

—I—Ex

$a = (4.2)

wa =0.

Without loss of generality, we restrict our attention to the
case E > (0, since the case E < 0 is achieved by reversal
x — —x. Specifically, in the limit £ — 0 this background
reproduces free fermion field with the mass m. However,
note that in the background field this mass can be removed
by the translation x — x — 77. The situation is obviously the
same as in the time-dependent background above.

A. Modes

To set up the notations consider again the free massive
Dirac field. Unlike the case of the subsection III A, here we
have to use the following decomposition for the field:

d

a) ~ —1(1) l{l}
wlx.1) = / Sl o) Bl )
w|>m

(4.3)

because in the background that we consider in this section
there is time translational invariance rather than the
spatial one.

The functions y(x, w)e™™" and (x,w)e™" solve the
free equations of motion (3.5) and creation and annihilation
operators d, and ISw obey the standard anticommutation
relations which are similar to (3.6). This fixes the equal-
time anticommutation relations (3.7). The frequency in this
expression runs in the interval @ € (—o0, —m] U [m, o).

The form of y(x, w) and ¥ (x, w) spinors is as follows:

1 ( ® )
esz’
20p \m—ip

1 0] )
7/ = —_— —ipx
wlxw) m(_m-ip>e ’

2

y(x.0) =
(4.4)

where p? = w®> —m? and we have used the Dirac repre-
sentation for gamma-matrices (4.1).

Now, let us consider the Dirac field on the classical
background ¢, =% + Ex. In this case we have the analog
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of the decomposition (4.3), but with the modes that solve
the following equation:

(i —m — ax)y,(x, 1) =0, (4.5)
where we have defined for short a = AE.

Because of the time translational invariance of the
equations of motion one can do the time Fourier trans-
formation® and obtain the equation for the spatial coor-
dinate dependent part of the modes:

[iy°(=iw) + iy'0, — m — ax]y(x,w) = 0. (4.6)
As in the time-dependent field case (Sec. III A), one can
decouple this system applying the operator [—y%w —
iy'0, —m —ax] to its left-hand side. Then the system
reduces to:

{ (0% = (m + ax)* + @* = aly (x, w) =0, (47)

[0 = (m + ax)? + @* + aly, (x,0) =0
The exact solution of this equation can be represented via a
sum of two linearly independent parabolic cylinder func-
tions D, (z):
wi(x. @) = (@)D, (z) + Cy(w)D_,(iz),

W (x, ) = By (@)D, (z) + By(w)D_,_, (iz), (4.8)

where C, ,, B;, are complex constants which we will fix
below, and for convenience we define:

[38)

0] 2
v=o_ z(x) = a(m + ax). (4.9)
Note that these variables are real unlike the ¢, = Et
case (3.15).

In order to fix the integration constants C,,, By, one
should impose additional constraints on the modes (4.8). To
do this, consider the limit |w| > \/a and fix x. We expect
that the modes in the scalar background and in free theory
to have similar behavior in such a limit. In other words, the
modes (4.8) must behave as plane waves (i.e., as e @ +ilelv)
for @ — o0. We refer to functions with asymptotic behavior
~e~iortilol aq “positive frequency modes” and functions
~el@=ilolx a5 “pegative frequency modes.” As above we
choose such modes to have the proper Hadamard behavior
of the propagators. More generic choice of the modes is
also possible, as we have discussed at the end of the
subsection III 1.

Note that one obtains the “negative frequency” modes
from the “positive frequency” ones by the following
operation:

¥Note that in the subsection IIl A we did the spatial Fourier
transformation.

(x.0) = if'y (o) or Flx.—0) =y (x.0).

(4.10)
Consider the anticommutation relation (3.7):
1 do #
a0 vy (1)) = | 5 Wa(x o)y, (v, 0)
+ W a(x, —0)r (v, —0)]
:5(x_y)5ab7 (411)

where a, b = 1, 2 enumerate spinor indices. Using asymp-
totic normalization method [33], the connection between
positive and negative frequency modes (4.10) and require-
ment y(x,w) ~e” in the limit @ — co, we get the
following asymptotic behavior at high frequencies:

o
volx. o (y.0) =205, (412)

Hence, the asymptotic behavior of v (x, ®) for ® — oo is
as follows:

1 )
el\a}\)H»t(p(u)) ,

yi(x0) = (4.13)

where ¢(w) is some coordinate independent phase.

Now, using the asymptotics of parabolic cylinder
function for large values of the parameter [28,29,34], we
choose the coefficients C,(®) in (4.8) in order to get the
exponent: y (x, w) = %ei‘“"x in the limit |w| > /a, |m +
ax| < |w| due to (4.13). Thus, we obtain the first compo-
nent of the positive-frequency mode v, (x, ):

1 w2 m iz? o’ 0?1500 .
v (x’ a)) = zg | D P e v OgED_y(lz)

(4.14)

We can get rid of the phase factor due to its arbitrariness:

1 imuz —ﬁ-&-ﬁloé .
l//l(x’w) :5 e da ¢ da 1 gZaD_y(lZ)

ilo| 2

= (4.15)

Then v, (x, @) can be found from the system (4.6) to be as
follows:
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1
wH(x,w) = > (m +ax = 9, )y (x, )
i o

_ eflostp (2 )}sgn(a}). (4.16)

Here we have used the relations (3.21). The expressions for
the negative frequency modes are obtained using the
relation (4.10).

B. Tree-level scalar current

According to the operator equations of motion (3.37),
one needs to calculate the classical current ji(x) = (W)
to find the response of the classical field ¢ = (). We use
the expansion of the fermion field over the modes (4.3) in
order to find the expression for this current:

- (4.17)

Oipwl0) = [ 52 i + i)
For the same reason as in the subsection III B we expect the
following dependence for the current (3.40) on the ¢, =

2+ Ex background:

A AP
z BN

() = (4.18)

Note that in this case the analog of the mass parameter is

M(x) = Ay = m + AEx. (4.19)

Let us check this conjecture and calculate the integral
(4.17). Note again that M(x) = m + ax indefinitely grows
with x-coordinate, so it can overcome an arbitrarily large
fixed scale A. Due to this fact we separately consider cases
M < A and M > A. However, the last case is not realistic,
because the infinitely growing field ¢ is not a physically
meaningful situation, as we have already mentioned several
times. In both cases we assume that M?(x) > a to single
out the leading contributions.

In the case M > A we use the asymptotics (3.16) for the
parabolic cylinder functions over the entire integration
interval, and get that the current is zero:

(py) ~0. (4.20)
as the integrand is an w-odd function.

In the case M < A we divide the region of integration
into two segments: [m, A] = [m, M] + [M, A]. In the inter-
val [m, M] the asymptotic (3.16) is valid, so this interval
does not give any contribution for the same reason as in the
case when M > A. In the interval [M,A] we use the
following asymptotic form of the function

U(A, Z) = D_A_%(Z),

—2v-A < |z] < 2V -A,

for A - —o0,
[28,29,34]:

which works
_z z
f<argz <7,

2 - A - A
U<——,u ,urx/_) a g("; 7 (cosxz ZY - sinKZ(—l)S lz}zlr(;)) (4.21)
T
s=0
where
2 N PR T R W R W S
g(ﬂ) = h(ﬂ) <1 +§Z 1 2 S>, h(/,t) =2 w ie 4/‘2/42!4 7,
s=1 (i/" )
, T 1 5 ~ uy(7)
= -, = — —_— 1 — N AY =— 5
K=pn—y ) = Zarccos T — 57 T +(7) Y
u,(r) are polynomials of 7, y; are numbers depending on s; all that matters is that uq(z) = 1. In our case
2
2P _mtox 422
e N (4.22)
Taking limits y> — +co, 7 — 0, we leave the first term from the asymptotic expansion (4.21):
1, 2h(u) ), T W
U(—E,Ll ,/xlT\/E) ZmCOS H T—T+Z (423)

where we used that g(u) ~ h(u),

k=g (u?—1)

— T, n 4 — 7. Then we rotate the variable 4 — ix and obtain:

025005-25



AKHMEDOV, LANINA, and TRUNIN PHYS. REV. D 101, 025005 (2020)

T e

Using these formulas and multiplying by an x-independent phase, we find the asymptotic behavior of the components of the

(4.24)

Dirac field:

( ) \/5 ei\a)\x ~ ( ) w e—i\w|x
X,0) 2|, X, 0) 2y [,
Y1 2 (wz —Mz(x))1/4 Y1 D) (wz _ Mz(x))1/4
M(x) —i|o| eflol M(x) + i|o| el
X, W)~ , oy (x, @) ~— . 4.25
O T R e Y oy 722%) L
|
Then the integrand for the scalar current acquires the . Ve w2 wlowls
following form: Gap (ix30) = wowon (W = 500 0
Vorw2 Vor¥e2
M(x) Gy (x1.x0030) = =i 0eh(10) ey = —(G oy (x1. 123 @)
[ ~ o~ X * *
G\ P = — et (426) _(VeWVar VoiVan
o — M?(x) T 22 21 )’ (4.29)
VorYw2 Vo1¥e2

where we denoted the subleading (in the limit in question)
contribution by ellipsis.

Finally, we obtain the following expression for the scalar
current:

) = Adw  M(x)
s M 27 \/w® — M?(x)
1 A+VAN -M> M M
= ——Mlog i o (x)log (x)
T M 2A
(4.27)

where we neglected the subleading contributions in the
limit V/AE < A¢hy(x) < A. This current coincides with the
proposal (4.18).

Thus, again we obtain a peculiar behavior of the scalar
current for the large and slowly changing background field,
which agrees with the result of [12] and of the previous
section. We explain such a dependence of the scalar current
on the background field in the Appendix B and in the
Concluding section.

C. Loop corrections

We make the Fourier transformation in time of the two
dimensional analog of (2.35):

xl,xz)—/—Gaib X1, Xp; @ )e‘i“’(’l_’Z), (4.28)

where we denoted x = (7, x). Then:

where we use the notations y, (@, x,) =yW4,, ¥, (—w, x,) =
W, We also use the representation for gamma matrices
(4.1), decomposition (4.3), and relation (4.10). Note that
the anticommutation relation (4.11) translates into:

[ b 0) + v w5 =0 (@30

and implies that the trace of the correlation functions at
coincident points exactly equals zero:

trG*(x, x) = tG™F(x,x) = rG™(x, x)

=trG"t(x,x) = 0. (4.31)

We will use this fact below. At the same time, using the
expansion for the boson field:

ww=/“ﬂJa>%w@mmwm<ma

where f,(x) = 'l we obtain:

\/2|o|
pilol(x1—x,)

2]w| -
(D7 (%1, x03@))" = fo,(x1)f o (x2)
e—i\w\(xl—xz)

= (4.33)

D+_(X1,x2;a)) = fw(xl)fzJ(XZ) =

D™ (x, X5 0) =

It is convenient to do the Keldysh rotation (2.38) and keep
in mind that if one does the quantum average over an
arbitrary state |y), the Keldysh propagators acquire the
following form:
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d da’ 1
DK(ElﬂEZ) _/_(1)/ @ |:<nwa)’ —|—§2ﬂ'5(a)—w/)>fw(xl>fm (x2)+Kwana)(xl)f(u (x2)+HC e—lwll+lwtz

rGK, (x1,x,) = / / [( 276(0 — ') = /) Wawio, TWo v es)

+ K:uw’ (Wclull//i’Z + Wz)lll’clu/z) + (C.C, p-c, HC):| e—ia)t1+ia)’t2. (434)

Here we have introduced the following notations for the quantum averages. First, the bosonic Keldysh propagator contains
{ylabaly) = ny.s, anomalous quantum average (;(|aa,a_a, ly) = Ko and its complex conjugate. Second, the trace

of the fermionic Keldysh propagator contains (y|bjb,,|y) = n . (xlclwe_yly) = . anomalous quantum average
(x|byc_o|x) =K, and its complex conjugate.

1. One-loop corrections to the boson propagators

Similarly to the time-dependent background field, one can show that loop corrections to the retarded and advanced
propagators do not grow, when |t; — t,| <’ ‘+’2 =T — . Let us calculate the one-loop correction to the Keldysh
propagator:

1
ADX(x),x,) = 3 [AD**(x1,X,) + AD™™(x1,x,)]

N __/d2x3d2x4 D7 (x1, 53) Gy (x3.%4) Gy (X4, X3) D7 (x4, X5 )sgn(0304). (4.35)
o134={+.-}

We will denote:

J(wy, 07) = [k ()wki (x3) + w (a)wh ()] wh, (xa)wd, (xa) + wih, (xa)wa, (x4)]. (4.36)

It is straightforward to show that the loop correction (4.35) can be represented in the form of (4.34) where to calculate n,,,,,
one should look for the terms in (4.35) which contain f,(x;)f? (x,). Let us prove that in the present case
Ny = 275(w — @')n,,. Keeping in mind that D™ and D™~ are the linear combinations of D"~ and D~ [see (2.36)]
we conclude that such terms can come only from D"~ (x;, x3)D* ™ (xy4, x,). Hence,

42 [ L mttsass s

—12/ dfs/ 6114/61)530')‘41)+ (x1.23) Gy (33, %4) Gy (X4, x3) DT (x4, 23)

dw d ilo|(x1=x3) p—ilo|(x3—x4) .
:—lz/dx3dx4 5%6 42)2 J(@', @ — w)e~®n70), (4.37)

Here we have kept the leading terms in the limit 7 > |#; — #,|. In particular, we have neglected the difference between #,, 1,
and % = T. So we see that due to the energy conservation (Fig. 10) the incoming and outgoing w5 and w, are equal to

each other. Thus, the term under consideration does indeed have the form d‘” 2 Ny Fo(x1)fi(x)e —io(ti=1) where the
expression for n,, is given below in this subsubsection and follows from Eq. (4. 37)
Then, let us prove that «,,,, = 275(w — ®')k,,. Again from (4.34) and (4.35) to calculate Koo/ we should look for the

terms in (4.35) which contain f,,(x;)f,/ (x,). Such terms can come only from D*~(x;,x3)D~" (x4, x,), hence,

do’
/ / Koo' fw (-xl )fa) (-XQ) —iontio't

== [Ty [" s [ desdniGy (006 ()07 () D7 )+ (1 < x4)
to to

+o00 dw, dw- dw el|m|(x|—x3 —i\m\(m_xz) . ' '
=22 [ dd | dxyd —— —i(t10) (=i (01-0n-) | it (ormto)) 5 (438
/0 T/ 3 x4/ 27 27 21 2|w| 2|w| ¢ (e te Wiz (4.38)
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(s(OJ3 — w1+ UJQ)

O(ws — wi + wo)

w2

FIG. 10. One-loop correction to the boson two-point function
with energy conservation laws.

where we took 7' — 1, to infinity. Thus, we see that this term
indeed contains integration over single @ and f,(x;)x
fo(x2), rather than f,(x;)f, (x2), and due to the energy
conservation equals to [k, £, (x;)f, (xy)e @ 1=1),

In all we get that

+oo do e=1l(5—x)
n, = —],2 /_oo dxgdx4/ . Ta)lj(w/’(g/ - (l)),

oo do (e-iolteix)
Ky = /12 /_oo dX3dX4/2” {2|a)|.]*(0)/,0)/ - CU)

da)z e_i‘“)‘(x3+x4) i
2 [ — J (o, .
N / 2 2|w Pa)'—a)z—w (@', )
(4.39)

And the loop corrections
(T - to) — 0.

are finite in the limit

2. One-loop corrections to the fermion propagators

Again it can be similarly shown that the loop corrections
to the retarded and advanced propagators do not grow with
time. Let us then calculate the first loop correction to the
Keldysh propagator:

1
5 (AGS, (x1.%) + AG; (x1.x2))

2 1 oo
= —3/d2X3dZX4§ Z G : (XI,X3)

o134={+~}
X Goot (X3, X4) DP% (X3, X4)

AGfb(El,&) =

X GG (xq, Xp)sg0(0304). (4.40)
We denote:
Hw, o) = (! w2 +y2 ) (w2, + )
’ VortVWao2 T¥Vo1¥ w2 l//w3l//mr3 l//w3l//w3

x (l//l 4WZ)4 + l//2 41//;)4)
(l//wll//wz + Ww]l//(uz) (l//w3l//a) /3 + l//w?’l//w —5)
x (ww’4ww4 + l//w 4W(,)4 (441)

Llw,o) =

Again the loop correction (4.40) can be represented in
the form of (4.34), where in order to calculate nm”,,
we should look for terms in (4.40) which contain
(whw?, +w2,wl,). Such terms can come only from
Gy (x1,23)Gpl (x3,4) G (x4, X5). Hence,

' L y
[ [ i v
=—tr/ dt3/ dt4/dx3dx4G (x1,23) Gy (x3,X4)
x D™ (x3,x4) G (x4, 1)
dwdo’ e—i‘m—(u’|(x3_x4>
~—— [ dxid eion-n)C
/ X3 X4/2 27; |0)—a)/|
) (4.42)

Again here we have kept the leading term in the limit
T= % > |t; — 1,|. From the obtained expression we see
that n/ , = n,6(w — '), where the expression for n,, is
given below in this subsubsection and follows from (4.42).

In order to calculate K;} /> We should look for terms in
(4.40) which contain (y),,w?,, + y2,w! ). Such terms can

come only from G/, (x1,x3)G} (x3,x4)G.) (x4.%).
Thus,

—iwt)+ia'ty

Koo ll/wll//a) 2 + lell/m 2)

3
:—Etr/ dt3/ dt4/dX3dX4Gz_c_(X3,X4)

X DV (x3,%4)[G oy (1, 23) Gy (X4 X3) + (X3 <> x4)]

+°° do do' de
~—— dxzd.
/ / 3 x4/ 2n 21 2n

—iw(t;— —zr (o' +or+w) _ e iT (0 +(u2—w)>
el \wz\(xs—)u)
xS L, o). (4.43)
||

In all, we get that

do' e —i|lo—a'|(x3—x4)
a)* /dX3dX4/ I(a)’a)/)’

o — |
ei\u)—u}’\(X3—x4)
| — ol )

———/dx3dx4/dw (

x L(w, ')
da) d(l)z et ‘wz\ X3=X4)
— [ dx;d
/x3 x“/z 2 |co2|
>L(w,a)’),
(4.44)

i|lo+a'|(x3—x4)

|+ o]

><<77 -P
a)+a)2+a) a)+a)2—a)
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where &/, = ki,6(w — @'). And in the limit (T — #,) — oo
the contributions to n/, and x|, are finite.

3. Other diagrams

In addition to one-loop diagrams, tadpole diagrams
(Fig. 3) can also contribute to the two-point correlation
function. However, they contain traces of fermion propa-
gators at coincident points that are equal to zero due
to (4.31).

There are also bubble diagrams (Fig. 2). However, in the
Schwinger—Keldysh diagrammatic technique vacuum bub-
bles always cancel each other.

V. COHERENT STATE

In the previous section we have considered ¢y (x) =
Ex +% and found the exact modes w(z,x) in such a
background. Such an approach means that the background
field ¢ (x) is set by a brutal external force to be the same
for all times. Such an approach can work only when the
backreaction on the background is weak.

The situation, which we consider in this section, corre-
sponds to a different set up. Namely, at some point in time
there was formed a state |¢pq) which corresponds to the
presence of the external field ¢ (x) in the sense that we will
see in a moment. And then this state is released to evolve
freely. Our goal is to find out how it will be changing in time.

To start with, we define the coherent state |¢p.) as
follows:

<¢cl|$(y)|¢cl> = ¢cl(y)'

In Appendix C it is shown that one can represent the state as
follows:

(5.1)

lpa) = e_if’i’“‘ﬁ‘ﬁdx]O), where a,|0) =0. (5.2)

In what follows we want to calculate the following expect-
ation value:

(@) (t.x) = (pa| U (1. 1)1 (1. X) U (2. 1) | ).

where U(,1,) is the evolution operator and we use the
interaction picture and the modes are ordinary plane waves:

_ [dp 1
¢I(t’x)_/ﬂ\/ﬁ

(5.3)

(apetpx—l\p\t 4 a;e—sz+l|p\t)’

d 1 R . —_
l//l(tv x) = /ﬁ_ZE (apupetpx—tEpt + b}lvpe—sz—HEpr)’
vV p
(5.4)
unlike the case of the previous section. Here u, and v,

are modes of the two-dimensional free massive Dirac
field (3.8).

One can find the equation for (¢) (¢, x):

D) (1, x) = =A{pat| U7 (2, 10 )i (2, %) (1, %) U (8, 10) | her)
(5.5)

Now let us transform the right-hand side of this equation.

We commute U with the exponent in the definition of the
coherent state (5.2). Let us denote:

X=-i / Exippppp;, and ¥ =—i / dypat,y,
(5.6)

and use that
by (x,1) = el gp (x) Mot

(5.7)

Then

[xﬂ——/?%@wawmwﬂwmnmunmam

:—/ﬁ%@wawmuﬁwuﬁ

x (el (x) [, 7y (y)] + i6(x = y)

+ [e0", 7y (9)]by (x)e=He"). (5.8)
To simplify the last expression we denote
. ; 1 1
A= —iHyt = —zt/ dx(zﬂ{zl, +§¢}2>
and B = —i/¢clﬂ¢dx, (5.9)

and check that the commutator of A and B is vanishing in
our case:

4.8)= =3 [ ax [y 0).mp (0l
==t [ dx [ i) (10,1 3). 7]

— it [ dglx)a) =0, (5.10)

because the background field that we consider here is the
linear function of x: ¢ = + Ex and ¢, (y) does vanish at
infinity.

Hence, due to (5.10) the first and the third terms in (5.8)
are vanishing. Therefore

X¥) =i [ x50

025005-29



AKHMEDOV, LANINA, and TRUNIN

PHYS. REV. D 101, 025005 (2020)

and then
Get [ tatods _ =i [ Exiga =i [datsdsgy (5 1)
Thus, we obtain that:
<¢CI|UT(t’ tO)lf/I(tv x)lﬁl(t’ 'x) 0(t’ tO) |¢Cl>
— (010" (1, 1) S PTG (1, )i (1, %)
xc ¢~ BB gy 110, (5.13)

We will use these relations below.
Meanwhile to find the relation between the problem of
the previous section to the one here, note that:

e 1Rt o)et IRt = Oy + ).

for any operator O(g?)) in the theory. Using this relation on
the right-hand side of the Eq. (5.5) one can assume that we
obtain here the same scalar current as in the previous
section. However, note that in the previous section the
average in the correlation function was done with respect to
the ground Fock space state corresponding to the exact
fermionic modes in the ¢(x) background, while in (5.5)
the expectation value is taken with respect to the ordinary
Poincare invariant state for fermions.

A. Loop corrections (coherent state)

In this subsection we calculate the right-hand side of the
Eq. (5.5). The tree-level result for the scalar current in the
present case is obviously trivial (the same as in empty
space). To restore the tree-level result of the previous
|

section within the present settings one has to sum up
infinite number of terms, as is explained in the footnote in
Appendix B.

In what follows we consider the corrections of the order
A2 to the propagators (Fig. 8) in the limit

1

thl—tz:const, Tzi(tl—l—tz)—)—l—oo,

ty > —o0, (5.14)
where t; and ¢, are arguments of the two-point functions,
or, more specifically:

1
to| > —,

Ja

Note that the variant with the averaging over the coherent
state allows one not to specify the form of ¢, therefore it
allows to get more general result. It is also interesting to
compare the answers in these two problems (Secs. IV C and
VA) and to find out if the expressions for the first loop
corrections show a different behavior.

To do the calculation in question, we need to find

|T

e (5.15)

s

P05, 1)) = ey (x)emiHore™ | PaRete o),

1 1
— 2 7
Taking into account the Becker-Hausdorff formula and the
result of (5.10), we obtain that:

(5.16)

where

(5.17)

Bx, D)) = e p(x)e ™ S PoRogmitiun| gy — piEu it ()|

_ e_iEotqul(x)eiHote—if(/;dirwdxlo> + e—iE(,teiHote—if!/)clﬁ</zdx¢(x)|O>

= ()| pa) + emEote ™ S e ittt g ()10) = gpy () her) + €7 FEEp(x, 1)[0).

(5.18)

Thus, if we consider quantum averages over the state |¢,), then according to (5.18) instead of (3.48) we have that:

D*(x1, %) = (X)) da(x2) + (0] (x1)h(x2)|0) = et (x1)er(x2) + D(x) — x5),
D™ (x1, %) = @ (x1)da(x2) + D(x, — x)
D™ (x5, X;) = o (x1)Pai(x2) + 0(t) — 12)D(x) — x5) + (1 — 1;)D(x, — xy),
D (x1, %) = da(x1)da(x2) +0(t; — 1,)D(xy — x1) + 0(t, — 1) D(x — x,), (5.19)
where we denoted x = (7, x) and
dp 1 ) .
D(Kl _52) = /%meﬂl’(ﬁ—lz)ﬂp(xl—xz) (52())

is just the empty space scalar propagator. The fermion propagators in the situation under consideration are the same as in the

theory without background field.
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B. One-loop corrections to the fermion propagators We start with the calculation of the first loop correction
to the fermion Keldysh propagator (4.40). Due to the fact
that in the one-loop correction to the fermion propagator we
have only one tree-level bosonic Green function and in the
free case fermion Green functions does not receive growing
with time corrections (see subsubsection III C 2), we can
use the tree-level bosonic propagator in the following form:

We continue with the loop corrections to the boson and
fermion correlation functions. For the retarded and
advanced propagators we have the usual story as was
described in the previous sections. Hence, below we
concentrate on the calculations of the loop corrections to
the Keldysh propagators.

D (x1, %)) = D™ (x1, %) = D" (x1,X3) = D7 (%1, X3) = ai(x1)baa (x2) = D(x1, x3), (5.21)
instead of (5.19), and define the following expressions:
H(p.q.p') = (W,LEW(Q, 3+ l//p 3‘l/q 3)(%, 4‘!’,7 4T W?;,4W;;/,4)(W;7,1’/’;j,2 - l//i 1‘llsz)
K(p.q.p") = Wy vy Wiy )Wy aWys = Wi Wi ) WoaWps + oW ,h). (5.22)

Then, taking into account the Fourier representation of ¢ (x):

Falp) = / dxpey(¥)e= P = 27(ad(p) + i (p)), (5.23)

we obtain that the one loop correction to the fermion Keldysh propagator is as follows:

2'2 010 030,
AGE, (x1,x,) = —Z/d2X3d2x4D(X3J4) Z Gat” (x1.%3) Gy (33, x4) Gy (x4, X7 )sgn(0304)
o134={+.-}

dpdqdp ipx;—ip'x
N__/ ‘”3/ /2 pysy ——dua(p - q)da(q— p'eP=P2[H(p,q. p') + H.c]

dpdgdp - i
/ ‘”3/ /___¢cl —q)palq — p)er =P [K(p.q.p') + K(p'.q. p) + Hc!]
2 27 27 21

d
== [ spere [Tan ["an| o0 o) {@ + apisi +x) = a2t ==

2 27z @)
(i =) =i+ 2PN (1 (= 1) iy + 2P L e
w, 2o 2 4a)f,p , 3 ! 4a)f,p o

2 dp ip(x;—x,) g B 2 p
+A7 [ et dt; dty|K(p, p. p){a + af(x; + x3) —af—(t; — 1)
2 f f (oM
t3+ty — 2t 3m? — p? 3+ 1, — 2t 3m? — p?
+ﬁz< Pyl =20 ix2—|—m—2p> (liuﬁxl +m_21’)} +H'C}
w, 2 4w, p w, 2 4w, p
= O(19), (5.24)

where we have used that

2
* p T —_
(‘l/;las‘/’fa 3+ l//p 3‘//p 3)(1l/p 4‘!’,; 4t l//f;,4‘l/};,4) = eop(ts=ta)
P
(W;lisl/’:as - Wf:fa‘l/f:s)(‘l/;l:ﬂl’fﬁ + ‘/’fﬂ‘/’;’w - a)ime_iwp([rt‘t)ei(up(l3+t4>’ (5:25)

B

aIlS)

and the following expressions for the derivatives of the fermion field components:

m(w, —m) . _p

mp .. P
apy/;,a = za)zp Ypa— ltaw_pl//[l),m apl//‘%,a = 7)1//?10: - ltaw_l//%ux- (526)
P
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Thus, as follows from (5.24) one-loop correction to the fermion propagator does not grow as T — 0.

C. One-loop corrections to the boson propagators

The one-loop correction to the free bosonic Keldysh propagator does not grow with time (see subsubsection III C 1). To
show that in the present case let us denote:

* p W -
F(p.q) = (wiawps v awgs) Weawha + W, a5,) = g eiont. (5.27)
@p
Therefore, keeping in mind Eq. (5.23), we obtain:
dp dq ~ ~ ~
ADX(x), xp) = =2 df3 df4 pI. ¢a(x1)da(q = P)Pa(x2)Pa(p — q) + da(x1)da(q — p)
_1‘17 ql(ts—t2) i(r=q) ¢ ( )¢ ( ) —i‘P—fI‘(Il—ﬁ%) i(p—q) ) ( ) q
e~ 2 4 X)pa(p — qie’ O F(p,q)+ .c}
2|p — 4l e 20p -4
dp dq
o [Tan [Man [505 sz (40)da(q = P)ba()Pa(p — @) + dalx)dala - )
e_l|P ql(ta—t4) X - e_i‘/’_q‘([l_[.%) i -
5 5 e—l(p—q)xz + ¢cl(x2)¢cl(p - q) 5 ) et(p—q)xl + ¢cl(x2>¢cl(q - p)
2VIp—alf* +u 2VIp—af +u
e—ilp=al(ti—ty) ) ~ e—ilp=dl(—13)
i o)l - 4) e ) P (p.g) + e
2Vlp—al*+u 2V/lp -4l +u
/12 +oo dp pz . /
=20 t) [ e [ SR lalalon) + hae) + 2612 = )]y e
u —o 2r ,
— o(1), (5.28)

where we have restored the spontaneously acquired mass of
the boson field y ~ 4 (see Appendix B) to eliminate the
singularity m in the denominator. Note that the growing
factor (T — 1) is multiplied by 6(w,) which is never zero.
This situation is similar to the free cases from subsec-
tions IIC 1 and HIIC 2.

VI. CONCLUSIONS

We consider one of the simplest examples of nontrivial
quantum field theory out of equilibrium—the Yukawa
model in strong scalar field backgrounds in (0 + 1) and
(1 + 1) dimensions. Our main interest is in the response of
the dynamical scalar and fermion fields to such a back-
ground. To find this response, we calculate the tree-level
scalar current (yy) (i.e., the fermion propagator at coinci-
dent points) and loop corrections to both fermion and boson
correlation functions. To take into account possible non-
equilibrium effects we use Schwniger—Keldysh diagram-
matic technique instead of the Feynman one. In this section
we summarize our results and explain their physical
meaning.

(1) In (0 + 1) dimensions the dynamics of fermion and

scalar fields is nearly trivial. First of all, due to the

2
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properties of one-dimensional fermions the scalar
current can be exactly calculated from the very
beginning. Then the corrections to the two-point
correlation functions of the scalar field basically
reduce to the disconnected corrections to the one-
point functions—so-called “tadpoles.” We show this
fact both in operator formalism and diagrammatic
approach. Moreover, it is not difficult to generalize
this result to arbitrary orders of the perturbation
theory and arbitrary n-point functions, because
“tadpoles” do not receive any loop corrections in
one dimension. This result means that no external
scalar perturbation can change the initial state of the
theory.

he dynamics in (1 4 1) dimensions is more interest-
ing. First, in the case of indefinitely growing scalar
field, in particular, ¢y =% + Ef and ¢ =7 + Ex,
one should accurately choose the exact modes.
Namely, one should demand a correct UV behavior
of the modes, because at the space-time infinities they
do not tend to the plane waves. Such a correct UV
behavior is necessary to have the same UV renorm-
alization in the background field as is in its absence,
which is meaningful on general physical grounds.
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Second, in the leading order (when ¢, is small,
while ¢ itself is large) the scalar current on the
backgrounds ¢ =4 + Et and ¢ =} + Ex coin-
cides with the current in the theory of free fermions
with the time-dependent mass m(t) = A (1):

A A
() =P 1og 01 (6.1)

where A is the UV cut-off.

The last equation is an analog of the causal
equations that have been derived in, e.g., [35] for
the scalar and electromagnetic fields. In the expres-
sion under consideration we have explicitly calculated
the right-hand side (the scalar current) for the given
background fields in the tree-level approximation and
for large and slowly changing backgrounds. This
result indicates that the leading expressions in the
strong scalar fields are insensitive to the choice of
the initial state. Note that subleading corrections to
the scalar current do depend on the choice of the
initial state [12].

Third, neither level population nor anomalous
quantum average of the scalar and fermion fields
do grow with time. Hence, in the limit of small
coupling constant time-dependent corrections to the
tree-level correlation functions (including scalar cur-
rent) are negligible despite the strength of the back-
ground. This type of behavior does not resemble the
one in strong electric [6,7] or gravitational [2,8] fields,
in which loop corrections to these quantities do grow
with time.”

This is a very strange phenomenon for the case of
time dependent scalar background. In fact, it seems
that the secular growth under discussion is forbidden
due to a specific behavior of the exact modes in the
background. In particular, it means that even if one
starts with any nonstationary state (e.g., non-Planck-
ian initial distribution) there will not be any sub-
stantial change of the level population and of the
anomalous averages, if the mass of a particle changes
in time, M(z) = A¢(zr). This we find as quite a
nontrivial observation, which should be compared
to the time-dependent gauge and gravitational back-
grounds.

The technical reason why there is no secular
growth in the background scalar field as opposed
to its presence, e.g., in constant electric field or de
Sitter space can be explained as follows. In the

°Note that by calculating corrections to the Keldysh propagator
(to the level population and anomalous quantum averages) we
examine if there are contributions to the scalar current which
grow with time, but do not check if there are corrections which
are large, when ¢, is large, but does not change the state of the
system.
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constant electric field (de Sitter space) all the quan-
tities depend on the invariant/physical momenta p; —
eEt (|ple”/™). (Here p; is the component of the
momentum along the external electric field £ and H
is the Hubble constant in the case of the de Sitter
space.) As the result all physical quantities are
invariant under the simultaneous translations t — ¢ —
aand p; — p3—eEa (|p| — |p|e~*/"). Furthermore,
in the field theory without background field, but with
an initial nonstationary (non-Planckian) distribution
there is the time translational invariance at the tree-
level. That is the reason why there is secular growth in
the loops in all the listed in this paragraph situations.
Meanwhile in the background fields ¢, = Et there is
no time translational invariance.

At the same time in the background ¢y =3 + Ex
the simple explanation for the absence of the secular
growth is not yet clear to us. What remains to be
checked now if there is a secular growth for any other
states of the type (3.34) for the spatial coordinate
dependent background.

We should probably stress here that for finite
coupling constants the corrections to the quantum
averages, (a"a) and (aa), are nonzero, i.e., the
theory (3.1) is indeed nonstationary. Also let us
emphasize that the scalar currents calculated in differ-
ent ground states [e.g., currents (3.43) and (4.27)]
coincide only in the leading order, whereas sublead-
ing corrections to these quantities depend on the state.
One can find more examples in [12].

Finally, usually one studies the behavior of the
fields on fixed backgrounds, e.g., fixed electric field
or gravitational field of collapsing matter. In most of
our article we also follow this approach. However, in
addition to such a standard setup in the last section we
consider dynamics of the “coherent state”:

<¢cl|$(l =0, x)|¢cl> = ¢cl(x)’

i.e., a self-guided dynamics of a freely evolving in
time initially set up “coherent state.” Namely, we were
attempting to calculate (¢ |d(7, x)|¢py) for arbitrary ¢
in the full theory. We have found that the behavior of
the correlation functions in this case is qualitatively
the same as the one previously found for the strong
fixed scalar backgrounds.

As soon as the dynamics in the strong scalar field
(when ¢/, is small, while ¢ itself is large) is weakly
sensitive to the choice of the ground state, we can
estimate its effective action in the equilibrium
approach. It is a standard textbook exercise to show
that in this approach the effective action for the
scalar field (the action one obtains after the integra-
tion over the fermion degrees of freedom) in the
leading order looks as follows:
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“

Seff = /dzx B (0,0)* = Vegr|#]|.  where

G2 ® G

Veff [¢] = o0 <¢>GS A

(6.2)

and (@)gg is the minimum of the renormalized
effective potential V.g[¢p]. Note that scalar field
acquires nonzero mass u = \/i;r at the bottom of

the potential due to the quantum fluctuations. Also
we remind that the derivation of (6.2) assumes that
the scalar field is nondynamical, large and slowly
changing, |P¢| < A¢?*. We review the derivation of
this expression in Appendix B.

The equation of motion that follows from the
action (6.2):

/lzd)cl IOg ¢cl
n (D)cs

obviously reproduces the results of sections III B
and IV B with classical backgrounds ¢, = Et and
¢ =4 + Ex. In fact, it generalizes these results to
arbitrary large, but slowly changing scalar field
backgrounds. So it is not surprising that the calcu-
lations in the strong scalar wave background [12]
result in the same answer for the scalar current.
However, we emphasize again that this result is
correct only in the leading order, whereas the
subleading corrections can be different for different
choices of initial states.

The “universality” of the leading order approximation
to the effective action can be interpreted as follows.
First, note that fermion modes with high enough
momenta behave as plane waves. The critical scale is
roughly p ~ A¢. Such a behavior is necessary for the
proper treatment of UV divergences, as we have
already mentioned above in this section.

Second, the main contribution to the scalar current
and effective potential comes from exactly such high-
momenta modes [e.g., see Egs. (3.41) and (3.42)].
This is due to the spatiotemporal oscillations of nearly
zero momenta modes, which are significantly faster
than oscillations of higher-momenta modes. In fact,

O2py + =0, (6.3)

compare asymptotic behaviors (3.29), w(r) ~ e,
and (3.28), w(1) ~ elPlt,

Third, when calculating the contribution from such
modes, the variations of the background scalar field
can be neglected. Roughly speaking, plane waves
with large momenta (p 2 A¢) dominate in regions
with small spatial and temporal size. Hence, at each
moment the background plays the role of a fixed mass
of the fermion field. Therefore, one can just substitute
m — Ay (t, x) =~ const in the expressions for the free
case (3.40).

In summary, one expects that the effective action
coincides for arbitrary strong scalar fields because
such fields are not sensitive, at the leading order, to
the properties of the low lying initial state. In the next
orders this sensitivity does manifest itself [12].

(5) Thus, the calculation with the use of the Feynman
approach shows that zero point fluctuations of the
fermion field polarize the vacuum and deform the
classical scalar field background.lo However, we
remind that this calculation is valid only if |@¢| <
A¢?* and A — 0 (in the opposite case loop corrections
to the level density and anomalous quantum average
are nonzero). Both of these conditions hold in the
limit A - 0, t - oo for ¢y =Et or A - 0, x -
for ¢ = % + Ex. Obviously, they also hold near the
minimum of the effective potential. Therefore, in
this limit the scalar field just classically rolls down to
the minimum of such a potential.

It would be interesting to calculate loop corrections to
the quantum averages on top of such a rolling classical
solution. In principle such corrections can change the
situation under consideration [1-3,6—11]. If one considers
a coherent state decay, most likely this would not happen:
of course, strong initial perturbation can induce complex
dynamics for a while, but one expects that eventually the
field falls on the classical trajectory described by the
Eq. (6.3) for large and slowly changing values of ¢,.
However, if one pumps energy into the system, i.e.,
maintains a strong field with substantial derivatives, loop
corrections potentially can grow. In this case the choice of
the initial state is important, the leading approximation
(6.2) is not valid anymore, and the dynamics of the field is
less predictable. This case will be studied elsewhere.
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APPENDIX A: ASYMPTOTIC BEHAVIOR OF
PARABOLIC CYLINDER FUNCTION FOR
LARGE ORDER

The asymptotic behavior of the parabolic cylinder
functions has been widely studied in the literature (e.g.,
see [28,29,34,36]). But the only asymptotic expansion for
an arbitrary complex |v| > 1 we have found in the literature
is as follows [28]:

=

1 1 1
D,(z) = 7§exp {Eulog(—v) —V-

1
Jreml
i
where |arg(—v)| <% and || is bounded. The error of this

expansion is too large for our purposes: e.g., when one
integrates D ,2(z) over dp, due to terms of the order
T 2a

(A1)

a

O(ﬁ) ~ O(;) the integral can diverge. Thus, we have to

obtain a more accurate asymptotic expansion.
Following [36], we start with the integral representation
of the parabolic cylinder function:

C
argz
|/ _
argy =0
FIG. 11. The integration contour.

(1
D,(z) = (—me—%zzz

2ri
x L exp {zz (v —%112> — (1 +v)log(zv)|dv,
(A2)

where the integration contour C is depicted on the Fig. 11.
One can check that this expression indeed solves the
differential equation for parabolic cylinder function. For
the case ¢, = Et we have

-2
__w _ iﬂ/4\/E _ _
= — , = -M(t), M(t) = at, = AE.
g 2a e a 1) (1) =at. @

(A3)

Using the saddle-point approximation in (A2), one obtains
its decomposition as follows:

F(1+v) 12~ explia; + f(v)))
D,(2) == ae ¥y
(Z) on e ,;);1 |f”(Uj)|5
=L (21— 1) exp(2ila;)
1
: { NP vreN
21 .
XZH (1 —I—/lu)'/n]i], (A4)
Ay n=3 n:
where

fv) =2 (1} —;vz> — (1 +v)log(zv),

1 1
a; = 5” - Earg(f”(”j))’

and we denoted the critical points of the function f(v) as

voy =—-5+t3(1- Kl(lz—;r”))%. The innermost sum in Eq. (A4)
is taken over all distinct partitions of 2/ given by non-
negative integer solutions 4,, such that Zil: s nd, = 2l. Let
us estimate this sum. The /th term in it contains the /th

power of the following expression:

vé,lf'}wo.]) =305 [l i (1 G )H

and not greater than the [3]-th power of [(1 + v)/n]. In the

case |v| > 1 the square root in the brackets is small, and
1 L _ : “or TR

Ty~ 20 = O(;) for both signs “F”. This means
. . 1+v _ 1

that the innermost sum is (9([“3.] oy )]2) = O(;), so we

neglect it in the integrals over dp. Substituting the values of

the saddle points into the decomposition (A4) we obtain:
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D,(z) :

129 1412 o).

Z

v (b B YD togZ — L og (1 - HLEY)
—= ——¢€X _— — (0] —_ — — og— — — _—
Nonad RNV I VREY R i i 2

X ;exp[(—%—y> 1og<1 + (1 _4a

(AS)

Then we note that in the notations of (A3) and limit |v| > 1 (i.e., p>>a)or |z| > 1 (ie., M? > a), we have that

NETs

<1 _4(1;2L u))% L

/M? + p? for short, we obtain:

Hence, denoting V =

I(pz
1+ ess (M
D (M)~ 1
—(ﬁ ) ﬂ(v+)

ia a 2
1 ol——1 |.
[ e <M2+p2>]
2 1[) zp log(V+M rMV l O
Ga da 2a
e [ + V

(A6)

Then for the squared module of the parabolic cylinder function we get:

14
-\ Va

e M ro(—
~ — @ 4a .
2¢ /M2 + p? M? + p?

(A7)

wp2
Here we neglected the second term in the sum because it contains the factor of e~7+. Note that we have chosen the sheet on

the complex plane in which
contains the next term of the asymptotic expansion.

—1 = ™", One can check that (A6) coincides with (A1) up to (9(%). But the new equation also

We emphasize that Egs. (A6) and (A7) work for arbitrary values M? > a. However, they simplify in extremal cases. For

instance,

T 2a

1+i 1 ap? | ip?_ip?
D, M) ~—esat@ o
(V) ¢

if M> < p?, and

8M?

1+
D . M) ~
S\ va et ety 4 o

2[M|

if M? > p?.
In the opposite case |v| < 1 one should exactly calculate
the innermost sum in (A4), because ~ 1 (at least for the

‘+” sign). Furthermore, in the case \y| <1<z (e,

o 2
loghy , =2~ szt B +0 M ta , (A8)
p2
p ﬁ_M_L] ZMZ p- +(1
(1——)€8a 20 da [1—|—O( >], M >0,
2 (A9)
« "Mtaﬂ, M <0
[
1+i 2 i o o P’
D_%<WM>26&1 2a 4a10g(x (1—W
(12

p* < a < M?) we can use the following decomposition,
which can be obtained from another integral representation
for parabolic cylinder function [28]:

D,(z) = Z”e_é {iij o] 2|—N—1)} ’
n=0 ( 2)
No=1 " Nuo=rr+1)-(r+n-1). (Al0)

Hence, we find that:

and for the squared module:

1+ 2 2 p? a?
D —M)| ~ew |l —— — 1. (Al2
‘ —(ﬁ ) “ { weOGp) | (A1)

Note that expressions (A6) and (All) approximately
coincide if |v| < |z, |[v| > 1, as it should be.

025005-36



QUANTIZATION IN BACKGROUND SCALAR FIELDS

PHYS. REV. D 101, 025005 (2020)

APPENDIX B: EFFECTIVE ACTION

1. Path integral calculation

In Secs. III and IV we have shown that the leading
behavior of the fermion current does not depend on the
ground state of the theory (see also [12]). Moreover, in
the limit of small coupling constants loop corrections to the
scalar and fermion propagators do not grow. Therefore, if ¢
is large and slowly changing function we can estimate the
effective action using standard equilibrium technique,
assuming that the field ¢ is not dynamical. In this
Appendix we review the textbook calculation of the
Feynman effective action [37-40] for the theory (3.1).

To find the effective action for scalars, we integrate out
the fermionic degrees of freedom in the functional integral:

| DyDye' i [ e300+ (iF-Ap)w)
[ DyDye' i [ @iy

= exp [z’/af2

which we normalize to the partition function of a free
massless fermion for the correct definition of the operator
determinant.

As we have just mentioned, in this section we consider
the situation, when the scalar field is nonynamical. At the
same time in (B1) we calculate the time-ordered Feynman
effective action rather than Schwinger—Keldysh one. Note
that this approximation in general is not valid if one takes
into account the quantum fluctuations of the scalar field. In
this calculation it is implicitly assumed that the state of the
theory does not change in time. However, we have seen in
the Secs. III C and IV C that both of these approximations
are good enough if we work in the limit of large and slowly
changing background scalar field.

Let us evaluate the determinant in (B1). For simplicity
we consider scalar fields smaller than the UV cut-off:
Ap < A (these fields still can be strong: ¢ > 1). This
relation allows us to expand the logarithm and separate the
operators which are local in x and p [40]. Using the
reflection symmetry, i.e., multiplying the expression by

lScff [‘/’

1 i — A
)ci(ﬁﬂqﬁ)z—Hrloglﬂia ¢ )

(BI)

1 = (y°)?, and anticommuting 7> and y#, one obtains:
i)—ap 1 (i) — A)(—ip — A9)
trlog 7 Et rlog (i?)(<id)
1 O+ (Ap)? — iAo
= Etr log BE
~fr log(l + ug;y), (B2)

where we took the trace over the spinor indices and
neglected the derivatives 0,9 < A¢> and 0,¢ < A¢°.

E.g., for ¢ = Et we have exactly such situation when ¢ >

ﬁ and for ¢ =% + Ex when x > IWZE—E_”"

To evaluate the trlog we do Wick rotation into the
Euclidean space [13]. One can actually do such a trans-
formation, which is not valid in nonstationary situation, in
the approximation that we are adopting here. Then we

expand the logarithm:
( (/1¢>)2>
P’

(1 4) - 5

=i [ & [(Mb)zlog (ﬁ;) (W].
(83)
(/1(/’)

For the last equality we neglected the terms of the order
and smaller. Thus, in the leading order for large ¢ and small
derivatives of ¢ the effective action has the following
form'":

1
Set = / d*x {— 0,0, — Vege[p]|.  where

G727

Vegr|h] = log A dn (B4)

The partition function Z = [ Dge'Serl?! is predominantly
gained on the functions which solve the classical equation
of motion. Hence:

=0.

P U)o 20

~ OMe) + N

() + Alwy) (BS)

et us recall that the calculation of the effective action
corresponds to the summation of the Feynman diagrams (e.g., see
[13,37]). Indeed, consider the soft bosonic corrections to the free
fermion propagator:

pfiie”_iw) (p/—f—ie)z 51 (i) (,Aze)g

R
_y—i—iel_ﬁ_ﬂ—/w)—kie'

G(p) =

Such corrections take into account the interaction between the
fermion field and fixed scalar field background, so it is not
surprising that we have obtained the inverse operator of the
second equation in the system (3.3) in almost constant ¢,
background. The fermion current corresponds to the exact
propagator with the coincident initial and endpoints, i.e., to
the sum of the closed fermionic loops with an even number of
external legs (diagrams with an odd number of legs are zero due
to Furry’s theorem [13]). Hence, the summation of such diagrams
should reproduce the result (B3) in the limit that we consider in
this section.
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This expression is consistent with the values of the scalar
currents (3.43) and (4.27) for ¢ = Et and ¢ = + Ex,
respectively, which were obtained in the main body of the
text. However, (B5) works for strong, but slowly changing
classical backgrounds (see also [12]). Note that subleading
corrections to the scalar current (and, hence, to the effective
action) do depend on the state with respect to which
the averaging is done in the correlation functions [12].
The corrections should be calculated with the use of the
Schwinger—Keldysh technique.

Now the classical fields ¢ = Et and ¢ =9 + Ex do
not solve the corrected equation of motion (B5), although
they do solve the free equation (3.3). This basically means
that such classical fields have to decay due to quantum
fluctuations of the fermions. This resembles the decay of
strong constant electric field [6,7]. However, in contrast to
the strong electric field in this case loop corrections to
boson and fermion level populations do not grow, as we
have shown in the main body of the text.

2. Renormalization

One can see that expressions (B4) and (B5) explicitly
depend on the UV cutoff, i.e., they are seemingly not
invariant with respect to renormalization group. Of course,
this dependence has no physical sense, because observables
must be renormalization group invariant. To resolve the
issue we restore the mass of the scalar field and take into
account UV counterterms (we recall that Yukawa theory in
two dimensions is renormalizable, since coupling constant
A has positive mass dimension):

1 1
Seff = /dgx {2 (0,0)* - 5#34)2 — Ve 9]

1 1
+ A0, - §B¢2] . (B6)

Usually, one defines the renormalized mass as the value of

the inverse propagator at zero momentum:

v
o

2

, (B7)

where V includes both the effective potential, mass term
and counterterms. However, in the present case this
definition is meaningless: the second derivative of V at
the origin does not exist due to the logarithmic singularity.
Due to this reason we define the mass at an arbitrary but
nonzero value Mp:

v
0Py,

2

H (B8)

This implies the following expression for the counterterm B:

2. IMp  A?
B=—-—log— —— B9
7 A b2 (B9)
and for the renormalized potential:
! (Ap)* i 3(2¢)
V=—pd* +-——log— ———— B10
2ﬂ0¢ + 27 08 My 4n (B10)

It is easy to check that this expression is invariant under the
change of renormalization scale. Also one can note that the
effective potential has the minimum, which is not ¢ = 0.
This situation is obviously similar to the well-known
Coleman—Weinberg potential [13,37].

Finally, we set u, = 0, replace an arbitrary parameter M
by the ground state expectation value of the scalar field
which minimizes the renormalized potential (we emphasize
that this value differs from the average over the original
state):

1

My =~ Ad)as. (B11)

where e is the Euler’s constant, and obtain the following

renormalization group invariant expression for the effective

potential:

G, b ()
2. 108 - .

A
V p—
et 4 (s 4r

(B12)

The expansion of this potential near the minimum ¢ =
($) s + ¢ has the following form:

/12 2 12 5
Veffz_7?>G5+_¢2 toe
T

5 (B13)

i.e., the field spontaneously acquires the mass > = %

Note that Eqgs. (B5) and (B12) were obtained in the
approximation A¢ << A which is obviously not satisfied
near the minimum of the potential. However, higher loops
corrections do not change the form of the potential near
¢ = 0. Therefore, loop corrections cannot shift the mini-
mum of the effective potential to zero, although they can
affect its absolute value [37]. Le., the expression (B12)
provides a good qualitative description of the situation.

APPENDIX C: DERIVATION OF THE
COHERENT STATE

In this Appendix we show that the coherent state that we
use in the main body of the text has the following form:

lpa) = e_if</)c1f’¢dx|o>, where a,[0) =0. (Cl)

Let us apply the operator ¢(y) to the state |¢):
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Commuting ¢(y) with 74(x;):

= Z; (_n’!) / dxy...dx,¢a(x1)...da(x,) (). 25 (x;)] = i8(x; — y) (C3)
X (z(y)ﬁ'rﬁ(xl) ”¢<xn)|0> <C2) we get that:
|
3000a) = { X S a0 [ datgar) ™+ T o
n=0
© ( \n—l _
= {¢cl(y) ;% (/ P (x)7, (x)dx> +e _lf¢clﬂ¢dx by )}|O>
= dalda) + e () 0). (C4)
|
From the last expression it is straightforward to show that - i [ pargdx —i [ parydx
rom e fast ex (bala) = 1C(ga) POl ] 17t drst o)
Now let us find the normalization factor. Define = |C<¢c1)|2 =1 (Co)

per) = =i J s

C(pa)e (C5)

Then

Hence, C(¢) = 1, because (0|0) = 1. Thus, we confirm
the expression (5.2) for the coherent state.
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