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In this work we study contributions due to vector and axial-vector meson fluctuations to their in-medium

spectral functions in an effective low-energy theory inspired by the gauged linear sigma model. In

particular, we show how to describe these fluctuations in the effective theory by massive (axial-)vector

fields in agreement with the known structure of analogous single-particle or resonance contributions to the

corresponding conserved currents. The vector and axial-vector meson spectral functions are then computed

by numerically solving the analytically continued functional renormalization group flow equations for their

retarded two-point functions at finite temperature and density in the effective theory. We identify the new

contributions that arise due to the (axial-)vector meson fluctuations, and assess their influence on possible

signatures of a QCD critical end point and the restoration of chiral symmetry in thermal dilepton spectra.

DOI: 10.1103/PhysRevD.100.116009

I. INTRODUCTION

Understanding the phases of strong-interaction matter
and the transitions between them is still one of the main
goals in theoretical and experimental heavy-ion physics
[1-4]. In order to relate the experimental observations from
heavy-ion collision experiments at various beam energies
to the phase diagram of quantum chromodynamics (QCD)
photons and dileptons are of particular importance to obtain
information, e.g., on the temperature and the lifetime of the
fireball [5-7]. They arise from various processes and are
emitted in all stages of the collisions. Because they escape
the fireball almost unaffected, these electromagnetic probes
carry the spectral information of the matter in the interior of
the collision zone during the evolution of the fireball.
Therefore, the spectral properties of strong-interaction
matter and the features of the QCD phase diagram, such
as the in-medium modifications of hadrons reflecting chiral
symmetry restoration and the transition to the quark-gluon
plasma, are encoded in the measured photon and dilepton
spectra [8].

The thermal rates are determined by the in-medium
electromagnetic spectral function and can therefore be used
to probe the QCD phase diagram [9]. Especially in the
resonance region, for invariant masses of dilepton pairs
below 1 GeV, the electromagnetic spectral function is
dominated by vector mesons, in particular the p meson
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which gave rise to the famous vector-meson dominance
(VMD) model [10]. Chiral symmetry on the other hand
requires one to study the p alongside its chiral partner, the
a; meson. From the in-medium modifications to the
spectral functions of vector and axial-vector mesons one
then hopes to deduce the nature of chiral symmetry
restoration and to find evidence of an associated critical
end point in the phase diagram of QCD [6,11-13].

In this paper we compute the in-medium spectral
functions of vector and axial-vector mesons in an extended
linear sigma model with quarks as a chiral low-energy
effective theory for two-flavor QCD. As in a previous study
[14] we employ the functional renormalization group
(FRG) as the nonperturbative computational framework
to include fluctuations beyond mean-field approximations.
The FRG has proven to be a powerful tool in diverse areas
of physics, see [15-19] for reviews. One particular bonus
that it shares with other functional methods here is its
applicability, at least in principle, to the entire QCD phase
diagram including the region of finite baryon density
[20,21] where lattice QCD suffers from the fermion sign
problem. Mainly for technical reasons, applications to full
QCD [22,23] are nowadays often used to motivate effective
low-energy models with the potential to constrain the input
parameters at their upper limit of applicability, their ultra-
violet (UV) scale. From this input, these can then be used to
describe chiral symmetry restoration [24,25] or model the
deconfinement transition [26,27] with two or three quark
flavors [28-30], and to describe vector mesons [31,32].

For real-time quantities such as spectral functions or
transport coefficients one faces the additional problem,
common to all Euclidean approaches to quantum field
theory, of the analytic continuation from Euclidean back to
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Minkowski spacetime. Unlike lattice QCD, where numeri-
cal reconstruction methods are usually required, the FRG
flow equations for correlation functions can be analytically
continued before they are solved [33—35]. For a comparison
of spectral functions from such analytically continued
functional renormalization group (aFRG) flows to those
from various reconstruction methods, see [36]. The power
of the aFRG flow equations has by now been demonstrated
in various model studies where mesonic and fermionic
spectral functions have been computed [37-41], recently
also self-consistently [42]. In order to assess truncation
effects, one can furthermore compare with classical-stat-
istical lattice simulations of spectral functions [43,44]
which are able to capture exactly their universal critical
behavior in the vicinity of continuous phase transitions.

Extending the previous study of aFRG flows for vector
and axial-vector meson spectral functions [14], in this paper
we include the contributions from the (axial-)vector mesons
themselves to these aFRG flows. The structure of the
propagators for the massive (axial-)vector fields of the
effective theory is thereby fixed via current-field identities,
i.e., requiring it to agree with that of analogous single-
particle or resonance contributions to the corresponding
conserved currents. In particular, this implies that the
massless single-particle contributions of the Stueckelberg
formulation must be avoided. To implement such a struc-
ture into the FRG framework, we have to go beyond the
leading order in the derivative expansion. Additional
longitudinal modes are included which switch themselves
off in the infrared, ensuring the transversality of the massive
(axial-)vector correlations in this limit. To demonstrate the
feasibility of this formulation, we compute the p and a,
spectral functions from the resulting aFRG flow equations
at finite temperature and density, across the critical end
point (CEP) in the phase diagram of the model, in parallel
with the previous study in [14] but now with the fluctua-
tions due to the massive vector and axial-vector mesons
included. We identify the new contributions that arise from
these fluctuations, and assess their influence on the temper-
ature and chemical-potential-dependent pole masses, the
possible signatures of a CEP and the restoration of chiral
symmetry.

This paper is organized as follows: In Sec. IIA we
discuss the formulation of massive vector fields and verify
the extraction of the vector spectral function from the
imaginary part of the resulting transverse retarded propa-
gator. After motivating and introducing the effective model
in Sec. IIB we show how the massive vector-meson
propagators can be implemented in the FRG framework
in Sec. IIC. In Sec. III we then present the numerical
results, first for the Euclidean parameters in Sec. III A, then
the real-time results in the vacuum in Sec. III B, and finally
the p and a; spectral functions at finite temperature and
chemical potential in Sec. III C. We conclude with our
summary in Sec. IV. An effective Lagrangian for massive
vector fields based on antisymmetric rank-2 tensors [45] is

shown to lead to vector correlators of the same form in the
Appendix A. Further technical details concerning the FRG
flow equations and the analytic continuation procedure are
provided in Appendixes B and C.

II. THEORETICAL SETUP

A. Massive vector fields and covariant time ordering

To describe massive vectors by fundamental fields in
an effective theory is known to be problematic [46,47],
if not impossible, without the Higgs mechanism. In the
Proca formalism the transversality of the corresponding
Green’s functions is maintained only on-shell which,
among other problems, leads to a pathological ultra-
violet behavior. While this is fixed in the Stueckelberg
formalism, one is then left with spurious massless single-
particle contributions to the vector Green’s functions
when restoring transversality in the Stueckelberg limit.
Essentially the same is true for Nakanishi’s B-field
formalism.

There is of course no problem with massive vectors in
Abelian-Higgs or Fradkin-Shenker models, for example,
or in the Standard Model for that matter. However, the
physical and hence gauge-invariant vectors are then nec-
essarily described by composite fields [48,49]. Here we
adopt a somewhat simpler approach to describe fluctuations
due to (axial-)vector mesons within our FRG framework
below. It starts from the fairly general point of view,
describing massive vectors as single-particle contributions,
which may well be composites, to the corresponding
conserved vector-current correlation functions. In order
to understand their spectral representations, on the other
hand, it is important to remember the subtlety in defining
covariant time ordering for vector or higher-rank tensor
field operators [50-53].

Our brief review here follows the discussion in [46] for
the simplest example of the correlation function of a
conserved U(1) current j,(x). As for any Feynman
propagator, its causal Green’s function must be covariant
while the naive time-ordered product is not. One therefore
defines covariant time ordering,

<Tcovju(x)jv(0)> = 9(x0)<Jﬂ(x)Ju(O)>
+0(=x%)(j,(0)ju(x)) + 7 (x). (1)

which differs from naive time ordering by a seagull term
7,,(x) proportional to a delta distribution at x = 0. Such a
seagull term must occur whenever the corresponding equal-
time commutators between different current components
contain a Schwinger term [54]. In our example this is the
case for
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where p(s) >0 is the spectral function of the current-
current correlators. Together with the covariance of their
causal Green’s functions, the requirement that Schwinger
terms are canceled from Ward identities [55] then fixes the
seagull term uniquely, in the present case,

Tuzx(x) = i(gyogbﬂ - g;w)64(x) Aoo dS@, (3)

with metric and other conventions as in [46], where it is
explicitly demonstrated that this leads to a spectral repre-
sentation of the causal Green’s function, with covariant
time ordering,

<Tcovjﬂ(x)jv(0)>
o0 s 4 . p2g,, —
_ A 2P0) / (d P ipe P9 = PuPy gy

s 2r)* p?—s+ie

This is manifestly transverse and covariant as it should be,
with a measure given by the semipositive spectral density
p(s). This is the spectral function of the conserved U(1)
current per charge squared. Assuming a (minimal) first-
order interaction g, j,V* of the current with a vector field
V,(x), with coupling g,, it is related to the vector field’s
spectral function p,(s) by

gip(s) = s2p,(s). (5)

A massive single-particle contribution of strength Z in
p,(s), corresponding to a stable vector meson of mass m,,
will therefore contribute to the current spectral function
with a term

p(s) =’j’7fza<s—m%> o (6)

In order to describe such a possibly composite state by a
single-particle contribution to the vector-meson field V, in
the spirit of vector-meson dominance, i.e., with a current-
field identity

mZ

Ju(x) = g—:Vﬂ(X), (7)

we therefore need to arrive at a transverse vector-meson
propagator D,‘f,, with a single-particle contribution of the
form (here still in Minkowski space),

. Z PG = PuP
DV (p) = —j 2w ~ Puly 8
;u/(p) m% pz_m%+i€ ( )
This is not of the form of a massive Proca propagator, and it
differs by a factor p?>/m? from the transverse propagator
that results in the Stueckelberg limit. In particular, it does

therefore not come along with massless single-particle
contributions. The price, however, is the poor ultraviolet
behavior when viewed as the propagator of an elementary
field. Although we have therefore obviously not succeeded
to describe an off-shell vector meson by an elementary
field, this form is still useful for our effective description of
vector-meson fluctuations. The correct low-energy effec-
tive Lagrangian for a massive transverse propagator of this
form, in fact, starts from describing left- and right-handed
vectors in terms of (anti-)self-dual field strengths [45]
which can then be reexpressed in terms of conserved four-
vectors to yield propagators of the form in Eq. (8) as we
describe in Appendix A.

The introduction of a regulator function Ry(p) to
suppress fluctuations of momentum modes p < k in the
FRG framework requires one to modify Ward identities
accordingly [56]. We will therefore use an ansatz for
fluctuating vector mesons which contains additional
longitudinal terms that vanish with & — 0 in a way such
that a transverse vector-meson propagator of the form
as in Eq. (8) is obtained in the infrared as explained in
Sec. II C below.

In order to extract spectral functions from the results of
integrating the analytically continued FRG flow equations
we also need the imaginary parts of the retarded (axial-)
vector propagators. This is slightly subtle for the same
reasons, Schwinger and seagull terms, but the result will
luckily be just as one would naively expect.

The spectral function p,,(s) is originally defined from the
commutator of the vector field. Via Eq. (7) this is
essentially the same as that of the current j,(x) which,
however, includes the Schwinger term in Eq. (2),

([Vi(x), V. (0)])
[ (g O

written in terms of the invariant delta function

4
ian?) = [ Ehelpo2nop? = mi)ee

As usual, its Fourier transform therefore essentially defines
the spectral function. In particular, we obtain here,

/ &P ([V,(x). V,(0)))

= ~2re(po)o(p?) L)

p (P’ 9 — Pupy). (9)

Expressing the invariant delta function by the imaginary
part of the retarded Green’s function,
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iA(x; m?) = —=2ImAg (x; m?),
we can therefore write

P0)0(P*)P?pu(P*) (PG — PupL)

) -1

PuPv
dss? — Im .
, dsels (g"” ) (po+ie) =" —s

(10)

bll'—‘

This is not quite the imaginary part of the retarded
propagator corresponding to Eq. (4) yet. However, because
the imaginary part of the Fourier transform of Ag(x, m?)
has support only at p> = m?> we can trade powers of p? for
matching powers of s in this spectral integral to write

(PP (P?) (g,w P )

4
1 & .
_ __Im/ 457 05)
T 0 N

p zgm/ — PuPv
5= . (11)
(po +i€)* —p*—s
This confirms that we can safely extract also a vector
spectral function from the discontinuity along the cut of
the transversally projected vector propagator with spectral
representation as in Eq. (4), i.e., from the transverse
imaginary part of a retarded vector propagator of the form

P9 — Pupy

pu(s)
d e
(po +ie)* —p>—s

DZLR(IJ)=A s

(12)

B. Gauged linear sigma model with
quarks and the FRG

In this section we briefly introduce the effective model
we employ. For a more detailed discussion of the model we
refer to [14,31].

The starting point is the linear sigma model with quarks,
often used as effective low-energy model for two-flavor
QCD to study the chiral phase transition. It contains the
isotriplet 7 and the isosinglet ¢ as chiral partners in the
scalar sector which are coupled to quark-antiquark fields
with a Yukawa-type interaction. In these type of models
one has a CEP at low temperature and large quark chemical
potential, separating a crossover transition at larger temper-
atures from a first-order phase transition at lower ones, into
a dense region of self-bound quark matter. The o field
contains an exactly massless critical mode at the CEP. Its
expectation value oy serves as an order parameter for
(spontaneous) chiral symmetry breaking and is fixed by
the pion decay constant.

In order to model confinement, Polyakov-loop exten-
sions are usually employed to suppress the contributions

from quark degrees of freedom in the pressure and other
bulk thermodynamic observables. Because extensions of
this kind are not suited to suppress equally unphysical
quark-antiquark thresholds in spectral functions, and were
hence not used in [14] where this is discussed in more
detail, we will not use them here either. We will accept the
quark thresholds seen in Figs. 9-11 as model peculiarities.
Instead of an improved modeling of confinement, one
might as well replace the quarks with baryons in the future,
leading to physical bayonic thresholds at correspondingly
higher energies in a purely hadronic effective low-energy
theory based, for example, on a chiral parity-doublet
baryon-meson model [57].

Either way, vector mesons are usually introduced in such
models as the gauge fields of a local flavor symmetry, first
proposed by Sakurai [58] and later extended to the full
chiral group to introduce the vector and axial-vector
isotriplets p and d; as the gauge fields of a local chiral
symmetry SU(2); X SU(2)g [59]. This idea of local gauge
invariance was also the origin of the concept of VMD [10].
Alternatively, one sometimes imposes only a global chiral
symmetry rather than a local one [32,60].

In this work we employ the gauged linear sigma model
with quarks based on the assumption of VMD within the
framework of the functional renormalization group. The
idea of the FRG is to introduce a momentum scale & and to
integrate out fluctuations with momenta larger than this
scale. To this end one defines the so-called effective
average action I'; which interpolates between the classical
action § =1I';_ 4 at some chosen UV cutoff scale A and the
full quantum effective action I'y_, at the infrared (IR) scale
k — 0. Technically this is achieved by implementing a
regulator function R, which suppresses low-momentum
fluctuations. The change of I'; when changing the scale & is
described by the so-called Wetterich equation [61],

O = ORI + RO (13)

One hence starts with an ansatz for the effective average
action I'j_, at the UV scale and integrates out fluctuations
momentum shell by momentum shell until arriving at
the IR scale I'y_. From suitable functional derivatives
of Eq. (13) one furthermore obtains flow equations for
the corresponding scale-dependent n-point vertex func-
tions I“EC'”.

A widely used ansatz for the Euclidean effective average
action is provided by the leading order in a derivative
expansion, in the literature also referred to as the local
potential approximation (LPA). For the extended linear
sigma model with gauged SU(2) x SU(2) ~ SO(4) chiral
symmetry, for example, this ansatz is of the following form,
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Ty = /d“X{v‘/(ﬁ = uyo + hy(o +i7 - Zys) +ih, (1,7 - B, + 7,757 @1) ) w + U(¢?) — co

[

4

where, compared to [14], we only added the last term with
scale-dependent Stueckelberg parameter 4, for now. We
will have to go beyond this leading order in the derivative
expansion to accommodate propagators of the form in
Eq. (8) for massive vector and axial-vector fields, however.
This will be discussed in the next subsection.

As usual, the (pseudo)scalar mesons are collected in
four-vectors, and the (axial-)vector mesons in skew-
symmetric Hermitian matrices transforming in the adjoint
SO(4) representation,

¢=(70), (15)

V,=p, T+ay T (16)

The six Hermitian generators T and 7° in the 80(4) algebra
are defined such that T+ =1(T; - T?) and TR = 3 (T; + T7)

generate the (1,0) and (0,1) representations of SU(2), x
SU(2)g»

[TiL’ Tﬂ = ieijkTé’ (17)
[TF.T§] =0, (18)

The first part in Eq. (14) describes two quark flavors with
chemical potential y plus Yukawa couplings hg to the
(pseudo)scalar mesons and #,, to the (axial) vectors. Then
we have the O(4)-invariant effective potential including
scalar meson self-interactions and the explicit chiral sym-
metry breaking term co. Next we have the kinetic term for
the scalars coupled minimally, via a covariant derivative
d, +1igV,, with gauge coupling g, to the vector mesons V,
whose non-Abelian field-strength tensor would be given by

V,=08,V,=8,V, +iglV,,V,]. (20)

As in [14] we will neglect their self-interactions here,
however, and only maintain the Abelian part. Then, the last
three terms on the right-hand side in Eq. (14) together
represent one equal Abelian Stueckelberg Lagrangian for
each of the six massive vector fields described by V,,
related to one another by a global SO(4) symmetry. This
part will need further amendment as described below.
Moreover note that in a description with a fully gauged
SU(2) x SU(2) local chiral symmetry and a photon

1 1 1
+3 (D,¢)'D,p + gtr(VWVW) +—m? wr(V,V,)+ Zﬂktr(aﬂ Vﬂ)2}, (14)

coupling according to Kroll et al. [62] one would have
to require h, = g/2 in order to be consistent with the
original VMD interaction with coupling g, = ¢. For a most
direct comparison we instead use 4, = &, here, as was done
in the previous study in Ref. [14].

Taking two functional derivatives of the Wetterich
equation, Eq. (13), and using an ansatz of the from in
Eq. (14) one obtains flow equations for the Euclidean p-
and a;-meson two-point functions. Without truncations this

would still result in an infinite tower of equations as the

flow of F,(C") involves vertex functions up to F,E"Jrz). To

obtain a closed set of equations we therefore extract the
n-point functions needed inside the flow equation for Ff)
from the LPA ansatz of the effective action in Eq. (14). This
thermodynamically consistent and symmetry-preserving
scheme is self-consistent for the two-point functions only
in the limit of vanishing momenta, however. Moreover, the

scale-dependent three and four-point functions F,(j) and F,(:‘)
are themselves momentum independent in this truncation.
Self-consistent two-point functions at finite momenta, and
three- and four-point functions with nontrivial internal
substructures will be left as important extensions for future
studies. The resulting equations are shown diagrammatically
inFig. 1, where one can already identify the kind of processes
that can occur in this truncation. After the analytic continu-
ation procedure, their real and imaginary parts basically
determine the spectral functions, cf. Apppendix C.

C. Vector-meson fluctuations

In this section we explain how to implement propagators
for single-particle contributions of the form in Eq. (8) from
massive (axial) vectors, as discussed in Sec. I A, into the
FRG flow equations. Since these are formulated in
Euclidean spacetime, we first write the corresponding
Feynman propagator in Eq. (8) as transverse Euclidean
momentum-space propagator,

TE Z —P2 T
Dy (p) = Wmn;w(l?), (21)
with transverse projector I, (p) = 8,, — p,p./ P>

We also need the corresponding two-point function

I ,(,zy)’E( p) in the FRG calculation, given by the inverse of

the propagator. One therefore adds a constant longitudinal
part in the Stueckelberg formalism, as also done for
example in [32,60]. The Stueckelberg Lagrangian in
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Flow equations for the p and a; two-point functions in diagrammatic form. Vertices are indicated by black filled dots, regulator
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black for fermions and purple for vector mesons.

Eq. (14) corresponds to the following LPA-like ansatz for
the massive vector two-point functions

r2E(p) =

uk (p? + m ), (p) + (Aep® + m3 )T (p),

(22)

where Hﬁu(P) = 5/1!/ H/{D(p) = pﬂpv/pz'

With such an approach, based on the Stueckelberg LPA
ansatz [Eq. (14)], however, one is always left with non-
vanishing unphysical longitudinal contributions of the
vector-meson propagators inside the loops (see Fig. 1).
In particular, these unphysical fluctuations can lead to
sizable negative contributions to spectral functions and
hence to positivity violations, indicating that even the
Abelian gauge invariance is lost. In order to fix this
problem, we modify the massive vector part of our
Stueckelberg LPA ansatz for the scale-dependent effective
average action in the following way: In the parts that are
quadratic in the vector fields, in momentum space, we first
replace the Stueckelberg LPA form of F( );( in Eq. (22) by

r2E(p) =

vk Zi(p*)(p* + n, k)HT (p)

+ MZE(p?)(p* + m3 /A )L, (p),  (23)

with momentum-dependent longitudinal and transverse
wave function renormalizations Z%(p?) and ZI(p?) in
addition to the scale-dependent mass and Stueckelberg
parameters. In order to restore the transversality of the
corresponding propagator in the infrared,

PﬂDﬁio =0, (24)
which is anyway the proper generalization of the corre-
sponding Ward identity, once a regulator function R (p?) is
introduced [56], we then choose a running Stueckelberg
parameter that starts at the ultraviolet cutoff kK = A with
some finite value 1, > 0 and tends to zero for k — 0 in
order to effectively make the longitudinal fluctuations, now
with mass m /4> infinitely heavy in the infrared. One
simple ch01ce that does the job is

k2
F’

1. =0

A = such that 4, =1, (25)
The specific functional form of 1, is to a large extent
arbitrary here, as long as it starts from some finite value A,
at the cutoff scale A and vanishes suitably rapidly with
k — 0 in the infrared, so that the longitudinal modes
decouple in this limit. The form in Eq. (25) represents
arguably the simplest choice with these properties.
Moreover, as further discussed below, we have verified
numerically that our results become totally insensitive to
the longitudinal fluctuations for sufficiently small ultra-
violet start values 1, in the first place.

In addition, we require the longitudinal renormalization
function to cancel the explicit factor 4; in front of the
longitudinal term. A simple way to realize this is to set

/1kZ]1; (PQ)

which we assume to be independent of the running
Stueckelberg parameter A;. Note that assuming Z& = Z7

=Z{(p?) (26)
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and both to be independent of 4 instead, would essentially
lead back to the Proca propagator for 4, — 0 in the infrared
(i.e., up to the factor ZT7). In the present setup on the other
hand, longitudinal and transverse components start out
equally at the ultraviolet cutoff scale for k = A so that the
two-point function is altogether proportional to §,, (as in
Feynman gauge). Relative to the transverse mass, the
longitudinal mass becomes heavier and heavier and the
unphysical longitudinal fluctuations switch themselves off
automatically during the flow.

Finally, for the transverse part to correctly model the
single-particle contribution to the vector correlator (8),
cf. Eq. (21) with scale-dependent mass m, ; and strength
Zy, all we now have left to do is to set

Zy(p?) = =Z'm2 ) p* = —m§ [ p*. (27)

with an independent mass parameter m , = m? /Z; which
for Z, < 1 we expect to be larger than the scale-dependent
(pole) mass of the vector meson m? ,, in particular for k — 0
in the infrared. We will start the flow with the boundary
condition at the ultraviolet cutoff k = A with Z, =1,
corresponding to the full spectral strength initially con-
tained in this single-particle contribution.

Note that the somewhat ambiguous details in the treat-
ment of the unphysical longitudinal fluctuations are irrel-
evant here: Just as the vector-meson mass parameter, the
longitudinal mass starts out at a rather large initial value of
about

nya=mya\~ 1 GeV (28)

as compared to a UV cutoff for which we typically use
A = 1.5 GeV. Because the longitudinal mass

A
mpy = Emv,k (29)

increases rapidly with lower k from there on, these
longitudinal fluctuations are strongly suppressed during
the flow. In principle, their suppression can be further
controlled by the initial value of the Stueckelberg parameter
Aa- One then verifies that the results are in fact independent
of this parameter for sufficiently small 1,. Our choice of
An = 1 seems rather natural but is by no means mandatory,
it simply turns out to be sufficiently small for the param-
eters used here at least at low temperatures. For higher
temperatures, e.g., for the results presented in the next
section with 7= 100 MeV and above, we in fact observe
that longitudinal fluctuations can occasionally still produce
small spurious contributions to capture processes during
the flow, when their initial mass is not large enough for
An = 1. In such cases we simply reduce A, further, until we
observe no noticeable dependence on 4, anymore.

In contrast, we have been very careful in modeling the
transverse fluctuations to correctly describe the single-
particle contributions to the full (axial-)vector correlators,
including momentum- and field-independent wave function
renormalization in the form of the scale-dependent strength
Z,. This treatment of the (axial-)vector fluctuations thus in
this sense parallels what has been called the LPA truncation
for the (pseudo)scalar sector in the literature.

Choosing a transverse and longitudinal regulator func-
tions of the same form,

RUL(p) = 20 (PR r(p)Lt(p).  (30)

with a suitable dimensionless regulator function r(p), and
using Egs. (25)-(27) in Eq. (23), the ansatz for the scale-
dependent vector propagator with regulator becomes

(T () + Re(p))5

2

_p T
= I,.(p)
mo(p* + K2ri(p) +my ) ™

2

14 L
- I1 u(p)
mg (p* + K*ri(p) + //:_zzm%.k) g
(31)

For k — 0 we recover Eq. (24), and the transverse part
reduces to the desired single-particle contribution of a
massive vector state as in Eq. (21). The flow of the mass
parameter mj,, = m?,/Z; is in general different from that
of the LPA vector-meson mass m? ,, of course. As men-
tioned above, we will assume their initial values to be the
same at the UV cutoff, with Z, =1, i.e.,

DEu,k (p)

m(z),A = m%A (32)

Due to the fluctuations in the interacting theory one then
expects Z; < 1 and, with 1, = k*/A?, therefore the overall
ordering
mi, > mb, >mi,. fork<A. (33)
This behavior is confirmed explicitly in the numerical
calculations as described in the next section, Sec. IIT A.
As mentioned above, the LPA ansatz in Eq. (31) is used
to describe the fluctuations due to the single-particle
contributions of massive vectors on the right-hand side
of the FRG flow equations in Fig. 1, in our present
truncation. The result of the integrated flow on the left-
hand side yields the corresponding full two-point functions
including widths and various thresholds whose transverse
parts will have a spectral representation as in Eq. (12). In a
fully self-consistent calculation one would have to feed
these back into the flow equations, recompute and iterate
until convergence [42]. As in our previous studies
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[14,37,38] here we perform the first step in such an
approach, thus neglecting the fluctuations due to the
continuous contributions from the two-point functions
inside the flow.

III. NUMERICAL RESULTS

A. Euclidean FRG flow and mass parameters

In this section we discuss the numerical procedure for
solving the Euclidean flow equations and the resulting flow
of the Euclidean (curvature) mass parameters. Since the
setting used here in wide parts parallels that of Ref. [14] we
keep the discussion brief and refer to this reference as well
as our Appendix B for further details.

We start with solving the flow equation for the effective
potential U, (¢?) which contains scalars and pseudoscalars
as well as quarks and antiquarks as fluctuating fields.
Because the Euclidean mass parameters of the (axial-)
vector mesons are relatively heavy, of the order of the UV
cutoff A = 1500 MeV, they are expected to contribute very
little to the Euclidean flow of the effective potential and are
therefore neglected. The flow equation for U (¢?) is then
solved with standard procedures by discretizing its argu-
ment in field space, and using the following simple form of
the linear sigma model in the symmetric phase at the UV
scale A as initial condition,

Ura(@7) = b1p7 + bartp;. (34)

Storing the k-dependent effective potential, we solve the
flow equations for the vector-meson mass parameters m12 k
and m}, next, see Appendix B for more details. With the
parameters listed in Table I (set 1), we obtain the following
values for the chiral order parameter ¢, and the Euclidean

mass parameters at the IR scale of k = 40 MeV,

o9 = 93.0 MeV, m, = 557.1 MeV,

m, = 140.4 MeV, m,, = 300.0 MeV,

m, = 868.1 MeV, m,, = 1363.1 MeV,

my = 1294.3 MeV. (35)
The first four of the UV parameters in Table I thereby

determine the infrared properties of the effective potential,
such as the pion mass and decay constant as well as the

TABLE I. Different UV parameter sets resulting in roughly the
same pole masses, close to the physical ones of p and a,, all with
the same quark-meson model parameters.

Set No. b,(A?) b, c(A3) hy="h, g mya(A)
1 0.381 0.2 05401 x 1073 3226 11.3 0.7067
2 11.8 0.684
3 10.5 0.74

quark and sigma meson mass parameters in the usual way.
The values of these four parameters are not adjusted when
solving the flow equations for either the Euclidean vector-
meson mass parameters or their aFRG flow equations
which do not in turn affect the effective potential. The
first four parameters of Table I are therefore the same for all
three parameter sets.

Note that the mesonic mass parameters in Eq. (35) are
not directly the physical meson masses. They are deter-
mined from the zero-momentum limit of the respective
Euclidean two-point functions I'?#(p). For the (pseudo)
scalars they agree with the corresponding curvatures in
the 7 and o directions of the effective potential in our
thermodynamically consistent and symmetry-preserving
truncation scheme.

The analogous Euclidean masses of vector and axial-
vector meson, on the other hand, then essentially result
from tuning their coupling g and UV mass parameter m,, 5
so that the corresponding pole masses m), and mJ, assume
the approximate mass values of the physical p(770) and the
a(1260) mesons. Since the p and a; are resonances, we
estimate their pole masses from the zeros of the real parts of

the respective retarded two-point functions, Ff/tf( D)s

which is a fairly good approximation as long as the widths

of the resonances, i.e., the imaginary parts of Ff/)af in the
resonance region, are sufficiently small. In our present
qualitative study we are content with this approximation
and obtain the pole masses listed in Table II which are all
reasonably close to the physical masses of p and a; for our
representative UV parameters of Table I. For a more precise

determination of masses and widths one would have to
study the analytic structure of F;z/zlf and look for the
resonance poles on the unphysical second Riemann sheet,
see e.g., Refs. [63,64].

The k flow of the Euclidean masses and of the mass
parameter m, all evaluated at the k-dependent minimum
o5 of Up(¢?), is plotted in Fig. 2. Starting at the UV scale
where chiral symmetry is restored, the masses of the chiral
partners z-o and p-a; are degenerate, the quark mass has its
very small bare value. Taking fluctuations into account by
successively lowering the scale k, the mass parameter m
immediately splits from its counterpart 1, ; because their

TABLE 1II. Pole masses of (axial-)vector mesons for the
parameter sets of Table I compared to the estimates for p(770)
and a,(1260) from the Review of Particle Properties in Particle
Data Group (PDG) (2019).

Set No. mh (MeV) mb, (MeV)
1 776.3 1242.6
2 774.9 1266.2
3 770.2 1258.6
PDG 775.26 +0.25 1230 + 40
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FIG. 2. Flow of the Euclidean mass parameters in Eq. (35) with
the RG scale k in the vacuum (parameter set 1).

flow is not independent but in fact opposite in sign. In
particular, one has

2 2
Opmy - O 36

P ( )
mo x my k

cf. Appendix B. Moreover, the relation mg, > m?, dis-
cussed in Sec. I C with m} , = m? , therefore holds by
construction whenever the flow of the vector-meson mass
parameter m,; is predominantly negative as in Fig. 2.

Lowering the scale further, spontaneous chiral symmetry
breaking sets in, giving rise to an increase of the chiral
order parameter o ;. The quark acquires its dynamically
generated constituent mass, and the masses of the chiral
partners split up. At the IR scale we then arrive at the values
listed in Eq. (35).

B. Spectral functions in the vacuum

In this subsection we now explicitly demonstrate that the
formalism presented in Sec. IIC yields positive and
physically meaningful contributions to the vector and
axial-vector meson spectral functions.

Based on the Euclidean k flow as input, from which all
scale-dependent parameters are determined, we employ our
standard analytic continuation procedure as outlined in
Appendix C to obtain the aFRG flow equations for the

retarded two-point functions Fl()z/)cf
spatial momentum p, for the p and a; mesons from the
diagrams shown in Fig. 1.

The spectral function as a function of the external
frequency w at vanishing external spatial momentum |p| =
0 MeV is then given by the discontinuity along the cut as
verified explicitly for the transversally projected vector
propagator at the end of Sec. II A, which can be extracted

from the real and imaginary parts of Fl()z/)af

(w), here at vanishing

(@) as usual by

T=0MeV, uy=0MeV

1
i
0 500 1000 1500 2000

FIG. 3. Imaginary parts of the retarded two-point functions of
the p (solid lines) and a; meson (dashed lines) for every process
separately as a function of external frequency w (evaluated at the
fixed infrared minimum ¢ = o, using the parameters of set 2).

1 ImI" )R ()

P@) = R @R (w)) 1 (@%@t 7

In Fig. 3 we show the imaginary parts of Ff/)af(w) for
every process separately. Since there are no in-medium
capture processes in the vacuum, all thresholds indicate
decays of off-shell (axial-)vector mesons p and a; into the
particle pairs as labeled in the figure, which can also be
inferred from Fig. 1. In the present truncation, with only
the single-particle contributions on the right-hand side of
the aFRG flow equations, the positions of the thresholds are
still determined by this input, i.e., by the Euclidean mass
parameters at the IR scale. In a self-consistent solution [42]
these thresholds will eventually be determined by the
resulting physical pole masses, as they should be of course,
possibly smeared out for resonances. Decays involving o
mesons in the final state for example will then lead to two
additional pions, such as a; — 7 + ¢ below which will
then contribute to the decay a; — 3x.

In the spirit of the grid-code technique, the k-dependent
input for the aFRG flow equations for real and imaginary
parts of ' (@) is thereby normally evaluated at the fixed
value of the o-field variable that corresponds to the
minimum of the effective potential at ¢ = 67 = 93 MeV
in the infrared. For the (axial-)vector mesons this results in
mass parameters m, and m, that are considerably larger
than those in Eq. (35) obtained from the k-dependent
minimum o, which further enhances the deviations of the
two-particle thresholds from their physically expected
values.

In the present setup, for example, an off-shell p meson
can decay into an a; + x pair, if the energy constraint is
fulfilled, i.e., forw > m,, + m, ~1925.7 MeV, here with a
large mass parameter m, = 1785.3 MeV. Analogously,
the decay a; — p + 7 starts @ > m, + m, ~ 1548.6 MeV
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FIG. 4. Vacuum spectral function of the p (solid blue) and a,
meson (dashed red) as a function of external frequency
(evaluated at fixed o = o), parameters of set 2).

with an Euclidean mass parameter m, = 1408.2 MeV that
is also much larger than the corresponding pole mass.

Because of the necessity to suppress capture processes
involving spurious longitudinal vector components at
higher temperatures, as relevant in the next subsection,
we have reduced 1, by about an order of magnitude here
already, to further increase the longitudinal masses as
mentioned in Sec. IIC. Readjusting the values of the
coupling g and UV mass parameter m, ,, by using set 2
instead of set 1 here, then restores the physical pole masses
of p and a, again, cf. Table II. While this would not be
necessary at low temperatures, we avoid changing the UV
parameters at higher temperatures in this way.

The curvature masses of pion and sigma meson are the
same as in Eq. (35) and so is the quark mass. The decay of a
p into pion pair therefore starts at a reasonable threshold
of 280.8 MeV here (and a; — o+ at 697.5 MeV).
The decays into quark-antiquark pairs starting at
600 MeV are not suppressed since there is no confinement
in our model (a simple Polyakov-loop enhancement of
the model will not do the job). However, all processes
give positive contributions and therefore lead to positive
(axial-)vector-meson spectral functions.

Putting all contributions for the real and imaginary parts
of T(?)-R together gives the vacuum spectral functions of the
p and a; mesons shown in Fig. 4. The peaks are in both
cases located at the pole masses where the possible decays
lead to rather broad structures in both spectral functions.

A rather simple improvement of the unphysically large
two-particle thresholds involving decays into p and a; can
be obtained by giving up the unified treatment of (pseudo)
scalar and (axial-)vector mesons in the following way: We
use the Euclidean input evaluated at the k-dependent
minimum o, of the scale-dependent effective potential
as we did for the flow of the mass parameters in the last
subsection, when solving the aFRG flow equations for the p

T:OMeV,IJ:OMeV
10 T " "

1
> 0.100
e
T
£ 0010
’
/]
1
0.001% 1
(]
]
(]
]
1 074 L L ] L L L L
0 200 400 600 800 1000 1200 1400
w (MeV)
FIG. 5. Imaginary parts of the retarded two-point functions of p

(solid) and a; (dashed) over @ as in Fig. 3, but here evaluated at
the scale-dependent ¢ = o, using the parameters of set 3.

T=0MeV, y=0MeV

0.4f
—
—-|a
03}
3
go2
Q
0.1
4
0.0 ! m—l A A
0 200 400 600 800 1000 1200 1400

w (MeV)

FIG. 6. Vacuum spectral functions of p (solid) and a; (dashed)
over @ as in Fig. 4, but here evaluated at the scale-dependent
6 = oy using the parameters of set 3.

and a; two-point functions Fl(j)af (). For the scale-depen-
dent effective potential itself, on the other hand, we stick to
the grid technique in the field variable ¢, to include the
order-parameter fluctuations due to collective excitations in
the o-7 system as we have been doing so far.

Because this changes the pole masses of p and a;, we
have to change their coupling g and UV mass parameter
m, 5 once again to compensate for this, which is achieved
here by using the parameters of set 3 in Table I. The

imaginary parts of F(z)’R(w) and the p and a, spectral

plai
functions that result from this procedure are shown in
Figs. 5 and 6.

While there are no qualitative changes as compared to
the corresponding previous results in Figs. 3 and 4, with the
Euclidean mass parameters m, = 8385.5 MeV  and
m, = 1316.2 MeV, the thresholds of a; — p + rand p —

a; + z have now moved down to m, + m, ~ 1025.9 MeV
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and m, + m, ~ 1456.6 MeV, respectively. They are still
not at the corresponding sums of pole masses, but the
differences are considerably reduced by this method of
evaluating the Euclidean input for the aFRG calculations of
the p and a; correlators at the scale-dependent minimum
oo of the effective potential. In contrast to the decays
involving (axial) vectors, this modification has no effect on
quark-antiquark thresholds or those involving only decays
into o and 7z, because the relevant (curvature) masses are the
same in the infrared.

C. In-medium results

In order to study the in-medium behavior of the p- and
a;-meson spectral functions across the entire phase dia-
gram of the model, the present setup is straightforwardly
extended to finite temperature and quark chemical poten-
tial. In the present subsection all calculations are based on
the scale-dependent Euclidean input evaluated at the fixed
value in field space corresponding to the infrared minimum
at oy = 93 MeV again, and with the parameters of set 2 in
Table I.

Because the Euclidean mass parameters determine the
thresholds of all processes, we first look at their 7" and pu
dependencies which are qualitatively the same as in [14]
where the corresponding phase diagram is shown as well.

In Fig. 7 we show the Euclidean mass parameters as
functions of temperature at vanishing chemical potential.
The qualitative behavior roughly resembles that of the
scale-dependent mass parameters, as obtained by the
successive inclusion of quantum fluctuations, at zero
temperature in Fig. 2.

With spontaneously broken chiral symmetry in the
vacuum, the zero-temperature masses of the chiral partners
are split up, and the quarks are massive, here with a
constituent mass of 300 MeV. The T = 0 values of all mass
parameters in Fig. 7 agree with those determining the
thresholds in Fig. 3. Increasing the temperature, chiral
symmetry gets gradually restored as indicated by the
melting of the order parameter 64(7") (and so of the quark
mass m,, = hy6,). At temperatures beyond the crossover

u =0 MeV

1500

1000

(MeV)

500/

0 50 100 150 200 250 300 350
T (MeV)

FIG. 7. Euclidean mass parameters over temperature at vanish-
ing chemical potential.

region the mass parameters of the chiral partners become
rapidly degenerate.

The chemical-potential dependence of these Euclidean
masses, at a fixed temperature of 7 = 10 MeV which is
approximately that of the CEP with our model parameters,
is shown in Fig. 8. We observe that they remain constant
over a wide range of y, which might seem curious at first,
just as the dog that did nothing in the nighttime in The
Adventure of Silver Blaze [65], and which is due the
temperature being so low here. At u ~ 298 MeV, however,
all masses except that of the pion drop abruptly. The sigma
becomes almost massless indicating the proximity of the
critical end point which represents a second-order phase
transition with Z, universality where only the correlation
length of the o field diverges. For very large u we again see
the degeneracy of the masses of the chiral partners now
reflecting the gradual restoration of chiral symmetry with
density inside the high-density phase (here of self-bound
quark matter).

We are now ready to discuss the temperature and
chemical-potential dependence of the spectral functions
of p and a; mesons shown in Fig. 9. In the present setup,
the following timelike decay and capture processes are
possible for an off-shell p* vector meson,

proy+ty, prontr,
proa+r. pitroa, (38)

and for an off-shell a] axial-vector meson,

i~y dito—n,
a; - rw+o, a;+n— o,
ay - p+m, ay+rx—p,
a; —a+o, a; +o - a, (39)

where each particular process is possible only if it is
energetically allowed, i.e., a decay process only for
energies @ in the off-shell meson correlator with

T =10 MeV
1500} ]
2 1000} \
=3
500f
0
0 50 100 150 200 250 300 350
K (MeV)
FIG. 8. Euclidean mass parameters over chemical potential at

T = 10 MeV, approximately across the CEP.
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T =10 MeV, u =290 MeV
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FIG. 9. In-medium spectral functions of the p (solid blue) and a; meson (dashed red) as a function of external frequency w for
increasing temperature at y = 0 MeV (left column) and for increasing chemical potential close to the CEP at T = 10 MeV (right

column) plotted in logarithmic scales.
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® > m, +my, and a capture process for w +m, < my
which requires mz > m,, in addition. We have therefore not
listed here the capture processes p* +a; = n,a] +p —> =«
and aj + a; — o where this never occurs, while it does
happen that m, < m, very close to the critical end point as
seen in Fig. 8.

In the vacuum only the decay processes contribute,
cf. Fig. 3, and thus the starting thresholds are given by
the decays into the light (pseudo)scalar mesons in both
spectral functions. Here, essentially the only new feature as
compared to the previous study in [14] is the decay a; —
p + m as discussed in the previous subsection. Since the
decays into quark-antiquark pairs yield rather large con-
tributions, cf. Ref. [14], both spectral function always
broaden in all 7" and p cases for @ > 2m,,. However, with
increasing temperature (from top to bottom in the left
column of Fig. 9) we see that the various capture processes
start to contribute, giving rise to an increase in both spectral
functions especially at low external frequencies, where in
the a; spectral function the van Hove peak appears that was
already observed in [14]. At T = 300 MeV the masses of
the chiral partners are degenerate and the quarks become
the lightest degrees of freedom leading to broad and fully
degenerate spectral functions of p and a; mesons as
expected in the chirally restored phase.

The most noticeable differences with respect to the
previous results in [14] are the new capture processes
involving vector mesons, i.e., p* +7 — ay, aj +x —p
and aj + ¢ — a; which fill up the gap between capture and
decay processes when only the light (pseudo)scalars are
involved. This is demonstrated in Figs. 10 and 11 where we
plot the individual imaginary parts of the p and the a; two-
point function separately that altogether contribute to their
spectral functions at 7 = 150 MeV as an example.

Turning on the chemical potential (as done in the right
column of Fig. 9), when the low-temperature system at

T =150 MeV, u = 0 MeV

- priT
- pyy
1E == pay v
2 0.100:
g
T
£ 0.010%
0.001%
1074 N - y y
0 500 1000 1500

w (MeV)

FIG. 10. Imaginary parts of the retarded two-point function of
the p meson for every process separately as a function of external
frequency @ at T = 150 MeV (evaluated at fixed IR minimum
o = oy with the parameters of set 2).

T =150 MeV, u =0 MeV

10
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_ E—
> 0.100- :
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1074 ‘ ‘
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FIG. 11. Imaginary parts of the retarded two-point function of
the a; meson for every process separately as a function of external
frequency @ at T = 150 MeV (evaluated at fixed IR minimum
o = o with parameters of set 2).

T =10 MeV eventually starts to react, beyond
1 ~290 MeV, we observe modifications in the a;-meson
spectral function close to the critical end point located at
Ucep = 298 MeV. While the p-meson spectral function
remains qualitatively unchanged, the dropping threshold
for ai - 7+ o and the related peak in the a; spectral
function are due to the dropping sigma mass in this critical
region and can thus serve as a signature for the CEP. As
compared to the previous study in [14] this signal got
somewhat washed out by the additionally possible proc-
esses, unfortunately, but the fact that it is robust enough to
still be visible seems at least encouraging for further
studies. At large u we again observe the full degeneracy
of both spectral functions with gradual chiral symmetry
restoration inside the high-density phase.

To summarize, the modifications in the thermal medium
are once more exemplified in Fig. 12 where the spectral

u=0MeV
0.4
-_p T=0 MeV
- a
0.3F
> T=150 MeV
& 0.2
QU
0.1¢
0.0
0 500 1000 1500

w (MeV)

FIG. 12. Spectral functions of the p (solid blue) and a; meson
(dashed red) as a function of external frequency w for T =
0 MeV (dark) and T = 150 MeV (light).
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FIG. 13. Temperature dependence of the pole masses of p (solid
blue) and a; (dashed red) meson at u = 0.
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FIG. 14. Chemical potential dependence of the pole masses of p
(solid blue) and a; (dashed red) mesons at 7 = 10 MeV.

functions at T = 0 MeV and T = 150 MeV are compared
to one another in a linear plot. The increasing temperature
leads to a decreasing a; pole mass, whereas the peak of the
p meson stays put as it melts down with temperature. This
effect continues by further increasing the temperature until
both spectral functions are fully degenerate.

As in the previous study of Ref. [14] this is once again in
line with the melting-p scenario [8,12,13,31]. That the
position of the p-meson resonance is even less temperature
dependent here than in the previous study in [14] is seen
in Fig. 13 where we plot our estimates of the real parts
of the positions of the corresponding poles on the unphys-
ical Riemann sheet as the physical pole masses of p
and a; mesons over the chiral crossover with increasing
temperature.

The corresponding dependence of the same physical
pole masses of p and a; on the chemical potential at the
constant temperature of 7 = 10 MeV across the critical
end point is shown in Fig. 14. The pole mass of the a; also

drops considerably in the critical region whereas that of the
p meson hardly shows much change here either.

IV. SUMMARY AND CONCLUSION

In this paper we have presented our results from
computing in-medium vector and axial-vector meson
spectral functions within an effective chirally gauged
low-energy theory. Extending the previous study of
Ref. [14] we have thereby for the first time also included
the fluctuations due to these vector and axial-vector mesons
themselves in this nonperturbative computational frame-
work based on the FRG. More specifically, the originally
Euclidean FRG flow equations for two-point correlation
functions at finite temperature and density are first ana-
lytically continued, before they are solved to directly
compute retarded Green’s functions within this analytically
continued aFRG framework.

In order to include the (axial-)vector meson fluctuations
in our aFRG flows it was first necessary to understand how
off-shell fluctuations due to these massive (axial) vectors
are described correctly by elementary fields in an effective
theory. Unphysical positivity-violating contributions from
longitudinal fluctuations need to be suppressed, and spu-
rious massless single-particle contributions to the trans-
verse fluctuations avoided. Our description is based on the
known spectral representations for commutators and causal
Green’s functions of the corresponding conserved currents,
including seagull and Schwinger terms, which are then
translated to the (axial-)vector fields of the effective theory
via the current-field identities of vector-meson dominance
models. This uniquely fixes the form of the transverse
single-particle contributions from the massive (axial-)vec-
tor fields inside the loops on the right-hand side of the
aFRG flow equations. We have implemented these trans-
verse forms, which most importantly do not contain any
massless single-particle contributions, together with match-
ing longitudinal components to the (axial-)vector two-point
functions which are constructed in a way such that they turn
themselves off in the regularized propagators during the
flow, as one approaches the limit X — 0 in the infrared. The
procedure of dealing with the longitudinal fluctuations is
inspired by the modified Ward identities of FRG flows with
current conservation being recovered in the infrared.

Within an effective theory based on the gauged linear
sigma model with quarks, we have solved the Euclidean
FRG flow for the effective average action in our truncation,
as a first step, which is used to determine the thermody-
namic potential and the other input needed for the aFRG
flows in the second step. For the (axial-)vector fluctuations
this input includes scale-dependent mass parameters m,, ;
and residues Z; =m?2,/m{,, ie., the strengths of the
single-particle contributions, in the spirit of an LPA
truncation. We have explicitly verified the expected order-
ing m% 0 S m(z)’ « of these mass parameters together with the
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chiral symmetry breaking pattern in the hierarchy of all
Euclidean mass parameters emerging at a typical scale of
k ~ 600 MeV during the flow.

For comparison, we have computed the spectral func-
tions of p and a; from the corresponding aFRG flows for
the same combinations of temperature and chemical poten-
tial as in Ref. [14]. While we observe a similar qualitative
overall behavior, with the (axial-)vector fluctuations
included, there are now additional processes possible which
involve the p and a; mesons inside the loops. We have
disentangled these various contributions to the spectral
functions: For increasing temperature we observe various
new capture processes such as p* + 7 = ay, aj +7 —p
and aj + ¢ — a; to dominate the regime between capture
and decay processes involving only (pseudo)scalars. The
corresponding new decay channels on the other hand
produce additional, although subdominant structure in the
high frequency domain. As before, at about 7'~ 300 MeV
both spectral functions become completely degenerate.

As a function of chemical potential, the previously
observed peak in the critical region, of the a; spectral
function at the dropping aj — ¢ + & threshold, is still
visible on top of all the additional new structure. Perhaps
most importantly for further studies, this thus appears to be
a robust signature of the critical end point.

In summary, we have developed and tested a successful
effective description of (axial-)vector fluctuations due to
off-shell single-particle contributions from p and a; mesons
in agreement with the general spectral properties of the
corresponding conserved (axial-)vector currents. From a
phenomenological point of view, an important next step
will be to implement not only such single-particle con-
tributions in the aFRG flows, but an enhanced ansatz which
reflects the full nontrivial spectral properties of a given
correlation function, or even a completely self-consistent
solution where the nontrivial spectral functions are fed back
into the aFRG flows, e.g., via suitable spectral representa-
tions. In our present effective theory description, for
example, this should lead to the specific peak of the a;
spectral function in the critical region to become observable
also in the p-meson spectral function. From there on, this
signature can then mix into the electromagnetic spectral
function as described in Ref. [40], and hence eventually
become an observable feature of thermal dilepton spectra.
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APPENDIX A: MASSIVE SPIN-1 PARTICLES
FROM ANTISYMMETRIC RANK-2
TENSOR FIELDS

Gasser and Leutwyler have proposed to describe the p
meson in terms of an antisymmetric rank-2 tensor field p,,
when constructing an effective Lagrangian [45] starting
with a free kinetic Lagrangian plus mass term of the form

‘C/(; = _% (aﬂp/w)amoov + %m%pﬂbpﬂb' (Al)
We are considering just a single flavor component without
gauging for simplicity. All we want to point out here is that
this Lagrangian, when the components of p,, are reex-
pressed in terms of a conserved four-vector field, leads to a
transverse tree-level two-point function for this vector field
in momentum space of the form

)T

2
m’U
2" (p) = — Wm0 = pap). (A

corresponding to the transverse propagator in Eq. (21) or
the corresponding Feynman propagator in Eq. (8).

The essential step to see how this form arises is based on
Hodge decomposition and inversion of the de Rham-—
Laplace operator. We therefore sketch it here using the
language of de Rham cohomology for brevity. We thus
describe classically conserved left- and right-handed J= or
(axial-)vector Jy /4 currents in terms of one-forms with

1

JiZE(JVzl:JA)’ and 5J:t:(s.]v/A:0 (AS)

We do not include anomalies in the discussion. By the
Poincaré lemma on convex regions of spacetime (we use
the Euclidean signature here) these are then coexact, i.e.,
expressed as exterior coderivatives of (anti-)self-dual two-
forms F*, with xF* = £F*,
JE = 6F*. (A4)

The self-dual and anti-self-dual antisymmetric rank-2
tensors transform in the (1,0) and (0,1) representations
of the Euclidean O(4) [or also the proper orthochronous
Lorentz group with (1,0) <> (0, 1) under parity, so that
(1,0) @ (0, 1) is used for massive spin-1 particles].

Upon exterior derivation, we thus obtain from Eq. (A4),
dJ* = dSF*, and *dJ* = *dSF* = £5dF*. (A5)
It is now a simple matter of combining the two and
inverting the de Rham—Laplace operator A = dé + 6d to
express the field strengths in terms of the conserved
currents as

116009-15



CHRISTOPHER JUNG and LORENZ VON SMEKAL

PHYS. REV. D 100, 116009 (2019)

F* = A7Y(dJ* & xdJF). (A6)
If we want the canonical dimensions of all tensors here to
agree with the degree of the corresponding differential
form, we identify F}, + F,, = m,p,, in Eq. (A1) to write
the corresponding actions for the (anti-)self-dual F* of
dimension 2 as

1
si = [ ed i -

1
:Z(Fi,Fi)—

u'py

L(a F)o, Fi}
2m?

1
5 (6F%, 6F%),

v

(A7)

in the last line also expressed in terms of the Hodge inner
product for p-forms, e.g.,

(F.F) = A F A +F = / d*xF,,F,,

for our two-forms F in R*. The last step now is to likewise
rescale our conserved currents, i.e., the coexact one-forms
J* = 8F*, which are originally of dimension 3 (they are
actually dual to three-forms), with a current-field identity,
J* = m2V*, to express them in terms of one-forms V* of
dimension 1. In terms of these conserved vector fields we
then finally obtain from Eq. (A6),

(A8)

1 4
L (F5 %) = '”7 (VE, 6A2dV*), (A9)
+ spt "y + | g+
—— (6F*,6F*) == SA™ dV Al10
oz OF.6F4) = (v 6a71ave). (A1)

The corresponding two-point functions for the vector fields
V¥ are transverse as they must be, and can now be read off
from Eq. (A7) with these relations: The mass term from
Eq. (A9) produces in momentum space the transverse
masslike term in Eq. (A2), i.e., the second one proportional
to m?/p?, and the kinetic term from Eq. (A10) produces the
first term in Eq. (A2), now actually proportional to m?.

APPENDIX B: FRG FLOW EQUATIONS

In this Appendix we provide further details on the
derivation of the FRG flow equations within our present
truncations.

The flow equation for the effective potential U, (¢?) is
given by

3(1 4 2np(Eqi))

k4 1 + 21’13(E k)
U, = o
ok 12 2{ Eo’,k * Eﬂ,k
4N N,
—Lc —— (1 =np(Eyy—pu) —np(Eyx +n)) ¢
Ey/k
(B1)

where ny and ny are the bosonic and fermionic occupation
numbers, and the scale-dependent quasiparticle energies
are defined by

E, = \/k* 4+ m},, ae{n,o,p.a;,py}. (B2)
The corresponding mass parameters are given by

my i = 2UL(4°), (B3)

my = 2UL($%) + 42U (¢7). (B4)

m,z),k = m%.kv (BS)

My =M+ 5P (B6)

my . = hi¢?, (B7)

where the derivatives of the scale-dependent effective
potential denote derivatives with respect to the chirally
invariant ¢> = 7* + ¢* which are evaluated on the grid in
field space when integrating the flow equation for the
effective potential.

Evaluated at the scale-dependent minimum ¢3, = o3,
of Uy(¢?) these mass parameters at the same time yield the
scale-dependent Euclidean curvature masses as determined

from the respective two-point functions I“f,)cE( p) in the

limit p> — 0 which are shown in Fig. 2.
The flow equations for the transverse Euclidean two-
point functions of p and a; are given by the projections

1

O (p) = A=)
2

I, (p)tr(OiTy, 4 (p).  (BS)

where these equations are evaluated at fixed value in field
space, the minimum at the IR scale o). The structure of the

flow of F< ) i is illustrated in Fig. 1 and contains regulator

derlvatlves 8kRk, vertices F,(C)

Euclidean propagators D¥(q).
The regulated propagator of particle species a is
defined as

and T’ ,(C) and regulated

DE(q) = (T0(q) + Rax(q) ™"

where we choose three-dimensional analogs of optimized
Litim-regulator functions R, ;(q) [66],

(B9)

Ry/nilq) = (K = @)K — ¢°). (B10)
R, i(q) =ig(\/¥*/q* - 1)0(K* - g*), (BII)
—m2
R e i(p) = pf L1 = PTG (p)O(K - §),  (BI2)
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mostly as in previous studies. The vector-meson regulator
in Eq. (B12) is chosen in a way so that it acts like a scale-
and momentum-dependent mass term which is added to the
vector-meson two-point function.

The vertices F,(f and F,(:‘) are extracted from the ansatz
for the effective average action equation (14) and basically
contain the couplings #,, g as well as the derivatives of the
effective potential. To keep things simple in this qualitative
study, the couplings 4, h, and g are chosen to be scale
independent as in [14].

We are left with flow equations for the vector-meson
masses m? , and m§ . The flow of the mass parameter mj ,
is obtained by projecting the transverse part of the vector-
meson two-point function

2
—My i
Py (p* +m3,),

(B13)

where the flow equation for m3, is obtained from

1

akm%‘k _ — m

< lim - (I (0T (p)),, ). (B14)

p—=00p?
For the flow of m? , we first notice that the transverse flow

8,(1“/(3,2]( p) of the vector two-point function is regular for
p — 0 and hence

1
D2 3 ) ===
K0,k 3 (szc _ ] )
. 2
><nglopzﬂ,fy(P)tr(akfﬁ,,i(p))w=0- (B15)
Therefore, one has the simple relation here that
ml,
O o = =~ O . (B16)
0,k

These flow equations for m?, and m{, are usually
evaluated at the IR minimum o, i.e., when solving the
flow equations for the two-point functions in the spirit of
our grid-code techniques. The notable exception are the k
dependencies of these masses as shown in Fig. 2 where we
have evaluated their flow equations at the k-dependent
minima oy in order to illustrate the scale dependence of
the corresponding Euclidean curvature masses.

The flow equations are manipulated and traced using the
Mathematica tool FormTracer [67].

APPENDIX C: ANALYTIC CONTINUATION
AND SPECTRAL FUNCTIONS

To obtain flow equations for retarded two-point func-
tions from their Euclidean counterparts we use the same
analytic continuation procedure on the level of the flow
equations that was developed and also used already for
example in [14,34,37,38].

In a first step we exploit the periodicity of the occupation
numbers arising in the equations with respect to imaginary
and discrete Matsubara modes ip,,

ng(E £ipg,) — ng(E), (C1)

np(E £ipo,) = np(E), (C2)
and then replace this Euclidean energy p, with a real
continuous frequency @

IR () = —limI'®E(py = —i(w + ic)).

lim (C3)
For the imaginary part of I'®)- the limit ¢ — 0 can be taken
analytically (described in detail in [14]), for the real part of
IR we use e =0.1 or € = 1, the € dependence here is
almost negligible. Starting with the following initial values
at the UV cutoff scale A = 1500 MeV,

2
@R N _ 2 My A
1—‘p,/\ ((U) = My.A <1 - (60 + i€)2> ’ (C4)
(2).R 2 mczll,A
Fal A (Cl)) = My.A 1- (60 + i€)2 (CS)

the flow equations for 2 and F(z?}(R are solved for the

p-k aj
real and imaginary parts separately until arriving at the IR
scale k = 0 MeV. The spectral functions are then given by
the imaginary parts of the retarded propagators,
1
p(w) = -~ ImDR(w), (C6)
/2
which can be expressed in terms of the real and imaginary
parts of the retarded two-point functions,
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