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In this work, we systematically calculate the mass spectra of the S-wave fully-heavy tetraquark states,
bbb̄ b̄, ccc̄ c̄, and bbc̄ c̄, in two nonrelativistic quark models. A tetraquark state may be an admixture of a
6c − 6̄c state and a 3̄c − 3c one, where 6c − 6̄c(3̄c − 3c) denotes the color configuration with a 6c (3̄c)
diquark and a 6̄c (3c) antidiquark. For the tetraquark states bbb̄ b̄ and ccc̄ c̄ with JPC ¼ 0þþ, the 6c − 6̄c
state is lower than the 3̄c − 3c one in both the two quark models, while the order of the bbc̄ c̄ states depend
on models. The 6c − 6̄c and 3̄c − 3c mixing effects are induced by the hyperfine interactions between the
diquark and antidiquark, while the contributions from the one-gluon-exchange Coulomb or the linear
confinement potentials vanish for the QQQ̄0Q̄0 system. With the couple-channel effects, we obtain the
similar mass spectra. The numerical results show that the ground QQQ̄0Q̄0 (Q ¼ b, c and Q0 ¼ b, c)
tetraquark states are located above the corresponding scattering states, which indicates that there may not
exist a bound state in the scheme of the two quark models.

DOI: 10.1103/PhysRevD.100.096013

I. INTRODUCTION

Since 2003, numerous exotic structures have been
observed in experiments [1–11], amongst which many
states cannot be accommodated into the traditional quark
model. In the literature, there are many possible explan-
ations. The most prominent ones are the molecules (loosely
bound states of two hadrons), the tetraquarks (compact
bound states), the hybrids (composed of gluons and
quarks), etc. For a recent review, see Refs. [12–16].
A fully-heavy tetraquark state is a topic of great interest.

The interactions between the heavy quarks may be domi-
nated by the short-range one-gluon-exchange (OGE) poten-
tial rather than the long-range potentials. Thus, they are
good candidates of the compact tetraquark states. Unlike a
meson or a baryon where the color configuration of the
quarks is unique, i.e., qiq̄jδij or ϵijkqiqjqk, the color
structure for the tetraquark is much richer. For the tetra-
quark states, the four quarks can neutralize the color in
two ways, 6c ⊗ 6̄c ¼ 1c and 3̄c ⊗ 3c ¼ 1c. In this work,

we label the two color configurations jðQQÞ6c Q̄ Q̄6̄c
i and

jðQQÞ3̄c Q̄ Q̄3c
i as 6c − 6̄c and 3̄c − 3c, respectively. In

Refs. [17–19], the authors investigate the tetraquark states
in the 3̄c − 3c configuration. In Refs. [20,21], the authors
pointed out that the 6c − 6̄c configuration is also very
important to form the tetraquark states. The fully-heavy
tetraquark state is a golden system to investigate the inner
color configuration of the multiquark states. For the above
reasons, the fully-heavy tetraquark states have inspired both
the experimental and theoretical attention.
Recently, the CMS Collaboration observed the ϒð1SÞ

pair production and indicated a bbb̄ b̄ signal around
18.4 GeV with a global significance of 3.6σ [22–24].
Later, the LHCb searched the invariant mass distribution
of ϒð1sÞμþμ− and did not observe the tetraquark state
Xbbb̄ b̄ [25]. The tension between CMS and LHCb data
requires more experimental and theoretical studies of
the beauty-full tetraquarks.
The mass spectroscopy has been a major platform to

probe the dynamics of the tetraquarks. Since 1975, there
have been many theoretical works about the mass spec-
troscopy of the fully-heavy quark states [26–32]. The
existence of the fully-heavy quark states is still controver-
sial. Recent interests have followed the experimental
developments in the past several years. The mass spectra
have been calculated in different schemes, for instance, a
diffusion Monte Carlo method [33], the nonrelativistic
effective field theory [34], the QCD sum rules [35–37],
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covariant Bethe-Salpeter equations [38], various quark
models [39–41], and other phenomenological models [42–
46]. The lowest bbb̄ b̄ and ccc̄ c̄ states are estimated to be in
the mass ranges 18–20 GeV and 5–7 GeV, respectively. In
contrast, the authors of Ref. [47] investigated the mass
spectra of the QQQ̄ Q̄ states in the chromomagnetic inter-
action (CMI) model and concluded that no stable QQQ̄ Q̄
states exist. Later, several other approaches, such as the
nonrelativistic chiral quark model [48,49], the lattice
QCD [50], and other models [51,52] also do not support
the existence of the bound QQQ̄ Q̄ states.
To investigate the existence of the fully-heavy tetraquark

states, we systematically calculate the mass spectra of
the bbb̄ b̄, ccc̄ c̄ and bbc̄ c̄ðccb̄ b̄Þ in two nonrelativistic
quark models. In general, a tetraquark state should be an
admixture of the two color configurations, 6c − 6̄c and
3̄c − 3c. In this work, with the couple-channel effects, we
perform the dynamical calculation of the mass spectra of
the tetraquark states and investigate the inner structures of
the ground states.
We organize the paper as follows. In Sec. II, we introduce

the formalism to calculate their mass spectra, including two
nonrelativistic quark models, the construction of the wave
functions, and the analytical expressions of the Hamiltonian
matrix elements. In Sec. III, we present the numerical results
and discuss the couple-channel effects between the 3̄c − 3c
and 6c − 6̄c configurations. In Sec. IV, we compare our
results with those in other models and give a brief summary.

II. FORMALISM

A. Hamiltonian

The nonrelativistic Hamiltonian of a Q1Q2Q̄3Q̄4 tetra-
quark state reads

H ¼
X4
i¼1

p2
j

2mj
þ
X
i<j

Vij þ
X
i

mi ¼
p2

2u
þ VI þ h12 þ h34

ð1Þ
with

VI ¼ V13 þ V14 þ V23 þ V24; ð2Þ

hij ¼
p2
ij

2uij
þ Vij þmi þmj; ð3Þ

pij ¼
mipj −mjpi

mi þmj
; uij ¼

mimj

mi þmj
; ð4Þ

mij ¼ mi þmj; u ¼ m12m34

m12 þm34

; ð5Þ

Pij ¼ pi þ pj; p ¼ m12P34 −m34P12

m12 þm34

; ð6Þ

where pi and mi are the momentum and mass of the ith
quark. The kinematic energy of the center-of-mass system
has been excluded by the constraint

P
4
i¼1 pi ¼ 0. Vij is the

potential between the ith and jth quarks. The uij, mij, pij,
and Pij are the reduced mass, total mass, relative momen-
tum, and total momentum of the (ij) pair of quarks,
respectively. The u and p are the reduced mass and relative
momentum between the (12) and (34) quark pairs. h12, h34
and VI represent the (12) quark pair inner interaction, (34)
quark pair interaction and interaction between the two pairs.
Since the heavy quark mass is large, the relativistic effect

is less important. We use a nonrelativistic quark model to
describe the interaction between two heavy quarks. The
quark model proposed in Ref. [53] contains one gluon
exchange plus a phenomenological linear confinement
interaction and the Vij reads

VijðrijÞ ¼
λi
2

λj
2
ðVcoul þ Vconf þ Vhyp þ VconsÞ

¼ λi
2

λj
2

�
αs
rij

−
3b
4
rij −

8παs
3mimj

si

· sje−σ
2r2 σ3

π3=2
þ Vcons

�
; ð7Þ

where λ is the color matrix (replaced by −λ� for an
antiquark). si is the spin operator of the ith quark. rij is
the relative position of the ith and jth quarks. Vcoul, Vconf ,
and Vhyp represent the OGE color Coulomb, the linear
confinement, and the hyperfine interactions, respectively.
The OGE interaction leads to a contact hyperfine effect
and an infinite hyperfine splitting. In Eq. (7), the smearing
effect has been considered in Vhyp, where σ parametrizes
the size of the effect.
The αs is the running coupling constant in the perturba-

tive QCD,

αsðQ2Þ ¼ 12π

ð33 − 2NfÞ lnðAþQ2=B2Þ : ð8Þ

In this work, we take the square of the invariant mass of
the interacting quarks as the scale Q2. The values of the
parameters are listed in Table I. They are determined by
fitting the mass spectra of the mesons as listed in Table II.

TABLE I. The values of parameters in quark model I [53] and model II [54].

Model I mc[GeV] mb[GeV] b½GeV2� σ[GeV] Vcons[GeV] A B[GeV]
1.776 5.102 0.18 0.897 0.62 10 0.31

Model II p rc mc[GeV] mb[GeV] κ κ0 λ½GeV2� Λ[GeV] A½GeVB−1� B
1 0 1.836 5.227 0.5069 1.8609 0.1653 0.8321 1.6553 0.2204
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To investigate the model dependence of the mass
spectrum, we also consider another nonrelativistic quark
model proposed in Ref. [54]. The potential reads

VijðrijÞ ¼ −
3

16

X
i<j

λiλj

�
−
κð1 − expð−rij=rcÞÞ

rij
þ λrpij

− Λþ 8π

3mimj
κ0ð1 − expð−rij=rcÞÞ

×
expð−r2ij=r20Þ

π3=2r30
si · sj

�
; ð9Þ

where r0 ¼ Að2mimj

miþmj
Þ−B is related to the reduced mass of the

two quarks (ij). In this model, all the mass information is
included in the hyperfine potential, which is expected to
play a more important role than that in model I. The
parameters of the potentials are listed in Table I. With these
parameters, we calculate the mass spectra of the mesons
and list them in Table II.
In this work, we concentrate on the S-wave tetraquark

states and do not include the tensor and spin-orbital
interactions in the two quark models. In Table II, we notice
that both models are able to reproduce the mass spectra of
the heavy quarkonia. In the following, we will extend the
two quark models to study the fully-heavy tetraquarks.

B. Wave function

In a Q1Q2Q̄3Q̄4 tetraquark state, there are three sets of
Jacobi coordinates as illustrated in Fig. 1. Each of them
contains three independent Jacobi coordinates, and they can
be transformed into others as follows:

rjk ¼ rj − rk ¼ rþ cajkr12 þ cbjkr34;

r ¼ m1r1 þm2r2
m1 þm2

−
m3r3 þm4r4
m3 þm4

;

r0 ¼ m1r1 þm3r3
m1 þm3

−
m2r2 þm4r4
m2 þm4

¼ ðm1m3 −m2m4ÞrþMTu12r12 −MTu34r34
ðm1 þm4Þðm2 þm3Þ

;

r00 ¼ m1r1 þm4r4
m1 þm4

−
m2r2 þm3r3
m2 þm3

¼ ðm1m4 −m2m3ÞrþMTu12r12 −MTu34r34
ðm1 þm3Þðm2 þm4Þ

; ð10Þ

where MT ¼ P
4
i¼1 mi is the total mass of the four quarks.

The transformation coefficients caðbÞjk are listed in Table III.
The superscripts a and b represent the quark cluster and
antiquark cluster, respectively.
To simplify the calculation, we use the first coordinate

configuration to construct the wave function considering
the symmetry of the inner quarks. The wave function of a
tetraquark state is

ψJJz ¼
X

½φnaJaðr12; βaÞ ⊗ φnbJbðr34; βbÞ
⊗ ϕNLab

ðr; βÞ�JJz ;
φnaJaMa

¼ ½ϕnalaðr12; βaÞχsa �JaMa
χfχca ; ð11Þ

where the ψ is the total wave function of the tetraquark
state, and φ denotes that of the cluster (a) or (b). J (Jz) is
the total angular momentum (the third direction compo-
nent) of a tetraquark state. The

P
is the sum over all the

possible wave functions which may couple to the definite
angular momentum J. naðbÞ and N specify the radial
dependence. The saðbÞ, laðbÞ and JaðbÞ are the spin, orbital

TABLE II. The mass spectra of the heavy quarkonia in units of MeV. The Mex, MI
th, and MII

th refer to the mass
spectra of mesons from experiments [55], in model I [53], and in model II [54], respectively.

Mex MI
th MII

th Mex MI
th MII

th

Bc 6274.9 6319.4 6293.5
ηc 2983.9 3056.5 3006.6 ηb 9399.0 9497.8 9427.9
ηcð2SÞ 3637.6 3637.6 3621.2 ϒð1SÞ 9460.30 9503.6 9470.4
J=ψ 3096.9 3085.1 3102.1 ϒð2SÞ 10023.26 9949.7 10017.8
ψð2SÞ 3686.1 3652.4 3657.8 ϒð3SÞ 10355.2 10389.8 10440.6

FIG. 1. The Jacobi coordinates in the tetraquark state.
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and total angular momentum of the cluster a (b). Lab is
the orbital angular momentum between the two clusters.
The χs, χf, χc are the wave functions in the spin, the
isospin, and the color space, respectively. ϕ is the spatial
wave function and is expressed by the Gaussian basis [56],

ϕnalama
ðr12; βaÞ ¼ ilarla12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

ð2la þ 1Þ!!

s �
naβ2a
π

�
3=4

× ð2naβ2aÞla=2e−r212β2ana=2Ylama
ðΩ12Þ;

with βa being the oscillating parameter.
In this work, we concentrate on the S-wave tetraquark

states. Their wave functions are expanded by the basis
which satisfies the relation la þ lb þLab ¼ 0. The states
with higher orbital excitations contribute to the ground state
through the tensor or the spin-orbital potentials. These
contributions are higher order effects and neglected in this
work. Thus, for the lowest S-wave tetraquark states, we
only consider the wave functions with la ¼ lb ¼ Lab ¼ 0.
The wave function of the tetraquark state in Eq. (11) is
simplified as

ψSSz ¼
X

α;na;nb;nab

χαϕnaðr12; βaÞϕnbðr34; βbÞϕnabðr; βÞ;

χα ¼ ½χsa ⊗ χsb �S½χfa ⊗ χfb �½χca ⊗ χcb �1; ð12Þ
where S is the total spin of the tetraquark state and 1
represents the color-singlet representation. For the spatial
wave functions, we have omitted the orbital angular
momentum in the Gaussian wave function ϕ.
Thewave functions are constrained by the Pauli principle.

The S-wave diquark (antidiquark) with two identical quarks
(antiquarks) has two possible configurations as listed in
Table IV. Then, for the ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ tetraquark
states, the possible color-flavor-spin functions read

(i) JPC ¼ 0þþ

χ1 ¼ ½½QQ�1
3̄c
½Q̄ Q̄�13c �01c ;

χ2 ¼ ½½QQ�06c ½Q̄ Q̄�0
6̄c
�0
1c
: ð13Þ

(ii) JPC ¼ 1þ−

χ1 ¼ ½½QQ�1
3̄c
½Q̄ Q̄�13c �11c : ð14Þ

(iii) JPC ¼ 2þþ

χ1 ¼ ½½QQ�1
3̄c
½Q̄ Q̄�13c �21c ; ð15Þ

where the superscript and subscript denote the spin and color
representations.

C. Hamiltonian matrix elements

With the wave function constructed in Sec. II B, we
calculate the Hamiltonian matrix elements. For the quark
model I, the matrix element of hh12i reads

hχαiϕnðr12Þϕλðr34ÞϕkðrÞjh12jχαjϕmðr12Þϕνðr34Þϕk0 ðrÞi
¼ δαiαjNλ;νNk;k0 hϕnðr12; βaÞjh12jϕmðr12; βaÞi
¼ δαiαjNλ;νNk;k0 ðhT12 þm1 þm2i þ hV12iÞ; ð16Þ

with

Nk;k0 ¼
�
2

ffiffiffiffiffiffi
kk0

p

kþk0

�3=2

;

hT12þm1þm2i¼Nm;n

�
3mnβ2a

2u12ðmþnÞþm1þm2

�
;

hV12ðr12Þi¼ hVcouliþhVconfiþhVhypiþhVconsi;

hVcouli¼ IC
4παsβa
ð2πÞ3=2

ffiffiffiffiffiffiffiffiffiffiffiffi
mþn

p
Nm;n;

hVconfi¼−
3

4
IC

8πb

ð2πÞ3=2βa
ffiffiffiffiffiffiffiffiffiffiffiffi
mþn

p Nm;n;

hVhypi¼−ICM
8παs
3mimj

σ3

π3=2

�
2

ffiffiffiffiffiffiffi
mn

p
mþnþ2σ2=β2a

�3
2

;

hVconsi¼ ICVconsNm;n; ð17Þ

where n; λ; k; m; ν; k0 specify the radial dependence. The IC
and ICM are the color factor and the color electromagnetic
factor in Tables V and VI, respectively. χαi;αj denote the
color-flavor-spin configurations as illustrated in Eq. (12).
Since the potential h12 is diagonal in the color-flavor-spin
space, it does not induce the coupling of different χαi;αj
channels and the hh12i is proportional to δαiαj . The
derivation of hh34i is similar to that of hh12i.
Unlike the h12 and h34, the VIðrijÞ with i ¼ 1, 2 and

j ¼ 3, 4, which is the interaction between the diquark and
antidiquark, may lead to the mixing between different
color-spin-flavor configurations, i.e., χαi and χαj . The
hVIðrijÞi reads

TABLE IV. The configurations of the diquark (antiquark)
constrained by Pauli principle. “S” and “A” represent symmetry
and antisymmetry.

JP ¼ 1þ QQ JP ¼ 0þ QQ

S-waveðL ¼ 0Þ S S-waveðL ¼ 0Þ S
Flavor S Flavor S
Spin(S ¼ 1) S Spin(S ¼ 0) A
Color(3̄c) A Color(6c) S

TABLE III. The coefficient cij in Eq. (10).

ca14 ca13 ca23 ca24 cb14 cb13 cb23 cb24
m2

m1þm2

m2

m1þm2
− m1

m1þm2
− m1

m1þm2

m3

m3þm4
− m4

m3þm4
− m4

m3þm4

m3

m3þm4
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hχαiϕnðr12;βaÞϕλðr34;βbÞϕkðr;βÞjVIðrijÞ
jχαjϕmðr12;γaÞϕνðr34;γbÞϕk0 ðr;γÞi
¼ hVcoulðrijÞiαiαj þhVconfðrijÞiαiαj þhVhypðrijÞiαiαj ; ð18Þ

where βða;bÞ and γða;bÞ are the oscillating parameters. The
implicit forms of the notations are

hVcoulðrijÞi ¼ ICÑm;nÑλ;νÑk;k0
2αsffiffiffi

π
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
kβ2þk0γ2 þ 4a2ij

q ;

hVconfðrijÞi ¼ ICÑm;nÑλ;νÑk;k0

�
−
3bzijffiffiffi

π
p

�
;

hVhypðrijÞi ¼ ICMÑm;nÑλ;νÑk;k0

×

�
−

8αs
3mimjð4τ2ij þ 2

kβ2þk0γ2Þ3=2
ffiffiffi
π

p
�
; ð19Þ

where

Ñm;n ¼
�
2

ffiffiffiffiffiffiffi
mn

p
βaγa

mγ2a þ nβ2a

�
3=2

; ð20Þ

a2ij ¼
ðcaijÞ2

2ðmβ2a þ nγa2Þ
þ ðcbijÞ2
2ðλβ2b þ νγ2bÞ

; ð21Þ

τ2ij ¼ a2ij þ
1

4σ2
; z2ij ¼ a2ij þ

1

2ðkβ2 þ k0γ2Þ : ð22Þ

With the above analytical expressions, we calculate the
mass spectrum of the fully-heavy tetraquark states
QQQ̄0Q̄0. The numerical results are given in the next
section.

III. NUMERICAL RESULTS

The wave function of a tetraquark state is composed of
all wave functions which are subjected to the conditions
discussed in Sec. II B. The number of the basisN3 increases
from the minimum required to a large limit. We take the
ccc̄ c̄ tetraquark state with JPC ¼ 1þ− as an example to
investigate the dependence of the results on the number of
the basis. Its wave function is expanded with N3 ¼ 13, 23,
33, 43, and 53 basis, respectively. The corresponding
eigenvalues obtained through the variational method are
displayed in Fig. 2. The mass spectrum tends to be stable
when N3 is larger than 23. Therefore, we expand the wave
functions of the tetraquark states with the 23 Gaussian basis
in the following calculation.

A. A tetraquark state QQQ̄0Q̄0 with JPC = 0+ +

A tetraquark state QQQ̄0Q̄0 with JPC ¼ 0þþ contains
two color-flavor-spin configurations χ1 and χ2 as listed in
Eq. (13). Its wave function readsTABLE VI. The color magnetic factor hICMiαiαj ¼ hχαi j λi2

λj
2
si ·

sjjχαji for the (ij) quark pairs. The χαi;j denotes the color-flavor-
spin wave functions in Eqs. (13)–(15).

IijCM ¼ hλi
2

λj
2
si · sji

0þþ hIQQ̄
CMi11 hIQQ

CMi11 hIQ̄ Q̄
CM i11

1
6

− 1
6

− 1
6

hIQQ̄
CMi22 hIQQ

CMi22 hIQQ
CMi22

0 − 1
4

− 1
4

hIQQ̄
CMi12 hIQQ

CMi11 hIQ̄ Q̄
CM i11ffiffi

3
p
4
ffiffi
2

p 0 0

1þ− hIQQ̄
CMi11 hIQQ

CMi11 hIQ̄ Q̄
CM i11

1
12

− 1
6

− 1
6

2þþ hIQQ̄
CMi11 hHQQ

CMi11 hHQ̄Q̄
CM i11

− 1
12

− 1
6

− 1
6

TABLE V. The color matrix element IC ¼ hλi
2

λj
2
i for the (ij) pair

of quarks. The subscripts denote the color representation of the
cluster.

hðQ1Q2Þ3̄ðQ̄3Q̄4Þ3j λi2
λj
2
jðQ1Q2Þ3̄ðQ̄3Q̄4Þ3i

Q1Q̄3 Q2Q̄4 Q1Q̄4 Q2Q̄3 Q1Q2 Q̄3Q̄4

− 1
3

− 1
3

− 1
3

− 1
3

− 2
3

− 2
3

hðQ1Q2Þ6ðQ̄3Q̄4Þ6̄j λi2
λj
2
jðQ1Q2Þ6ðQ̄3Q̄4Þ6̄i

Q1Q̄3 Q2Q̄4 Q1Q̄4 Q2Q̄3 Q1Q2 Q̄3Q̄4

− 5
6

− 5
6

− 5
6

− 5
6

1
3

1
3

hðQ1Q2Þ3̄ðQ̄3Q̄4Þ3j λi2
λj
2
jðQ1Q2Þ6ðQ̄3Q̄4Þ6̄i

Q1Q̄3 Q2Q̄4 Q1Q̄4 Q2Q̄3 Q1Q2 Q̄3Q̄4

− 1ffiffi
2

p − 1ffiffi
2

p 1ffiffi
2

p 1ffiffi
2

p 0 0

FIG. 2. The dependence of the mass spectrum on the number of
Gaussian basis N3. The line and dashed line represent the
numerical results in model I and model II, respectively.
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ψ IIz
JJz

¼
X
α1

Aα1ϕα1χ1 þ
X
α2

Bα2ϕα2χ2

¼
X
α1

Aα1ϕα1ðβa; βb; βÞjðQQÞ3̄cðQ̄ Q̄Þ3ci

þ
X
α2

Bα2ϕα2ðγa; γb; γÞjðQQÞ6cðQ̄ Q̄Þ6̄ci; ð23Þ

where α1;2 ¼ fna; la; nb; lb; N; Lg, βða;bÞ and γða;bÞ are the
oscillating parameters for the 3̄c − 3c and 6c − 6̄c tetra-
quark states. Aα1 and Bα2 are the expanding coefficients.
At first, we do not consider the mixture between the

3̄c − 3c and 6c − 6̄c tetraquark states and solve the
Schödinger equation with the variational method. We
obtain their mass spectra and display them in the left panel
of Fig. 3.
For the ccc̄ c̄ and bbb̄ b̄ systems, the 6c − 6̄c states are

located lower than the 3̄c − 3c ones as illustrated in Fig. 3.
In the OGE model, the interactions between the two quarks
within a color-sextet diquark are repulsive due to the color
factor in Table V, while those in the 3̄c one are attractive.
However, the interactions between the 6c diquark and 6̄c
antidiquark are attractive and much stronger than that
between the 3̄c diquark and 3c antidiquark. There exists
a 6c − 6̄c tetraquark state, if the attraction between diquark
and antidiquark wins against the repulsion within the

diquak (antidiquark). If the attractive potentials are strong
enough, the 6c − 6̄c state stays even lower than the 3̄c − 3c
one. That is what happens to the ccc̄ c̄, bbb̄ b̄ tetraquark
states with JPC ¼ 0þþ in the two quark models. For the
bbc̄ c̄ (ccb̄ b̄) state, the 6c − 6̄c state is lower in model I,
while the 3̄c − 3c state is lower in model II.
In general, a tetraquark state is a mixture of the 3̄c − 3c

and 6c − 6̄c states as illustrated in Eq. (23). With the
couple-channel effects of the 3̄c − 3c and 6c − 6̄c color
configurations, we obtain the mass spectrum of the 0þþ
states and list them in Table VII. The spectra obtained with
3̄c − 3c and 6c − 6̄c mixing are given in Fig. 3. The mixing
effect will pull down the lower state and raise the higher
state. The two quark models lead to similar mass spectra for
the ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ (ccb̄ b̄) tetraquark states with
the differences up to tens of MeV. However, the proportions
of the components in the two quark models are quite
different. The mixing between the 3̄c − 3c and 6c − 6̄c
states are stronger in model II. The reasons are explained as
follows.
In model I and model II, we find that only the hyperfine

interactions contribute to the couple-channel effects of the
3̄c − 3c configuration and the 6c − 6̄c one, while the
contributions from the confinement and Coulomb poten-
tials vanish. We illustrate the underlying dynamics as
follows. The matrices of h12 and h34 are diagonal due to

(a) (b) (c)

FIG. 3. The mass spectrum of the 0þþ tetraquark states QQQ̄0Q̄0 without and with the coupling between the 3̄c − 3c and 6c − 6̄c
configurations. The blue lines and red dotted dashed lines represent the results in model I and II, respectively. In every diagram, the left
half and the right half are the mass spectrum without and with mixing between 3̄c − 3c and 6c − 6̄c configurations, respectively. The
corresponding states are connected by the black dashed lines.

TABLE VII. The mass spectra of ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ (b̄ b̄ cc) tetraquark states with JPC ¼ 0þþ. βða;bÞ and γða;bÞ represent the
oscillating parameters of the 3̄c − 3c and 6c − 6̄c tetraquark states, respectively.

JPC ¼ 0þþ Model I M [GeV] 3̄c ⊗ 3c 6c ⊗ 6̄c Model II M [GeV] 3̄c ⊗ 3c 6c ⊗ 6̄c

ccc̄ c̄ βa ¼ βb ¼ 0.4, β ¼ 0.6 6.377 11% 89% βa ¼ βb ¼ 0.5, β ¼ 0.7 6.371 43% 57%
γa ¼ γb ¼ 0.4, γ ¼ 0.7 6.425 89% 11% γa ¼ γb ¼ 0.5, γ ¼ 0.8 6.483 57% 43%

bbb̄ b̄ βa ¼ βb ¼ 0.7, β ¼ 0.9 19.215 1% 99% βa ¼ βb ¼ 0.9, β ¼ 1.1 19.243 17% 83%
γa ¼ γb ¼ 0.7, γ ¼ 0.9 19.247 99% 1% γa ¼ γb ¼ 0.8, γ ¼ 1.2 19.305 83% 17%

bbc̄ c̄ βa ¼ 0.6, βb ¼ 0.5, β ¼ 0.7 12.847 14% 86% βa ¼ 0.7, βb ¼ 0.5, β ¼ 0.8 12.886 53% 47%
γa ¼ 0.6, γb ¼ 0.4, γ ¼ 0.9 12.866 86% 14% γa ¼ 0.7, γb ¼ 0.5, γ ¼ 0.9 12.946 47% 53%
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the orthogonality of the wave functions of different con-
figurations. However, theVcoul þ V linear þ Vhyp inVI , which
describes the interactions between the diquark and antidi-
quark, may result in the couple-channel effects of different
configurations. For an S-wave tetraquark state with two
identical quarks (antiquarks), such asQQQ̄1Q̄2 (Q1Q2Q̄ Q̄),
the spin wave functions of different possible configurations
are orthogonal, which is constrained by the Fermi statistic.
Since the OGE Coulomb and linear confinement potentials
do not contain spin operators, they do not contribute to the
couple-channel effects due to the orthogonality of the spin
wave functions.Andonly the hyperfinepotential contributes.
That is what happens to the QQQ̄0Q̄0 state in this work.
For a tetraquark state without identical quarks and

antiquarks, i.e., Q1Q2Q̄3Q̄4 (Q1 ≠ Q2 and Q3 ≠ Q4), the
spin wave functions of different configurations may be the
same. The four quarks form a color singlet state and
the color matrix element is

�X4
n

λn

�
2

jχi;ji ¼ 0; ð24Þ

where χi and χj represent two different color configurations
and they are the eigenvectors of λ1 þ λ2 and λ3 þ λ4.
Considering their orthogonality, one obtains

hχijðλ1 þ λ2Þ2jχji ¼ 0;

hχijðλ3 þ λ4Þ2jχji ¼ 0: ð25Þ

Then the color factors of the (13), (14), (23), and (24) pairs
of quarks cancel out,

hχijðλ1 þ λ2Þðλ3 þ λ4Þjχji ¼ 0: ð26Þ
Moreover, if the coupling constants are the same for the four
quark pairs, the contributions from the OGE Coulomb and
the linear confinement potentials will cancel out completely.
In model I, the contributions from the color interactions do
not cancel out exactly due to different αs. However, partial
cancellations are still expected. In model II, the OGE
Coulomb and linear confinement potentials do not depend
on the mass of the interacting quarks. Thus, the couple-
channel effects arising from the OGE Coulomb and linear
confinement potentials cancel out. The mixing between
different color-flavor-spin configurations only comes from
the hyperfine potential, which is inversely proportional to the
interacting quark mass. Thus, the mixing in the ccc̄ c̄ state is
generally larger than that in the bbb̄ b̄ state.
In model II, all the flavor dependence is packaged into

the hyperfine interaction, which is different from model I.
The hyperfine interaction in model II should play a more
important role than that in model I. Therefore, the couple-
channel effect in model II is stronger as illustrated in Fig. 3.
In model II, since the r0 in the hyperfine interaction is the

function of the reduced mass between the two quarks, its
value for bc̄ is in proximity to that of cc̄. Then, the mixing
in ccc̄ c̄ and bbc̄ c̄ are similar as illustrated in Table VII.
One may question the additional dependence of the mixing
on the number of the expanding basis. For instance, when

TABLE VIII. The comparison of the mass spectra of 0þþ ccc̄ c̄ and bbb̄ b̄ from Ref. [49] and our results using the same quark model.
In the right table, we remove the constrains on the wave functions used in Ref. [49].

Ref. [49] Without constrains

JPC ¼ 0þþ w ¼ 0.325 M [GeV] 3̄c ⊗ 3c 6c ⊗ 6̄c M [GeV] 3̄c ⊗ 3c 6c ⊗ 6̄c

ccc̄ c̄ βa ¼ βb ¼ 0.49, β ¼ 0.69 6470 66% 34% βa ¼ βb ¼ 0.4, β ¼ 0.6 6417 33% 67%
γa ¼ γb ¼ 0.49, γ ¼ 0.69 6559 34% 66% γa ¼ γb ¼ 0.4, γ ¼ 0.7 6509 67% 33%

bbb̄ b̄ βa ¼ βb ¼ 0.88, β ¼ 1.24 19268 66% 34% βa ¼ βb ¼ 0.7, β ¼ 0.9 19226 18% 82%
γa ¼ γb ¼ 0.88, γ ¼ 1.24 19306 34% 66% γa ¼ γb ¼ 0.7, γ ¼ 0.9 19268 82% 18%

TABLE IX. The mass spectra of the ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ states with JPC ¼ 1þ− and 2þþ in units of GeV.

Model I nS JPC ¼ 1þ− JPC ¼ 2þþ Model II nS JPC ¼ 1þ− JPC ¼ 2þþ

ccc̄ c̄ βa ¼ 0.4 1S 6.425 6.432 βa ¼ 0.5 1S 6.450 6.479
βb ¼ 0.4 2S 6.856 6.864 βb ¼ 0.5 2S 6.894 6.919
β ¼ 0.6 3S 6.915 6.919 β ¼ 0.6 3S 7.036 7.058

bbb̄ b̄ βa ¼ 0.7 1S 19.247 19.249 βa ¼ 1.0 1S 19.311 19.325
βb ¼ 0.7 2S 19.594 19.596 βb ¼ 1.0 2S 19.813 19.823
β ¼ 0.9 3S 19.681 19.682 β ¼ 1.1 3S 20.065 20.077

bbc̄ c̄ βa ¼ 0.7 1S 12.864 12.868 βa ¼ 0.7 1S 12.924 12.940
βb ¼ 0.5 2S 13.259 13.262 βb ¼ 0.5 2S 13.321 13.334
β ¼ 0.7 3S 13.297 13.299 β ¼ 0.7 3S 13.364 13.375
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we use 2 × 33 bases to expand the wave function of the
ccc̄ c̄ state in model I, we find there are 11.4% 3̄c − 3c and
88.6% 6c − 6̄c components in the tetraquark state. The
percents change slightly with the number of the basis.

In Ref. [49], the authors pointed out that the state
jðQQÞ3̄cðQ̄ Q̄Þ3ci (Q ¼ c, b) is located lower than the
jðQQÞ6cðQ̄ Q̄Þ6̄ci state, which contradicts with our results.
The inconsistency was due to their use of particular wave

TABLE X. The proportion of the color configurations and the root mean square radii of the ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ (b̄ b̄ cc) tetraquark

states with JPC ¼ 0þþ.
ffiffiffiffiffiffiffiffiffi
hr2iji

q
and

ffiffiffiffiffiffiffiffiffiffiffiffi
hrð0Þ2i

q
are the root mean square radii corresponding to the second Jacobi coordinate in Fig. 1.

JPC ¼ 0þþ Model I

N3 ¼ 23
After
mixing 3̄c ⊗ 3c 6c ⊗ 6̄c 1c ⊗ 1c 8c ⊗ 8c

ffiffiffiffiffiffiffiffiffiffi
hr212i

p
fm

ffiffiffiffiffiffiffiffiffiffi
hr234i

p
fm

ffiffiffiffiffiffiffiffi
hr2i

p
fm

ffiffiffiffiffiffiffiffiffiffi
hr213i

p
fm

ffiffiffiffiffiffiffiffiffiffi
hr224i

p
fm

ffiffiffiffiffiffiffiffiffi
hr02i

p
fm

ccc̄ c̄ 6.377 11% 89% 90% 10% 0.54 0.30 0.49 0.38
bbb̄ b̄ 19.215 1% 99% 75% 25% 0.35 0.19 0.31 0.25
bbc̄ c̄ 12.847 14% 86% 92% 8% 0.39 0.50 0.26 0.41 0.32

Model II

N3 ¼ 23
After
mixing 3̄c ⊗ 3c 6c ⊗ 6̄c 1c ⊗ 1c 8c ⊗ 8c

ffiffiffiffiffiffiffiffiffiffi
hr212i

p
fm

ffiffiffiffiffiffiffiffiffiffi
hr234i

p
fm

ffiffiffiffiffiffiffiffi
hr2i

p
fm

ffiffiffiffiffiffiffiffiffiffi
hr213i

p
fm

ffiffiffiffiffiffiffiffiffiffi
hr224i

p
fm

ffiffiffiffiffiffiffiffiffi
hr02i

p
fm

ccc̄ c̄ 6.371 43% 57% 97% 3% 0.47 0.30 0.45 0.33
bbb̄ b̄ 19.243 17% 83% 94% 6% 0.28 0.17 0.26 0.20
bbc̄ c̄ 12.886 53% 47% 93% 7% 0.32 0.44 0.26 0.37 0.26

(a)

(b)

FIG. 4. The dependence of density distributions on the number of the basis functions.
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functions. The authors used the same oscillating parameters
for the 3̄c − 3c and 6c − 6̄c states. Moreover, the oscillating
parameters are proportional to the reduced masses of
the interacting quarks. With their wave function, we
reproduced their results. However, if we remove the two
constrains on the wave functions, we find the lowest state
with a dominant 6c − 6̄c component as listed in Table VIII,
which is lower than that in Ref. [49].

B. The tetraquark states with JP = 1+ − and 2+ +

Constrained by the Fermi statistics, the tetraquark states
QQQ̄0Q̄0 (Q and Q0 may be the same flavors) with JP ¼
1þ− and 2þþ only contain one color component, i.e.,
3̄c − 3c. We list the mass spectra of the S-wave states
and their radial excitations in Table IX. The mass spectra in
the two models are quite similar to each other. The results
from model II are slightly higher than those in model I.
The tetraquark states with JP ¼ 1þ− and 2þþ have the

same configurations except the total spin. Therefore, the
mass difference arises from the hyperfine potential, which
is quite small compared with the OGE Coulomb and linear

confinement potentials. Thus, the mass spectra of these two
kinds of states are almost the same.

C. Discussion

A tetraquark state can be expressed in another set of
color representations as illustrated in the Appendix,

jðQ1Q2Þ3̄cðQ̄3Q̄4Þ3ci

¼
ffiffiffi
1

3

r
jðQ1Q̄3Þ1cðQ2Q̄4Þ1ci −

ffiffiffi
2

3

r
jðQ1Q̄3Þ8cðQ2Q̄4Þ8ci

¼ −
ffiffiffi
1

3

r
jðQ1Q̄4Þ1cðQ2Q̄3Þ1ci þ

ffiffiffi
2

3

r
jðQ1Q̄4Þ8cðQ2Q̄3Þ8ci;

jðQ1Q2Þ6cðQ̄3Q̄4Þ6̄ci

¼
ffiffiffi
2

3

r
jðQ1Q̄3Þ1cðQ2Q̄4Þ1ci þ

ffiffiffi
1

3

r
jðQ1Q̄3Þ8cðQ2Q̄4Þ8ci

¼
ffiffiffi
2

3

r
jðQ1Q̄4Þ1cðQ2Q̄3Þ1ci þ

ffiffiffi
1

3

r
jðQ1Q̄4Þ8cðQ2Q̄3Þ8ci:

ð27Þ

(a) (b)

(c)

FIG. 5. The mass spectra of the ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ðccb̄ b̄Þ tetraquark states. The blue line and red dotted dashed line represent the
results in models I and II, respectively.
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To investigate the inner structure of the tetraquark, we
calculate its proportions in the new set and the root mean
square radii of the state, which are listed in Table X. The
ground states contain the 8c ⊗ 8c configuration. In model I,
the proportion of the 8c ⊗ 8c configuration is considerable,
which supports that the solution is a confined state rather
than a scattering state of two mesons. In model II, though
the 1c ⊗ 1c configuration is dominant, the root mean
square radii are of the size of nucleons. Thus, they are
also unlikely to be scattering states.
We also take the ccc̄ c̄ as an example to study the density

distributions of r2ρðrÞ, r2ρðr0Þ, r212ρðr12Þ, and r213ρðr13Þ.
The ρðrÞ and ρðr12Þ are defined as follows:

ρðrÞ ¼
Z

jψðr12; r34; rÞj2dr⃗12dr⃗34dˆr⃗;

ρðr12Þ ¼
Z

jψðr12; r34; rÞj2dr⃗dr⃗34dˆr⃗12: ð28Þ

The definitions of the ρðr13Þ and ρðr0Þ are similar. The
dependence of the density distributions on the extension of
the basis function is displayed in Fig. 4. We find that the
distributions are confined in the spatial space and tend to
be stable with different number of the expanding basis,
which indicates the state may be a confined state instead of
a scattering state.
We present the mass spectra of the tetraquark states and

the mass thresholds of possible scattering states in Fig. 5.
As illustrated in this figure, the bbb̄ b̄, ccc̄ c̄, and bbc̄ c̄
states with JPC ¼ 0þþ are the lowest states. But they are
still located above the corresponding meson-meson mass
thresholds, which indicates that there may not exist bound
states in the two quark models.
We also investigate the constituent quark mass depend-

ence of the tetraquark spectra. We vary the quark mass and
display the results in Fig. 6. The figure shows that both the
tetraquark mass and the ηQηQ threshold increase with the

quark mass. The QQQ̄ Q̄ is always located above the mass
thresholds of the ηQηQ and no bound tetraquark states exist.

IV. SUMMARY

In this work, we have systematically calculated the mass
spectra of the tetraquark states ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ in
two nonrelativistic quark models, which contain the OGE
Coulomb, linear confinement, and hyperfine potentials.
For a QQQ̄0Q̄0 (Q and Q0 may be the same flavors) state

with JPC ¼ 0þþ, it can be formed by a 6c diquark and a 6̄c
antidiquark, or a 3̄c diquark and a 3c antidiquark. For the
tetraquark states ccc̄ c̄ and bbb̄ b̄, the 6c − 6̄c states are
located lower than the 3̄c − 3c ones due to the strong
attractions between the diquark and the antidiquark. For the
bbc̄ c̄ (ccb̄ b̄), the mass of the 6c − 6̄c state is lower than
that of the 3̄c − 3c one in model I, while the 3̄c − 3c one is
lower in model II. Our calculation shows that the 6c − 6̄c
color configuration is important and sometimes even
dominant in the formation of fully-heavy tetraquark states.
One should be cautious about neglecting the 6c − 6̄c color
configurations in calculating the tetraquark states.
The 6c − 6̄c configuration couples with the 3̄c − 3c one

through the interactions between the diquark and antidi-
quark. For a QQQ̄0Q̄0 state, we prove that only the
hyperfine potential contributes to the mixing between the
two configurations, while the contributions from the OGE
Coulomb and the linear confinement potentials cancel out
exactly.
In Table XI, we summarize our numerical results and

those from the CMI model [43,44,47], a nonrelativistic
effective field theory and a relativized diquark and anti-
diquark model [34], a diffusion Monte-Carlo method [33],
a constituent quark model with the hyperspherical formal-
ism [41], the nonrelativistic potential model [49], and the
QCD sum rule [37,57]. In this table, we notice that the
numerical results in the two nonrelativistic quark models
are similar to each other. The results show that the lowest

(a) (b)

FIG. 6. The quark mass dependence of the 0þþ tetraquark statesQQQ̄ Q̄ in model II. In this figure, we use the ηQ to denote the meson
state QQ̄ with JPC ¼ 0−þ.
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states are the ones with JPC ¼ 0þþ. These ground states are
located about 300–450 MeV above the lowest scattering
states, which indicates that there may not exist bound
tetraquark states ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ ðccb̄ b̄Þ in the
scheme of the two nonrelativistic quark models.
The parameters of the two quark models are determined

by the meson spectrum. The potentials in a four-body
system may be slightly different from those which are
widely used in the conventional meson and baryon systems.
The different confinement mechanism may lead to different
spectra. For example, the three-body force arising from the
triple-gluon vertex may be non-negligible for the multi-
quark systems. In contrast, this force vanishes for the
traditional qq̄ meson and qqq baryons. The fully-heavy
tetraquark states can be searched for at CMS, LHCb, and
BelleII. More experimental data may provide a deeper
understanding of the interactions in the multiquark system.
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APPENDIX: FIERZ TRANSORMATION

The color wave function of the 3̄c − 3c configuration in
the tetraquark is

jðQ1Q2Þ3̄cðQ̄3Q̄4Þ3ci ¼
1

2
ffiffiffi
3

p ϵiabϵiefjQa
1Q

b
2Q̄

e
3Q̄

f
4i; ðA1Þ

which is normalized to be 1. The color rearrangement for
the tetraquark is [58]

δafδeb ¼ 1

3
δaeδbf þ 1

2
λaen λbfn ; ðA2Þ

where λn is the Gell-Mann Matrix. The color function is
then decomposed as

jðQ1Q2Þ3̄cðQ̄3Q̄4Þ3ci ¼
1

2
ffiffiffi
3

p ðδaeδbf − δafδbeÞjQa
1Q

b
2Q̄

e
3Q̄

f
4i

¼ 1

2
ffiffiffi
3

p
�
δaeδbf −

1

3
δaeδbf −

1

2
λaen λbfn

�
jQa

1Q
b
2Q̄

e
3Q̄

f
4i

¼ 1

2
ffiffiffi
3

p
�
2

3
δaeδbf −

1

2
λaen λbfn

�
jQa

1Q
b
2Q̄

e
3Q̄

f
4i

¼
ffiffiffi
1

3

r
1

3
jðQa

1δ
aeQ̄e

3ÞðQb
2δ

bfQ̄f
4Þi −

ffiffiffi
2

3

r
1

4
ffiffiffi
2

p jðQa
1λ

ae
n Q̄e

3ÞðQb
2λ

bf
n Q̄f

4Þi

¼
ffiffiffi
1

3

r
jðQ1Q̄3Þ1cðQ2Q̄4Þ1ci −

ffiffiffi
2

3

r
jðQ1Q̄3Þ8cðQ2Q̄4Þ8ci; ðA3Þ

TABLE XI. The mass spectra (in units of GeV) of the tetraquark states ccc̄ c̄, bbb̄ b̄, and bbc̄ c̄ in different frameworks. TheM1
th and

M2
th are the numerical results from the quark models I and II in this work, respectively.

JPC M1
th M2

th [43] [44] [47] [34] [33] [41] [49] [37,57]

ccc̄ c̄ 0þþ 6.377 6.371 5.966 6.192� 0.025 6.001 � � � � � � 6.038 6.470 6.44� 0.15
6.425 6.483 6.558

1þ− 6.425 6.450 6.051 � � � 6.109 � � � � � � 6.101 6.512 6.37� 0.18
2þþ 6.432 6.479 6.223 � � � 6.166 � � � � � � 6.172 6.534 6.37� 0.19

bbb̄ b̄ 0þþ 19.215 19.243 18.754 18.826� 0.025 18.815 18.72� 0.02 18.69� 0.03 � � � 19.268 18.45� 0.15
19.247 19.305 19.305

1þ− 19.247 19.311 18.808 � � � 18.874 � � � � � � � � � 19.285 18.32� 0.17
2þþ 19.249 19.325 18.916 � � � 18.905 � � � � � � � � � 19.295 18.32� 0.17

bbc̄ c̄ðccb̄ b̄Þ 0þþ 12.847 12.886 � � � � � � 12.571 � � � � � � � � � 12.935 � � �
12.866 12.946 13.023

1þ− 12.864 12.924 � � � � � � 12.638 � � � � � � � � � 12.945 � � �
2þþ 12.868 12.940 � � � � � � 12.673 � � � � � � � � � 12.956 � � �
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where

jðQ1Q̄3Þ8cðQ2Q̄4Þ8ci ¼
1

4
ffiffiffi
2

p jðQa
1λ

ae
n Q̄e

3ÞðQb
2λ

bf
n Q̄f

4Þi:

jðQ1Q̄3Þ1cðQ2Q̄4Þ1ci ¼
1

3
jðQa

1δ
aeQ̄e

3ÞðQb
2δ

bfQ̄f
4Þi; ðA4Þ

with

hðQ1Q̄3Þ8cðQ2Q̄4Þ8c jðQ1Q̄3Þ8cðQ2Q̄4Þ8ci ¼ 1;

hðQ1Q̄3Þ1cðQ2Q̄4Þ1c jðQ1Q̄3Þ1cðQ2Q̄4Þ1ci ¼ 1: ðA5Þ

Since the Q̄3 and Q̄4 form the antisymmetric antitriplet color
representation in the 3c − 3̄c configuration, one obtains

jðQ1Q2Þ3̄cðQ̄3Q̄4Þ3ci ¼ −jðQ1Q2Þ3̄cðQ̄4Q̄3Þ3ci

¼ −
ffiffiffi
1

3

r
jðQ1Q̄4Þ1cðQ2Q̄3Þ1ci

þ
ffiffiffi
2

3

r
jðQ1Q̄4Þ8cðQ2Q̄3Þ8ci: ðA6Þ

The wave function of the 6c − 6̄c color configuration is

jðQ1Q2Þ6cðQ̄3Q̄4Þ6̄ci ¼
1

4
ffiffiffi
6

p ðδaiδbj þ δajδbiÞðδamδbn þ δanδbmÞjQi
1Q

j
2Q̄

m
3 Q̄

n
4i

¼ 1

2
ffiffiffi
6

p ðδimδjn þ δjmδinÞjQi
1Q

j
2Q̄

m
3 Q̄

n
4i

¼ 1

2
ffiffiffi
6

p
�
δimδjn þ 1

3
δnjδim þ 1

2
λnjk λimk

�
jQi

1Q
j
2Q̄

m
3 Q̄

n
4i

¼
ffiffiffi
2

3

r
1

3
jðQi

1δ
imQ̄m

3 ÞðQj
2δ

jnQ̄n
4Þi þ

ffiffiffi
1

3

r
1

4
ffiffiffi
2

p jðQi
1λ

im
k Q̄m

3 ÞðQj
2λ

jn
k Q̄n

4Þi

¼
ffiffiffi
2

3

r
jðQ1Q̄3Þ1cðQ2Q̄4Þ1ci þ

ffiffiffi
1

3

r
jðQ1Q̄3Þ8cðQ2Q̄4Þ8ci: ðA7Þ

Since the Q̄3 and Q̄4 are in the symmetric 6̄c representation, one obtains

jðQ1Q2Þ6cðQ̄3Q̄4Þ6̄ci ¼ jðQ1Q2Þ6cðQ̄4Q̄3Þ6̄ci ¼
ffiffiffi
2

3

r
jðQ1Q̄4Þ1cðQ2Q̄3Þ1ci þ

ffiffiffi
1

3

r
jðQ1Q̄4Þ8cðQ2Q̄3Þ8ci: ðA8Þ
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