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We studied the ep → epþ 2 jets diffractive cross section with ZEUS phase space. Neglecting the t-
channel momentum in the Born and gluon dipole impact factors, we calculated the corresponding

contributions to the cross section differential in β ¼ Q2

Q2þM2
2 jets

and the angle ϕ between the leptonic and

hadronic planes. The gluon dipole contribution was obtained in the exclusive kt-algorithm with the
exclusive cut ycut ¼ 0.15 in the small ycut approximation. In the collinear approximation we canceled
singularities between real and virtual contributions to the qq̄ dipole configuration, keeping the exact ycut
dependency. We used the Golec-Biernat–Wüsthoff (GBW) parametrization for the dipole matrix element
and linearized the double dipole contributions. The results give roughly 1

2
of the observed cross section for

small β and coincide with it for large β.

DOI: 10.1103/PhysRevD.100.074020

I. INTRODUCTION

One of the main outcomes of the HERA research
program is the evidence and detailed study of diffractive
processes. Indeed, almost 10% of the γ�p → hadrons deep
inelastic scattering (DIS) events were shown to contain a
rapidity gap in the detectors between the proton remnants Y
and the hadrons X coming from the fragmentation region of
the initial virtual photon, namely the process was shown to
look like γ�p → XY. These diffractive deep inelastic
scattering (DDIS) events were revealed and extensively

studied by H1 and ZEUS collaborations [1–8]. The
existence of a rapidity gap between the diffractive state
X and the proton remnants, with vacuum quantum numbers
in t-channel, is a natural place for a Pomeron-like descrip-
tion. Two types of approaches have been developed.
First, based on the existence of a hard scale (the

photon virtuality Q2 for DIS), a collinear QCD factoriza-
tion theorem was derived [9] and applied successfully
to diffractive processes. For inclusive diffraction, this
theorem is usually applied with so-called resolved
Pomeron models, where one introduces distributions of
partons inside the Pomeron, similarly to the usual parton
distribution functions for proton in DIS, convoluted with
hard matrix elements. In the framework of collinear
factorization diffractive dijet photoproduction was calcu-
lated in [10,11] in next-to-leading order (NLO) perturbative
QCD, where the authors observed collinear factorization
breaking. To describe the data it was necessary to introduce
a model for the suppression factor or gap survival prob-
ability. They demonstrated that a global suppression factor
or a model depending on the light cone momentum fraction
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and the flavor of the interacting parton describe the HERA
data. Inclusive dijet photoproduction was also studied in
this framework and was shown to be very sensitive to the
details of nuclear PDFs in the Pb-Pb ultraperipheral
collisions in the Large Hadron Collider (LHC) kinematics
[12,13].
Second, it is natural at very high energies to view the

process as the coupling of a Pomeron with the diffractive
state X of invariant mass M. In the rest of this paper, we
generically call such descriptions as high-energy factori-
zation pictures. In the DDIS case, for low values of M2, X
can be modeled by a qq̄ pair, while for larger values ofM2,
the cross section with an additional produced gluon, i.e.,
X ¼ qq̄g, is enhanced. A good description of HERA data
for diffraction was achieved in such a model [14], in which
the Pomeron was described by a two-gluon exchange.
In the present paper, we study in detail the cross section

for exclusive dijet electroproduction in diffraction, as was
recently reported by ZEUS [15]. A first theoretical study of
such processes within a high-energy factorization picture
was performed in [16], in a leading order (LO) approxi-
mation in which the dijet was made of a qq̄ pair.
Our aim is to make a description of the same process,

relying now on our complete NLO description of the direct
coupling of the Pomeron to the diffractive X state, obtained
in Refs. [17,18], and further extended to the case of a light
vector meson in Ref. [19]. In our approach, the Pomeron is
understood as a color singlet QCD shockwave, in the spirit
of Balitsky’s high energy operator expansion [20–23] or in
its color glass condensate formulation [24–32].
The exclusive diffractive production of a dijet will be a

key process for the physics at the electron-ion collider
(EIC) at small x. Indeed, it was proven to probe the dipole
Wigner distribution [33]. Several recent studies have been
performed in order to build precise target matrix elements
for EIC phenomenology [34–36] and for ultraperipheral
collisions at the LHC [37]. The gluon Wigner distributions
probed by our process can describe a cold nuclear origin for
elliptic anisotropies, as studied for dilute-dense collisions
[38,39]. Finally the (subeikonal) target spin asymmetry for
dijet production was proven to give a direct access to the
gluon orbital angular momentum in the target [40,41]. In
this paper, we are interested in building accurate descrip-
tions of the final state via a jet algorithm, to be combined
later with the target matrix elements in the aforementioned
studies for future precise EIC predictions.
We present explicit formulas for Born ep → ep0 þ 2 jets

cross section allowed by HERA kinematics. We argue that
for Born production mechanism, HERA selection cuts for
diffractive DIS [15] severely reduce contributions from jets
in the aligned configuration since simultaneous restrictions
on p⊥jet > 2 GeV and M2 jets > 5 GeV forbid a jet with a
very small longitudinal momentum fraction of the photon.
As is known [42], the aligned jets give the dominant
contribution to the cross section, which in the presently

studied kinematics is cut off. Thanks to these cuts the
typical transverse energy scale in the Born jet impact factor
is greater than the t-channel transverse momentum scale set
by the saturation scale Qs determined by the proton matrix
element. As a result, we can expand in the t-channel
transverse momentum in the impact factor and analytically
take integrals for the γp cross section. This naturally gives
the leading power ∼Q4

s ∼W2λ behavior of the cross section
(where 1þ λ is the Pomeron intercept) unlike ∼Q2

s ∼Wλ

for the aligned jets [42] describing large dipoles and
saturation. We called this procedure “small Qs” or
“BFKL-like” approximation.
Next, we study the real radiative corrections. According

to the exclusive kt jet algorithm [43,44] used in the ZEUS
data analysis [15], these corrections come from the ∼ ffiffiffiffiffiffiffi

ycut
p

-
wide border of the Dalitz plot (see Fig. 4), with ycut ¼ 0.15
being the algorithm parameter. One can symmetrically
divide this area into 3 subareas with predominantly
q − ðq̄gÞ, q̄ − ðqgÞ, and g − ðqq̄Þ jets, where one of the
jets is made of q̄g, qg, or qq̄ correspondingly. At large
M2 jets the third region gives enhanced contribution since in
such kinematics a subdiagram with a t-channel gluon has
large s ¼ M2

2 jets.
Most of the real production matrix elements were

calculated in Ref. [18] in arbitrary kinematics. We have
obtained here the remaining ones and we present them in
Appendix B. The real production matrix elements have
soft and collinear divergencies in the first two regions while
the contribution of the third region is finite. Integrating the
singular parts over the first two regions, we cancel the
singularities with the singular contribution of the virtual
part from Ref. [18]. As a result, we have the contribution of
soft and collinear gluons to the 2 jet cross section in the kt
algorithm. Since the divergent contributions factorize as
the Born cross section times the collinear singular factor,
the validity criteria of the small Qs approximation for
such contributions are the same as for the Born cross
section. Therefore we used this approximation to take the
inner integrals in the γp cross section. The average value
of this correction is about 10%. However, we noticed that
the small ycut expansion of this contribution is very
inaccurate since ln2 ycut, ln ycut, and the constant contri-
butions together are of the order of the next term
∼ ffiffiffiffiffiffiffi

ycut
p ¼ 0.39, which is the true expansion parameter.

Although we calculated this contribution exactly in ycut, all
other (nonsingular) contributions are ∼ ffiffiffiffiffiffiffi

ycut
p

geometrically.
Therefore this term alone can not be a good approximation.
Instead one can look at it as a subtraction term for future
full numerical calculation.
Among the nonsingular contributions there are ones with

the gluon emitted before the shockwave. Suppose for
definiteness that it was emitted from the quark and we
consider the second, q̄ − ðqgÞ region. In such a contribution
the invariant mass of the qg pair is small ∼ ffiffiffiffiffiffiffi

ycut
p

, and the
only hard scale in the quark propagator between the photon
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and the gluon vertices comes from the t-channel. It means
that one cannot neglect the t-channel momentum in the
impact factor, i.e., the small Qs approximation is inappli-
cable. In other words this correction is very sensitive to Qs.
In general, one can say that if one experimentally restricts
from below both the mass of the dijet system and the
transverse momentum of the jet so that the aligned jets are
cut off from the Born cross section, the radiative corrections
will greatly depend on saturation effects.
For a generic, roughly symmetric, dijet configuration in

the third region with roughly 1
2
of the photon’s longitudinal

momentum taken by the gluon and roughly 1
4
taken by the

quark and antiquark each, the typical transverse energy
scale in the impact factor is determined by the same
parameters as in the Born one: the photon virtuality Q,
M2 jets, and the experimental cut p⊥jet min. Therefore one
can also try calculating the contribution of such gluon
dipoles in the small Qs approximation. The validity of this
approximation for the configuration when the ðqq̄Þ jet itself
has the aligned structure is not justified, however, since
then the quark or antiquark’s part of the longitudinal
momentum of the pair becomes a new small parameter.
Such a situation happens in the corners of the third g − ðqq̄Þ
area in the Dalitz plot since in these corners the invariant
mass of qg or q̄g becomes small and we return to the
situation discussed in the previous paragraph.
Anyway in this paper we have calculated the contribu-

tion of all real radiative corrections from the third g − ðqq̄Þ
area in the Dalitz plot, i.e., the gluon dipole contribution in
the small Qs approximation, i.e., expanding the impact
factors in the t-channel momenta. The error of our result
comes from the corners of the phase space discussed above
and its numerical value will be judged from comparison of
our result to the future full numerical calculation. This
difference will be related to saturation effects.
This paper is organized as follows. The second part

discusses kinematics and yields the LO computation of
the cross section, including its leptonic part in Sec. II A,
hadronic part in Sec. II B, HERA acceptance in Sec. II C,
small Qs approximation in Sec. II D and analysis of the
result in Sec. II E. The third part discusses the NLO real
corrections including the kt-jet algorithm in Sec. III A,
q − ðq̄gÞ and q̄ − ðqgÞ dipoles in Sec. III B and g − ðqq̄Þ
dipole in Sec. III C. The conclusion summarizes the paper.
Appendix A contains discussion of aligned vs symmetric
jet contributions to the Born cross section. Appendix B
presents the dipole–double dipole interference impact
factors for real correction. Appendix C discusses the overall
normalization and matching to nonperturbative distribu-
tions in the Golec-Biernat–Wüsthoff formulation of DDIS.

II. KINEMATICS AND LO RESULTS

A. Leptonic part

We will use hereafter the light cone vectors n1 and n2,
defined as

n1 ≡ ð1; 0⊥; 1Þ; n2 ≡ 1

2
ð1; 0⊥;−1Þ;

nþ1 ¼ n−2 ¼ ðn1 · n2Þ ¼ 1: ð2:1Þ

For any vector p we note

pþ ¼ p− ≡ ðp · n2Þ ¼
1

2
ðp0 þ p3Þ;

pþ ¼ p− ≡ ðp · n1Þ ¼ p0 − p3; ð2:2Þ

p ¼ pþn1 þ p−n2 þ p⊥; ð2:3Þ

so that

ðp · kÞ ¼ pμkμ ¼ pþk− þ p−kþ þ ðp⊥ · k⊥Þ
¼ pþk− þ p−kþ − ðp⃗ · k⃗Þ: ð2:4Þ

The DIS kinematic variables read

s ¼ ðp0 þ kÞ2; q ¼ k − k0; Q2 ¼ −q2;

y ¼ ðp0qÞ
ðp0kÞ

¼ W2 þQ2

s
; ȳ ¼ 1 − y; ð2:5Þ

W2 ¼ ðp0 þ qÞ2 ¼ 2p0q −Q2;

dk0þd2k0⊥
k0þ

¼ 2π
dW2dQ2

2s
; ð2:6Þ

where p0, k, k0 and q are the proton, initial electron, final
electron and photon’s momenta and we integrated out the
azimuthal angle of the scattered electron with respect to the
initial electron via overall rotational invariance. The cross
section for diffractive dijet production reads

dσep ¼ 4πα

Q4
Jμν

dk0þd2k0⊥
ð2πÞ32k0þ

Iγp
Iep

dσμνγ�p: ð2:7Þ

Here

dσμνγ�p ¼ MμMν� dρp;jets
4Iγp

ð2:8Þ

is the γ�-proton cross section, obtained from the γ�-proton
scattering amplitude Mμ, and

Iγp
Iep

¼ y;

Jμν ¼
1

2
Trðk̂γμk̂0γνÞ ¼ 2ðkμk0ν þ k0μkν − ðkk0ÞgμνÞ: ð2:9Þ

The photon polarization vectors read
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eð0Þ ¼ Q
ðqp0Þ

�
p0 þ

ðqp0Þ
Q2

q

�
; eðyÞ ≡ eð−1Þ ¼ nffiffiffiffiffiffiffiffi

−n2
p ;

eðxÞ ≡ eð1Þ ¼ p̃qffiffiffiffiffiffiffiffiffi
−p̃2

q

q ; ð2:10Þ

where

nμ ¼ εμναβpν
qqαp

β
0; and

p̃q ≡ pq⊥ ¼ pq − q
ðp0pqÞ
ðp0qÞ

− p0

�ðqpqÞ
ðp0qÞ

þQ2ðp0pqÞ
ðp0qÞ2

�
:

ð2:11Þ
These polarization vectors obey the identity

exμex�ν þ eyμe
y�
ν ¼ e0μe0�ν − gμν þ

qμqν
q2

: ð2:12Þ

Hereafter, we label the polarizations using Latin indices,
while greek letters are used for Lorentz indices. We get

Jab ¼ ð−1ÞaþbJμνeðaÞ�μ eðbÞν

¼ 4ð−1ÞaþbðkeðaÞ�ÞðkeðbÞÞ − ð−1ÞaQ2δab: ð2:13Þ
Denoting

dσab ¼ dσμνγ�pe
ðaÞ
μ eðbÞ�ν ; ð2:14Þ

we thus have

Jμνdσ
μν
γ�p ¼ Jabdσab: ð2:15Þ

In our light-cone frame

p0 ¼ p−
0 n2; q ¼ pþ

γ n1 −
Q2

2pþ
γ
n2; W2 þQ2 ¼ 2p−

0p
þ
γ ;

ð2:16Þ

k ¼ pþ
e n1 þ

k⃗2

2pþ
e
n2 þ k⊥; ki⊥ ¼ jk⃗j

�
cosϕ

sinϕ

�
;

s ¼ 2pþ
e p−

0 ; k⃗2 ¼ Q2

y2
ȳ; ð2:17Þ

pq ¼ xpþ
γ n1 þ

p⃗2
q

2xpþ
γ
n2 þ pq⊥; p̃2

q ¼ −p⃗2
q;

n2 ¼ −p⃗2
q
ðysÞ2
4

: ð2:18Þ

It is the frame where the photon and the proton are back-to-
back, and the z axis is along the direction of the photon
momentum, see Fig. 1.
The photoproduction cross section [18] was calculated in

this frame. Hence

Jxx ¼ 2Q2

y2

�
ȳþ y2

2
þ ȳ cosð2ϕÞ

�
; J00 ¼ 4Q2

y2
ȳ;

ð2:19Þ

Jyy ¼ 2Q2

y2

�
ȳþ y2

2
− ȳ cosð2ϕÞ

�
;

J0x ¼ Jx0 ¼ 2Q2

y2
ð2 − yÞ ffiffiffī

y
p

cosϕ; ð2:20Þ

and

dσep ¼ αy
4π

dW2dQ2

sQ4
Jabdσabγ�p;

dσabγ�p ¼ dσabγ�p
dxdp⃗qdp⃗q̄

dxdp⃗qdp⃗q̄: ð2:21Þ

B. Hadronic part

The density matrix for the cross section in our frame was
obtained in (5.21–23) of Ref. [18]. To get the proper
normalization we have to multiply all cross sections in
Ref. [18] by 1

2ð2πÞ4 as is discussed in Appendix C. The LO

cross sections in our frame read, denoting x̄ ¼ 1 − x,

dσij0TT
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

2ð2πÞ4
αQ2

q

ð2πÞ4Nc

× ½ðð1− 2xÞ2 − 1ÞeðxÞieðxÞj − gij⊥�

×
1

p⃗2
qq̄

����
Z

d2p⊥ðp⃗qq̄p⃗Þ
p⃗2 þ xx̄Q2

F

�
p⊥ þpqq̄⊥

2

�����2;
ð2:22Þ

FIG. 1. Definition of the lepton and jet planes in the γ� − P
center-of-mass system. The jet plane contains the incoming γ�
and P, as well as the two produced jets, while the lepton plane
contains the incoming γ� and P, as well as the incoming and
outgoing leptons. The direct orthonormal basis ðex; ey; ezÞ is
defined so that ez points in the direction of the γ� while ey is
orthogonal to the jet plane. The direct orthonormal basis
ðux; uy; uzÞ is defined so that uz ¼ ez points in the direction of
the γ� while uy is orthogonal to the lepton plane.

R. BOUSSARIE et al. PHYS. REV. D 100, 074020 (2019)

074020-4



dσ0LL
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

2ð2πÞ4
4αQ2

q

ð2πÞ4Nc
x2x̄2Q2

����
Z

d2p⊥
p⃗2 þ xx̄Q2

F

�
p⊥ þ pqq̄⊥

2

�����2; ð2:23Þ

dσi0TLe
ðxÞ
i⊥

dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

2ð2πÞ4
2αemQ2

q

ð2πÞ4Nc

xx̄ðx̄ − xÞQffiffiffiffiffiffiffi
p⃗2
qq̄

q Z
d2p⃗1Fðp1⊥ þ pqq̄⊥

2
Þ

p⃗2
1 þ xx̄Q2

×

�Z
d2p⃗ðp⃗qq̄p⃗Þ
p⃗2 þ xx̄Q2

F

�
p⊥ þ pqq̄⊥

2

���
; ð2:24Þ

and the total transverse cross section reads

dσ0TT
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

2

1

2ð2πÞ4
αQ2

q

ð2πÞ4Nc
½ð1 − 2xÞ2 þ 1� 1

p⃗2
qq̄

����
Z

d2p⊥ðp⃗qq̄p⃗Þ
p⃗2 þ xx̄Q2

F

�
p⊥ þ pqq̄⊥

2

�����2: ð2:25Þ

As a result the convolution of the electron tensor and the photon cross section reads

Jab
dσabγ�p

dxdp⃗qdp⃗q̄

����
t¼0

¼ 4Q2

y2

�
dσ0TT

dxdp⃗qdp⃗q̄

����
t¼0

�
1þ ȳ2

2
−

xx̄
1 − 2xx̄

2ȳ cosð2ϕÞ
	

ð2:26Þ

þ ȳ
dσ0LL

dxdp⃗qdp⃗q̄

����
t¼0

þ ð2 − yÞ ffiffiffī
y

p
cosϕ

dσi0TLe
ðxÞ
i⊥

dxdp⃗qdp⃗q̄

����
t¼0

�
: ð2:27Þ

Here ϕ is the angle between the quark and the electron’s
transverse momenta in our frame, see Fig. 1. Experimen-
tally ϕ is the angle between the jet and the electron, and the
jet may come from the antiquark. Then the angle between
the quark and the electron is π − ϕ. Therefore one measures
the sum of the cross sections with the quark-electron angle
equal to ϕ and to π − ϕ. In this sum the interference term
σi0TL vanishes, σ0LL and σ0TT become twice bigger, and the
angle changes from 0 to π. Hence starting from here we will
omit the σi0TL contribution, understand ϕ as the angle
between the jet and the electron, ϕ ∈ ½0; π�, and double
σ0LL and σ0TT .
Next, we have to substitute a model for the hadronic

matrix elements F. We will use the Golec-Biernat–
Wüsthoff (GBW) [45] parametrization, which was formu-
lated in the coordinate space. To get the proper normali-
zation we Fourier transform (2.23) and compare it with
Eq. (4.48) in Ref. [42]. Using

1

⃗l2 þ a2
¼

Z
d2r

K0ðarÞ
2π

e−i⃗l r⃗; Fðk⃗Þ ¼
Z

dr⃗e−ik⃗ r⃗Fðr⃗Þ;

ð2:28Þ
we have

dσ0LL
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

2ð2πÞ4
4αQ2

q

Nc
x2x̄2Q2

×

����
Z

d2r
K0ð

ffiffiffiffiffi
xx̄

p
QrÞ

2π
ei

p⃗qq̄
2
r⃗Fðr⃗Þ

����2
ð2:29Þ

and

dσ0LL
dt

����
t¼0

¼ 1

2ð2πÞ4
4αQ2

q

Nc
π

Z
dxQ2x2x̄2

×
Z

d2rK0ð
ffiffiffiffiffi
xx̄

p
QrÞ2Fðr⃗Þ2: ð2:30Þ

Comparing it with (4.48) in Ref. [42], the GBW para-
metrization of the forward dipole matrix element in our
normalization reads

Fp0⊥p0⊥ðz⊥Þ¼
hP0ðp0

0ÞjTðTrðUz⊥
2
U†

−z⊥
2

Þ−NcÞjPðp0Þi
2πδðp−

000 Þ
����
p0→p0

0

¼Fðz⊥Þ¼Ncσ0ð1−e
− z⃗2

4R2
0Þ: ð2:31Þ

Here

R0 ¼
1

Q0

�
xP
a0

�λ
2

; ð2:32Þ

with

xP ¼ Q2 þM2 − t
Q2 þW2

: ð2:33Þ

which describes the fraction of the incident momentum lost
by the proton or carried by the pomeron. Neglecting the
t-channel exchanged momentum, we will write
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xP ¼ Q2 þM2

Q2 þW2
: ð2:34Þ

In the above model,

Q0 ¼ 1 GeV; σ0 ¼ 23.03 mb; λ ¼ 0.288;

a0 ¼ 3.04 × 10−4 ð2:35Þ

for 3 active flavors. The nonforward matrix element can be
written totally in the impact parameter space

Fp0⊥p00⊥ðz⊥Þ ¼
Z

db⃗e−ib⃗p⃗000Fb⃗ðz⊥Þ: ð2:36Þ

Here one can take a simple model [46] that the
b⃗-dependence factorizes into a Gaussian proton profile

Fb⃗ðz⊥Þ ¼
1

2πBG
e−

b⃗2
2BGF0ðz⊥Þ ¼

1

2πBG
e−

b⃗2
2BGNcσ0ð1− e

− z⃗2

4R2
0Þ

ð2:37Þ

with

BG ¼ 4 GeV−2: ð2:38Þ

We will need this function in the momentum space

Fp0⊥p00⊥ðp⊥Þ ¼
Z

dz⃗e−iz⃗ p⃗
Z

db⃗e−ib⃗p⃗000Fb⃗ðz⊥Þ

¼ Ncσ0½ð2πÞ2δðp⃗Þ − 4πR2
0e

−R2
0
p⃗2 �e−

BG
2
p⃗2

000

¼ Fðp⊥Þe−
BG
2
τ⃗2 ; ð2:39Þ

with

τ⃗ ¼ p⃗q þ p⃗q̄: ð2:40Þ

Therefore in (2.23) and (2.25)

Fðp⊥Þ ¼ ð2πÞ2Ncσ0

�
δðp⃗Þ − R2

0

π
e−R

2
0
p⃗2

�
: ð2:41Þ

Denoting

M⃗ ¼ ffiffiffiffiffi
xx̄

p �
p⃗q

x
−
p⃗q̄

x̄

�
; ð2:42Þ

we thus have

∂ðM⃗; τ⃗Þ
∂ðp⃗q; p⃗q̄Þ

¼ 1

xx̄
; ð2:43Þ

and

p⃗q ¼ xτ⃗ þ ffiffiffiffiffi
xx̄

p
M⃗; p⃗q̄ ¼ x̄ τ⃗−

ffiffiffiffiffi
xx̄

p
M⃗;

p⃗qq̄ ¼ ðx − x̄Þτ⃗ þ 2
ffiffiffiffiffi
xx̄

p
M⃗: ð2:44Þ

One then gets

dxdp⃗qdp⃗q̄ ¼ xx̄dxdM⃗dτ⃗ ¼ xx̄dx
dM2

2
dϕ

dτ2

2
dϕτ

¼ π

2BG
xx̄dxdM2dϕ: ð2:45Þ

Here ϕ is the relative angle between the jet and leptonic
planes. It is useful to introduce the Bjorken variable β
normalized to the Pomeron momentum, which reads

β ¼ Q2

Q2 þM2 − t
: ð2:46Þ

Neglecting the t-channel exchanged momentum (experi-
mentally, t could not be measured in ZEUS analysis, but
was presumably rather small), we will use the simplified
expression

β ¼ Q2

Q2 þM2
; ð2:47Þ

and thus, denoting β̄ ¼ 1 − β,

M2 ¼ Q2
β̄

β
: ð2:48Þ

We need the differential cross section in x, β and ϕ. From

dM2

dβ
¼ −

Q2

β2
; ð2:49Þ

we thus have

dxdp⃗qdp⃗q̄ →
Q2π

2β2BG
xx̄dxdβdϕ: ð2:50Þ

C. Experimental cuts

We will now consider the experimental setup of the
ZEUS collaboration. The HERA kinematics is such that
Ee− ¼ 27.5 GeV and Ep¼920GeV, i.e.,

ffiffiffi
s

p ¼ 318 GeV.
The phase space covered by the ZEUS collaboration
reads [15]

Wmin ¼ 90 GeV < W < Wmax ¼ 250 GeV;

Qmin ¼ 5 GeV < Q; ð2:51Þ

Mmin ¼ 5 GeV < M; xP < xPmax ¼ 0.01: ð2:52Þ

Hence, using Eq. (2.34) one has
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M2 < xPmaxW2 −Q2ð1 − xPmaxÞ: ð2:53Þ

For fixed β we have, using Eq. (2.48),

max

�
Q2

min;
β

β̄
M2

min

�
< Q2 <

xPmaxβ

1 − xPmaxβ
W2: ð2:54Þ

A careful study shows that

βmin ¼
Q2

min

xPmaxðW2
max þQ2

minÞ
;

βmax ¼
W2

maxxPmax −M2
min

xPmaxðW2
max −M2

minÞ
: ð2:55Þ

On the other hand, Eq. (2.54) leads to

max

�
W2

min;max

�
Q2

min;M
2
min

β

β̄

�
1 − xPmaxβ

xPmaxβ

�
< W2 < W2

max: ð2:56Þ

The inelasticity restriction reads

ymin ¼ 0.1 < y < ymax ¼ 0.65;

i.e.; ymins < Q2 þW2 < ymaxs: ð2:57Þ

Equations (2.54) and (2.57) thus result in the following
constraints for Q2:

max

�
Q2

min;M
2
min

β

β̄
; ymins −W2

�

< Q2 < min

�
xPmaxβ

1 − xPmaxβ
W2; ymaxs −W2

�
ð2:58Þ

One should note that in Eq. (2.58),

min

�
xPmaxβ

1 − xPmaxβ
W2; ymaxs −W2

�
¼ ymaxs −W2 ð2:59Þ

would mean that

1

xPmax

�
1 −

W2

ymaxs

�
< β < βmax ð2:60Þ

and thus, using the expression of βmax, see Eq. (2.55), that

ymaxs < W2
max þQ2

min: ð2:61Þ

For the experimental values of ZEUS, this is not satisfied,
and one can thus simplify the constraints (2.58) on Q2 as

max

�
Q2

min;M
2
min

β

β̄
; ymins −W2

�
< Q2 <

xPmaxβ

1 − xPmaxβ
W2:

ð2:62Þ

Similarly, Eqs. (2.54) and (2.57) result in the following
constraints for W2:

ð1− xPmaxβÞmax

�
ymins;

Q2
min

xPmaxβ
;
M2

min

xPmaxβ̄

�
<W2 <W2

max:

ð2:63Þ

Additionally, there is a restriction on the transverse
momentum of the jet

p > pmin ¼ 2 GeV: ð2:64Þ

In the t ¼ 0 limit, i.e., τ⃗ ¼ 0⃗, we have from Eq. (2.44)
p ¼ jp⃗qj ¼ jp⃗q̄j ¼

ffiffiffiffiffi
xx̄

p
M. Thus, the constraint (2.64)

reads

p2 ¼ xx̄M2 ¼ xx̄
β̄

β
Q2 > p2

min ð2:65Þ

and leads to the following restrictions on x:

x ∈ ½xmin; x̄min�≡
"
1

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
−
p2
minβ

Q2β̄

s
;
1

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
−
p2
minβ

Q2β̄

s #
:

ð2:66Þ

There is one more experimental cut imposed in Ref. [15].
It is the restriction on the jet rapidity ηmax ¼ 2, where the
rapidity is defined in the detector frame with the z axis
along the proton and electron velocities in the proton beam
direction. One can rewrite this cut as cut on xmin as well.
Indeed, one can transform momenta from the proton-
photon frame (2.16)–(2.18) to the detector frame. For
any vector l

lDet ¼ RxzΛxRxyΛzl; ð2:67Þ

Λz∶ lþ → λlþ; l− →
1

λ
l−;

Rxy ¼

0
BBB@

1

cosϕ sinϕ

− sinϕ cosϕ

1

1
CCCA; ð2:68Þ

Λx ¼

0
BBB@

γ βγ

βγ γ

1

1

1
CCCA; Rxz ¼

0
BBB@
1

cosα − sinα

1

sinα cosα

1
CCCA;

ð2:69Þ

where
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β ¼ − sin α; γ ¼ 1

cos α
; sin α ¼ k

2λpþ
e
: ð2:70Þ

Above, Λz is a boost along the z axis to reach the
γ� − P CM frame, Rxy is the transition matrix from
ðux; uyÞ to ðex; eyÞ, see Fig. 1, Λx is a boost along the
x axis to make the incoming proton and electron collinear,
and Rxz is the transition matrix from ðux; uzÞ to a frame
ðtx; tzÞ in which the incoming electron points along the
z direction.
After this transformation one gets

p0Det ¼
syffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2λypþ
e Þ2 −Q2ȳ

p n2;

kDet ¼
1

2y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2λypþ

e Þ2 −Q2ȳ
q

n1; ð2:71Þ

qDet ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2λypþ

e Þ2 −Q2ȳ
q

n1

−
Q2yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2λypþ
e Þ2 −Q2ȳ

p n2 −Q
ffiffiffī
y

p
ex⊥; ð2:72Þ

pqDet ¼
x
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2λypþ

e Þ2 −Q2ȳ
q

n1

þ p⃗2
q − 2xpqQ

ffiffiffī
y

p
cosϕþQ2x2ȳ

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2λypþ

e Þ2 −Q2ȳ
p

þ ðpq cosϕ −Qx
ffiffiffī
y

p Þex⊥ − pq sinϕey⊥: ð2:73Þ

In the detector frame

kþDet ¼
1

2y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2λypþ

e Þ2 −Q2ȳ
q

¼ Ee ¼ 27.5 GeV: ð2:74Þ

This condition fixes pþ
e or λ, the remaining parameter

representing freedom in z-boosts in the γ-proton frame.
Then pqDet’s rapidity reads

ηqDet ¼
1

2
ln

4E2
ex2y2

p⃗2
q − 2xpqQ

ffiffiffī
y

p
cosϕþQ2x2ȳ

> −ηmax;

ð2:75Þ

where we changed the sign to take into account the
propagation along the negative z direction. Indeed the z
axis in the ZEUS frame and in our frame are opposite, see
Fig. 2 for the axis conventions used by ZEUS.
Obviously, this constraint should be fulfilled for both

quark and the antiquark jets, i.e., Eq. (2.75) with x → x̄.
A careful inspection then shows that these two constraints
turn into

x; x̄ > x0 ¼ β̄
βð2Eey

Q Þ2 − 2βe−ηmax cosϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ȳðð2Eey

Q Þ2 − e−2ηmax ȳsin2ϕÞ
q

þ e−2ηmaxðβ̄ þ βȳ cosð2ϕÞÞ
2βȳðe−2ηmax β̄ cosð2ϕÞ − βð2Eey

Q Þ2Þ þ e2ηmaxðe−2ηmax β̄ þ βð2Eey
Q Þ2Þ2 þ β2e−2ηmax ȳ2

: ð2:76Þ

The minimal value for x is thus

x̃min ¼ maxðxmin; x0Þ; ð2:77Þ

with the additional constraint that x̃min < 1
2
. However as wewill show later, numerically this rapidity restriction is negligible.

Therefore we will include it only in the discussion of the final result.
Finally, one has to calculate

dσep
dβdϕ

¼ 2
α

β2BG

Z
W2

max

ð1−xPmaxβÞmax ðymins;
Q2
min

xPmaxβ
;
M2
min

xPmax β̄
Þ

dW2

2s

Z xPmaxβ
1−xPmaxβ

W2

max ðQ2
min;M

2
min

β
β̄
;ymins−W2Þ

dQ2

y

×
Z

x̄min

xmin

xx̄dx

�
ȳ

dσ0LL
dxdp⃗qdp⃗q̄

����
t¼0

þ dσ0TT
dxdp⃗qdp⃗q̄

����
t¼0

�
1þ ȳ2

2
−

2ȳxx̄
1 − 2xx̄

cosð2ϕÞ
	�

; ð2:78Þ

where ϕ ∈ ½0; π� and

FIG. 2. Conventions used by the ZEUS collaboration.
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dσ0LL
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

ðℏcÞ2
1

2ð2πÞ4
4αQ2

q

ð2πÞ4Nc
x2x̄2Q2

����
Z

d2p⊥F
�
p⊥ þ pqq̄⊥

2

�
1

p⃗2 þ xx̄Q2

����2; ð2:79Þ

dσ0TT
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

ðℏcÞ2
1

2ð2πÞ4
1

2

αQ2
q

ð2πÞ4Nc
½ð1 − 2xÞ2 þ 1� 1

p⃗2
qq̄

����
Z

d2p⊥F
�
p⊥ þ pqq̄⊥

2

� ðp⃗qq̄p⃗Þ
p⃗2 þ xx̄Q2

����2; ð2:80Þ

with

p⃗qq̄ ¼ 2
ffiffiffiffiffi
xx̄

p
me⃗ðxÞ ¼ 2

ffiffiffiffiffiffiffiffiffi
xx̄

β̄

β

s
Qe⃗ðxÞ; ð2:81Þ

Fðp⊥Þ ¼ ð2πÞ2Ncσ0

�
δðp⃗Þ − R2

0

π
e−R

2
0
p⃗2

�
¼ −ð2πÞ2Ncσ0

π
e−R

2
0
p⃗2 ∂
∂p2

: ð2:82Þ

Here we used the fact that FðpÞ is the kernel of an integral operator which acts on the impact factor as in Eqs. (2.79), (2.80).
The second equality in Eq. (2.82) holds for the integral kernels as can be checked by integration by parts.
The t-channel integrals can be simplified

Z
d2p⊥

p⃗2 þ xx̄Q2
F

�
p⊥ þ pqq̄⊥

2

�
¼

Z þ∞

0

πFðpÞdp2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxx̄Q2 þ p2 þ ðp⃗qq̄

2
Þ2Þ2 − 4p2ðp⃗qq̄

2
Þ2

q ð2:83Þ

¼ −Ncσ0

Z þ∞

0

dp2e−R
2
0
p⃗2 ∂
∂p2

ð2πÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxx̄Q2 þ p2 þ ðp⃗qq̄

2
Þ2Þ2 − 4p2ðp⃗qq̄

2
Þ2

q ; ð2:84Þ

1

jp⃗qq̄j
Z

d2p⊥ðp⃗qq̄p⃗Þ
p⃗2 þ xx̄Q2

F
�
p⊥ þ pqq̄⊥

2

�
¼

Z þ∞

0

dp2

2
FðpÞ

Z
dϕ

ðe⃗ðxÞ; p⃗ − p⃗qq̄

2
Þ

ðp⃗ − p⃗qq̄

2
Þ2 þ xx̄Q2

ð2:85Þ

¼ π

Z þ∞

0

dp2
FðpÞ
2
jp⃗qq̄j
2

0
B@ xx̄Q2 þ p2 − ðp⃗qq̄

2
Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxx̄Q2 þ p2 þ ðp⃗qq̄

2
Þ2Þ2 − 4p2ðp⃗qq̄

2
Þ2

q − 1

1
CA ð2:86Þ

¼ −ð2πÞ2Ncσ0

2
jp⃗qq̄j
2

Z þ∞

0

dp2e−R
2
0
p⃗2 ∂
∂p2

xx̄Q2 þ p2 − ðp⃗qq̄

2
Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxx̄Q2 þ p2 þ ðp⃗qq̄

2
Þ2Þ2 − 4p2ðp⃗qq̄

2
Þ2

q : ð2:87Þ

These integrals will be calculated numerically.

D. BFKL-like approximation

In our kinematics the saturation scale is much lower than all other scales. Indeed, we have

Q2
min þM2

min

Q2
min þW2

max
≃ 0.0008 < xP < 0.01; ð2:88Þ

Q2
s ¼

1

R2
0

< 0.8 GeV2 < p2
min ¼ 22 GeV2 ≪ Q2; M2 ∈ ½52; 252� GeV2: ð2:89Þ

It means that neglecting p2 in the denominator in (2.87) gives the error

∼
���� 2p2ðxx̄Q2 − ðp⃗qq̄

2
Þ2Þ

ðxx̄Q2 þ ðp⃗qq̄

2
Þ2Þ2

���� ≤ 2p2

xx̄Q2 þ p2
min

: ð2:90Þ
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Therefore at least with Oð Q2
s

p2
min
Þ precision one can neglect the t-channel momentum in the integrals and calculate them

analytically to get Z
d2p⊥

p⃗2þxx̄Q2
F

�
p⊥þ

pqq̄⊥
2

�
≃−ð2πÞ2Ncσ0

R2
0

ðp⃗qq̄

2
Þ2−xx̄Q2

ððp⃗qq̄

2
Þ2þxx̄Q2Þ3

¼−
ð2πÞ2Ncσ0
R2
0ðxx̄Þ2

M2−Q2

ðM2þQ2Þ3¼−ð2πÞ2Ncσ0ðβ̄−βÞβ2
Q4R2

0ðxx̄Þ2
; ð2:91Þ

and

Z
d2p⊥ðp⃗qq̄p⃗Þ
p⃗2 þ xx̄Q2

Fðp⊥ þ pqq̄⊥
2
Þ

jp⃗qq̄j
≃ −

Ncσ0
R2
0

ð2πÞ22 jp⃗qq̄j
2

xx̄Q2

ððp⃗qq̄

2
Þ2 þ xx̄Q2Þ3

¼ −
ð2πÞ2Ncσ0
R2
0ðxx̄Þ

3
2

2mQ2

ðM2 þQ2Þ3 ¼ −ð2πÞ2Ncσ02
ffiffiffī
β

p
β

5
2

Q3R2
0ðxx̄Þ

3
2

: ð2:92Þ

In this approximation the ep cross section (2.78) reads

dσep
dβdϕ

����
Born

¼ 2α2Q2
qNcσ

2
0

ð2πÞ4BGðℏcÞ2
Z

W2
max

ð1−xPmaxβÞmax ðymins;
Q2
min

xPmaxβ
;
M2
min

xPmax β̄
Þ

dW2

s

Z xPmaxβ
1−xPmaxβ

W2

max ðQ2
min;M

2
min

β
β̄
;ymins−W2Þ

dQ2

yR4
0Q

6

×
Z

x̄min

xmin

dx

�
ȳ
ðβ̄ − βÞ2β2

xx̄
þ ½ð1 − 2xÞ2 þ 1�

2

β̄β3

ðxx̄Þ2
�
1þ ȳ2

2
−

2ȳxx̄
1 − 2xx̄

cosð2ϕÞ
	�

: ð2:93Þ

Then the integral with respect to x can be performed analytically

dσep
dβdϕ

����
Born

¼ 4α2Q2
qNcσ

2
0

ð2πÞ4BGðℏcÞ2
Z

W2
max

ð1−xPmaxβÞmax ðymins;
Q2
min

xPmaxβ
;
M2
min

xPmax β̄
Þ

dW2

s

Z xPmaxβ
1−xPmaxβ

W2

max ðQ2
min;M

2
min

β
β̄
;ymins−W2Þ

dQ2

yR4
0Q

6

×

�
ȳðβ̄ − βÞ2β2 ln

�
x̄min

xmin

�
þ β̄β3

�
1þ ȳ2

2

1 − 2xmin

xminx̄min
− 2ȳ ln

�
x̄min

xmin

�
cosð2ϕÞ

	�
: ð2:94Þ

The results integrated with respect to ϕ ∈ ½0; π� are in
Fig. 3. As one can see the approximation errors are smaller
than the experimental ones.

E. Analysis of the LO result

Following Ref. [42], we rewrite (2.94) in terms of
diffractive structure functions FD. These functions are
defined through

dσep
dxBdQ2dxPdt

¼ 4πα2

xBQ4

�
1þ ȳ2

2
FDð4Þ
T þ ȳFDð4Þ

L

	
; ð2:95Þ

FDð4Þ
T;L ðxB;Q2; xP; tÞ ¼

dFD
T;L

dxPdt
¼ Q2

4π2α

dσγpT;L
dxPdt

;

FDð3Þ
T;L ¼

Z
0

−∞
dtFDð4Þ

T;L ; ð2:96Þ

where

xB ¼ Q2

2p0q
¼ Q2

W2 þQ2
¼ βxP ð2:97Þ

is the Bjorken variable. Since

dxB ¼ −
x2B
Q2

dW2; dxP ¼ −xP
dβ
β
; ð2:98Þ

one gets

xPF
Dð3Þ
T ¼ Q2

qNcσ
2
0

ð2πÞ4BGðℏcÞ2
β̄β4

Q2R4
0

1 − 2xmin

xminx̄min
; ð2:99Þ

xPF
Dð3Þ
L ¼ Q2

qNcσ
2
0

ð2πÞ4BGðℏcÞ2
ðβ̄ − βÞ2β3

Q2R4
0

ln

�
x̄min

xmin

�
; ð2:100Þ

which gives in the small β (M2 ≫ Q2) region

xPF
Dð3Þ
T ≃

σ20
BG

β4

Q2R4
0

Q2

p2
minβ

;

xPF
Dð3Þ
L ≃

σ20
BG

β3

Q2R4
0

ln

�
Q2

p2
minβ

�
: ð2:101Þ

R. BOUSSARIE et al. PHYS. REV. D 100, 074020 (2019)

074020-10



This behavior contradicts the known one [42]

xPF̃
Dð3Þ
T ∼

σ20ββ̄

BGR2
0

; xPF̃
Dð3Þ
L ∼

σ20
BG

β3

Q2R4
0

; ð2:102Þ

where we introduced F̃ to distinguish them from our result.
First, let us emphasize that our transverse structure

function FDð3Þ
T is correctly proportional to β̄. Indeed, since

the final qq̄ pair has opposite helicities, it carries angular
momentum as orbital momentum and its wave function
scales like p⊥ ∼M. Therefore it should vanish at M ¼ 0,
i.e., β ¼ 1.
Next, FDð3Þ

T is a higher twist correction compared to
(2.102) as it has an extra power of Q2R2

0 ≫ 1 in its
denominator. The origin of this suppression lies in the
fact that the dominant contribution to the transverse
cross section comes from the aligned jet configuration,
i.e., the region of x≲ 1

maxðQ2;M2ÞR2
0

≪ 1. We discuss it

in Appendix A. However in our kinematics (2.66),
(2.88)–(2.89)

1

M2R2
0

<
0.8 GeV2

M2
≪ xmin ¼

1

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
−
4 GeV2

M2

r
;

ð2:103Þ

which for the largest M2 ≃ 252 GeV2 gives

1

M2R2
0

≃ 0.001 ≪ xmin ≃ 0.006: ð2:104Þ

Therefore the current experimental setup does not let us
probe the leading twist contribution to the transverse cross
section. In other words the experimental cuts kill the
leading twist aligned jets which come from the saturation
region. As a result we are left with the subleading twist
perturbative BFKL-like (σ ∼ s2λ) behavior (2.94). One can
also feel that the experiment sees only the subleading twist
contribution from Fig. 6(d) in Ref. [15] where they cut off
the p⊥ distribution peak.
The longitudinal structure function is subleading to the

transverse one in twist (2.102). The whole 0 < x < 1 range
contributes to it. Therefore the experimental cuts only
change the β-dependence of the result.

III. REAL CORRECTIONS IN THE kt
JET ALGORITHM

A. Exclusive kt jet algorithm for three partons

Let us recall the parametrization of the momenta of
the 3 outgoing partons. For the 3 particles with the
momenta

FIG. 3. Longitudinal (L) and both transverse and longitudinal photon contributions to the dijet cross section calculated exactly from
LO formulas (2.84)–(2.87) and in the small Qs approximation (2.91)–(2.92).
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pq ¼ xqpþ
γ n1 þ

p⃗2
q

2xqpþ
γ
n2 þ pq⊥;

pq̄ ¼ xq̄pþ
γ n1 þ

p⃗2
q̄

2xq̄pþ
γ
n2 þ pq̄⊥; ð3:1Þ

pg ¼ zpþ
γ n1 þ

p⃗2
g

2zpþ
γ
n2 þ pg⊥; p ¼ pq þ pq̄ þ pg;

M2 ¼ p2; ð3:2Þ

in the c.m.f.

p ¼ pþ
γ n1 þ

M2

2pþ
γ
n2; pþ

γ ¼ M
2
: ð3:3Þ

The distance between two particles according to the kt
algorithm [43] reads

dij ¼ 2 minðE2
i ; E

2
jÞ
1 − cos θij

M2
¼ min

�
Ei

Ej
;
Ej

Ei

�
2pipj

M2

¼ min

�
pip
pjp

;
pjp

pip

�
2pipj

M2
: ð3:4Þ

Here Ei;j, θij are the particle’s energies and the relative
angle between them in c.m.f. Two particles belong to one
jet if dij < ycut. In our case ycut ¼ 0.15 [15].
One introduces the variables

xi ¼ 2
Ei

M
¼ 2ppi

M2
≤ 1; ð3:5Þ

which satisfy

X
i¼q;q̄;g

xi ¼ 2;
2pipj

M2
¼ 1 − xk ¼ x̄k;

dij ¼ min

�
xi

xj
;
xj

xi

�
ð1 − xkÞ: ð3:6Þ

In our variables

ðxq̄p⃗q − xqp⃗q̄Þ2
xqxq̄M2

¼ 1 − xg ¼
ðp − pgÞ2

M2

¼ ðpq þ pq̄Þ2
M2

¼ 2pqpq̄

M2
; ð3:7Þ

ðxq̄p⃗g − zp⃗q̄Þ2
zxq̄M2

¼ 1 − xq;
ðzp⃗q − xqp⃗gÞ2

xqzM2
¼ 1 − xq̄;

ð3:8Þ

and using

x̄q þ x̄q̄ þ x̄g ¼ 1 ð3:9Þ

we have

M2 ¼ ðxq̄p⃗g − zp⃗q̄Þ2
zxq̄

þ ðzp⃗q − xqp⃗gÞ2
xqz

þ ðxq̄p⃗q − xqp⃗q̄Þ2
xqxq̄

:

ð3:10Þ

In the c.m.f. we also have

xq þ xq̄ þ z ¼ 1; p⃗g þ p⃗q þ p⃗q̄ ¼ 0: ð3:11Þ

B. Quark+gluon or antiquark+gluon in one jet

The integral over the area covered by regions 1–4 in
Fig. 4 gives the contribution of configurations where the
antiquark and the gluon form one jet, jet i.e., when the
gluon and the antiquark are almost collinear to each other.
The other jet is then formed by the quark. So we have

p⃗j ¼ p⃗q; xj ¼ xq; p⃗j̄ ¼ p⃗q̄ þ p⃗g;

xj̄ ¼ xq̄ þ z; Δ⃗q ¼
xq̄p⃗g − zp⃗q̄

xq̄ þ z
; ð3:12Þ

x̄q ∼ Δ⃗2
q

x2j̄
zðxj̄ − zÞ

xj̄xj
p⃗j

2
< fðxq̄Þ ∼Oð ffiffiffiffiffiffiffi

ycut
p Þ;

x̄q̄ ¼
z
xj̄

þOðy1=4cut Þ; ð3:13Þ

x̄g ¼
xq̄
xj̄

þOðy1=4cut Þ;M2 ¼ p⃗2
j

xjxj̄
½1þOð ffiffiffiffiffiffiffi

ycut
p Þ�; ð3:14Þ

which follows from (3.7)–(3.10). Here f describes the inner
border of Regions 1–4 along the curve connecting the
points (1,1), A, B, C, (1,0).
The cross section for qq̄g production has a contribution

dσ3 with 2 dipole operators, a contribution dσ4 with a
dipole operator and a double dipole operator, and a
contribution dσ5 with 2 double dipole operators (see
(6.5–6.8) in Ref. [18]),

dσðqq̄gÞ ¼ dσ3 þ dσ4 þ dσ5: ð3:15Þ

Here dσ3 describes final state interaction and contains
collinear and soft singularities while dσ4 and dσ5 are finite.
Collinear singularities lie at xq ¼ 1 and xq̄ ¼ 1 and the soft
one is in the corner xq ¼ xq̄ ¼ 1 in Fig. 4. In this paper we
will work only with the singular part of dσ3, where (see
(7.8) of Ref. [18])

dσ3ðxq; p⃗qÞjcol ¼ dσðxj; p⃗jÞjBornαs
Γð1 − ϵÞ
ð4πÞ1þϵ

N2
c − 1

2Nc
nj;

ð3:16Þ
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and the collinear factor nj̄ (see (7.9) in [18]) reads

nj̄ ¼
μ−2ϵ

Γð1 − ϵÞπd
2

Z
xj̄

α

dz
z

Z
Δ⃗2

q<fðxj̄−zxj̄
Þzðxj̄−zÞ

x2
j̄

p⃗j
2

xj̄xj

ddΔ⃗q
dz2 þ 4xj̄ðxj̄ − zÞ

x2j̄ Δ⃗
2
q

: ð3:17Þ

Here we modified the integration area in nj̄ according to kt jet algorithm whereas in Ref. [18] we used cone algorithm. After
integration we get

nj̄ þ nj ¼ 4

��
ln

�
M2

μ2

�
þ 1

ϵ

��
ln

�
xjxj̄
α2

�
−
3

2

�
−
1

2
ln2

�
xjxj̄
α2

�
−
1

2
ln2

�
xj
xj̄

�
þ wðycutÞ

�
; ð3:18Þ

where

wðycutÞ ¼ 2Li2

�
−

y0
2ycut

�
− Li2

�
y20
4ycut

�
þ 2Li2

�
1 − y0
1 − ycut

�
þ Li2ðycutÞ

þ 2Li2ð1 − y0Þ − ln2
y0
2
þ ln 2

�
2 lnð1 − y0Þ −

5y2cut
2

þ 7ycut −
9

2

�
−
2π2

3

þ ln ycut

�
y20 þ 2y0 − 3y2cut þ 6ycut − 3

2
þ 2 lnð1 − y0Þ

�
−
y20 þ 2y0 þ 3

2
ln
y0
2

þ y2cut þ 2ycut − y0ðy0 þ 2Þ
2

lnðy0 − ycutÞ þ
3 − y2cut − 2ycut

2
lnð1 − ycutÞ

þ 6y3cut þ y2cutðy0 − 20Þ þ 2ycutðy20 þ 7y0 þ 16Þ þ y0ðy20 þ 10y0 þ 14Þ
4ð2ycut þ y0Þ

þ ln2
�
1 − ycut
1 − y0

�
þ 3

2
ð1 − ycutÞ2 lnð2ycut þ y0Þ þ

1

2
ðy20 þ 2y0 − 3Þ lnð1 − y0Þ: ð3:19Þ

Here

FIG. 4. Dalitz plot for 2-3 jet separation in the exclusive kt algorithm [43]. Regions 1–4 comprise the area of q − ðq̄gÞ dipole
configuration, i.e., collinear antiquark and gluon. The dissection of the q − ðq̄gÞ dipole area covering the curved polygon with the
vertices ð1; 1Þ; A; B; C; ð1; 0Þ into regions is arbitrary. We found the tessellation depicted here convenient for integration.
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y0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ycutðycut þ 8Þp

− ycut
2

: ð3:20Þ

This result cancels soft and collinear singularities in the
virtual part and we get instead of (7.24) in Ref. [18]

SR ¼ nj̄ þ nj þ SV þ S�V ð3:21Þ

¼ 4

�
−
1

2
ln2

�
xj
xj̄

�
þ wðycutÞ þ 3 −

π2

6

�����
ycut¼0.15

¼ 4

�
−
1

2
ln2

�
xj
xj̄

�
þ 1.33

�
: ð3:22Þ

In the small ycut approximation

SR ¼ 4

�
−
1

2
ln2

�
xj
xj̄

�
−
1

2
ln2ycut −

3

2
ln ycut

−
7π2

12
þ 13

2
− ln 8

�
þOð ffiffiffiffiffiffiffi

ycut
p Þ: ð3:23Þ

The remaining contributions of dσ3, dσ4, and dσ5 are
suppressed in ycut. Therefore the contribution of the soft

and collinear gluons to the cross section after cancellation
of divergencies with the virtual part reads

dσ3ðxq; p⃗qÞjcol ¼ dσ0ðxj; p⃗jÞ
αs
4π

N2
c − 1

2Nc
SR þOð ffiffiffiffiffiffiffi

ycut
p Þ:

ð3:24Þ
Nevertheless Oð ffiffiffiffiffiffiffi

ycut
p Þ corrections for ycut ¼ 0.15 are

substantial, e.g., the next (numerically largest) correction
to SR reads

SR ¼ 4

�
−
1

2
ln2

�
xj
xj̄

�
− 0.29þ 4

ffiffiffiffiffiffiffiffiffiffi
2ycut

p �
þOðycutÞ;

4
ffiffiffiffiffiffiffiffiffiffi
2ycut

p
≃ 2.19: ð3:25Þ

It means that leading in ycut contribution is numerically of
the same order as Oð ffiffiffiffiffiffiffi

ycut
p Þ corrections. But corrections of

this order come from all other contributions to the cross
section, i.e., the remaining part of dσ3, dσ4, and dσ5
integrated over the whole 3–jet area (regions 1–6).
Therefore the result for SR alone can not be a good
approximation. It has importance rather as a subtraction
term for future full numerical calculation.
Nevertheless using Eq. (2.93),

dσ3
dβdϕ

����
col

¼ 2α2Q2
qNcσ

2
0

ð2πÞ4BGðℏcÞ2
αs
π

N2
c − 1

2Nc

Z
W2

max

ð1−xPmaxβÞmax ð0.1s; Q2
min

xPmaxβ
;
Q2
min

xPmax β̄
Þ

dW2

s

Z xPmaxβ
1−xPmaxβ

W2

max ðQ2
min;Q

2
min

β
β̄
;0.1s−W2Þ

dQ2

yR4
0Q

6

×
Z

x̄min

xmin

dx

�
ȳ
ðβ̄ − βÞ2β2

xx̄
þ ½ð1 − 2xÞ2 þ 1�

2

β̄β3

ðxx̄Þ2
�
1þ ȳ2

2
−

2ȳxx̄
1 − 2xx̄

cosð2ϕÞ
	�

×

�
wðycutÞ þ 3 −

π2

6
−
1

2
ln2

�
x̄
x

��
: ð3:26Þ

FIG. 5. Born (2.94) and collinear correction (3.27) to e-p cross section.
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Then the x integral is doable analytically, see Eq. (2.94)

dσep
dβdϕ

����
col

¼ αs
π

N2
c − 1

2Nc

�
wðycutÞ þ 3 −

π2

6

�
dσep
dβdϕ

����
Born

þ 2α2Q2
qNcσ

2
0

ð2πÞ4BGðℏcÞ2
Z

W2
max

ð1−xPmaxβÞmax ð0.1s; Q2
min

xPmaxβ
;
Q2
min

xPmax β̄
Þ

dW2

s

Z xPmaxβ
1−xPmaxβ

W2

max ðQ2
min;Q

2
min

β
β̄
;0.1s−W2Þ

dQ2

yR4
0Q

6

×
αs
π

N2
c − 1

2Nc

�
−
1

3
ln3

�
x̄min

xmin

�
ðȳðβ̄ − βÞ2β2 − 2ȳ β̄ β3 cosð2ϕÞÞ

þ β̄β3
1þ ȳ2

2

2ð1 − 2xminx̄minÞ lnðx̄min
xmin

Þ − ð1 − 2xminÞðln2ðx̄min
xmin

Þ þ 2Þ
xminx̄min

�
: ð3:27Þ

The result is given in Fig. 5. One may notice a sharp
corner of the graph at β ¼ 0.5. It is related to the change of
the functional dependence on β in the limits of Q and W
integrations of the cross section at β ¼ 0.5, which is a
consequence of the HERA cuts.

C. Quark + antiquark in one jet

The integral over the area covered by regions 1–4 in
Fig. 6 is ∼ ffiffiffiffiffiffiffi

ycut
p

. These regions cover the configurations
with a collinear quark-antiquark pair. However, this con-
tribution may be enhanced in the large produced mass M
limit thanks to the t-channel gluon in the impact factor.

In this picture collinear qq̄ configurations cover regions
1–4, where

p⃗j ¼ p⃗g; xj ¼ z; p⃗j̄ ¼ p⃗q̄ þ p⃗q;

xj̄ ¼ xq̄ þ xq; Δ⃗g ¼
xq̄p⃗q − xqp⃗q̄

xq̄ þ xq
; ð3:28Þ

x̄g ∼ Δ⃗2
g

x2j̄
xqðxj̄ − xqÞ

xj̄xj
p⃗j

2
< fðxgÞ ∼Oð ffiffiffiffiffiffiffi

ycut
p Þ;

x̄q̄ ¼
xq
xj̄

þOðy1=4cut Þ; ð3:29Þ

FIG. 6. Dalitz plot for 2-3 jet separation in kt exclusive algorithm [43]. Regions 1–4 comprise the area of gluon—(qq̄) dipole
configuration.
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x̄q ¼
xq̄
xj̄

þOðy1=4cut Þ; M2 ¼ p⃗2
j

xjxj̄
½1þOð ffiffiffiffiffiffiffi

ycut
p Þ�; ð3:30Þ

which follows from (3.7)–(3.10).
The cross section for qq̄g production has a contribution

dσ3 with 2 dipole operators, a contribution dσ4 with a
dipole operator and a double dipole operator, and a con-
tribution dσ5 with 2 double dipole operators (see (6.5–6.8)
in Ref. [18]), see Appendix C for proper normalization,

dσðqq̄gÞ ¼ dσ3 þ dσ4 þ dσ5: ð3:31Þ

Since the photon in the initial state can appear with different
polarizations, the various cross sections are labeled as

dσJI ¼
�
dσLL dσLT
dσTL dσTT

�
; dσTL ¼ dσ�LT: ð3:32Þ

The dipole × dipole contribution reads

dσ3JI ¼ αs
N2

c − 1

Nc

1

2ð2πÞ4
αemQ2

q

ð2πÞ4Nc

ðp−
0 Þ2

s2xqxq̄
εIαε

�
Jβdxqdxq̄d

2pq⊥d2pq̄⊥
dzd2pg⊥
zð2πÞ2

× δð1 − xq − xq̄ − zÞ
Z

d2p1⊥d2p2⊥d2p0
1⊥d2p0

2⊥δðpq1⊥ þ pq̄2⊥ þ pg⊥Þ

× δðp110⊥ þ p220⊥ÞΦα
3ðp1⊥; p2⊥ÞΦβ�

3 ðp0
1⊥; p0

2⊥ÞF
�
p12⊥
2

�
F�

�
p1020⊥
2

�
: ð3:33Þ

The dipole × double dipole contribution reads

dσ4JI ¼
1

2ð2πÞ4 αs
αemQ2

q

ð2πÞ4Nc

ðp−
0 Þ2

s2xqxq̄
ðεIαε�JβÞdxqdxq̄d2pq⊥d2pq̄⊥

dzd2pg⊥
zð2πÞ2 δð1 − xq − xq̄ − zÞ

×
Z

d2p1⊥d2p2⊥d2p0
1⊥d2p0

2⊥
d2p3⊥d2p0

3⊥
ð2πÞ2 δðpq1⊥ þ pq̄2⊥ þ pg3⊥Þδðp110⊥ þ p220⊥ þ p330⊥Þ

×

�
Φα

3ðp1⊥; p2⊥ÞΦβ�
4 ðp0

1⊥; p0
2⊥; p0

3⊥ÞF
�
p12⊥
2

�
F̃�

�
p1020⊥
2

; p0
3⊥
�
δðp3⊥Þ

þΦα
4ðp1⊥; p2⊥; p3⊥ÞΦβ�

3

�
p1020⊥
2

�
F̃

�
p12⊥
2

; p3⊥
�
F�

�
p1020⊥
2

�
δðp0

3⊥Þ
�
: ð3:34Þ

The double dipole × double dipole contribution to the 3 jet cross section reads

dσ5JI ¼
1

2ð2πÞ4 αs
αemQ2

q

ð2πÞ4
ðp−

0 Þ2
s2xqxq̄

ðεIαε�JβÞ
N2

c − 1
dxqdxq̄d2pq⊥d2pq̄⊥

dzd2pg⊥
zð2πÞ2 δð1 − xq − xq̄ − zÞ

×
Z

d2p1⊥d2p2⊥d2p0
1⊥d2p0

2⊥
d2p3⊥d2p0

3⊥
ð2πÞ4 δðpq1⊥ þ pq̄2⊥ þ pg3⊥Þδðp110⊥ þ p220⊥ þ p330⊥Þ

×Φα
4ðp1⊥; p2⊥; p3⊥ÞΦβ�

4 ðp0
1⊥; p0

2⊥; p0
3⊥ÞF̃p0⊥p0

0⊥

�
p12⊥
2

; p3⊥
�
F̃�
p0⊥p0

0⊥

�
p1020⊥
2

; p0
3⊥
�
: ð3:35Þ

Here the impact factors are given in Ref. [18] and in Appendix B, whereas the hadronic matrix elements are given by
Eq. (5.3) of Ref. [18]. Changing variables

p⃗q; p⃗q̄; p⃗g; xq; z → p⃗ ¼ p⃗q þ p⃗q̄ þ p⃗g; p⃗j; Δ⃗g; xq; xj; ð3:36Þ

one gets

dσ3JI ¼ αs
N2

c − 1

N2
c

1

2ð2πÞ4
αemQ2

q

ð2πÞ4
ðp−

0 Þ2
s2

ðεIαε�JβÞ
dxqdp⃗jdp⃗dΔ⃗g

xqð1 − xq − xjÞ
dxj

xjð2πÞ2
Z

d2p1⊥d2p2⊥d2p0
1⊥d2p0

2⊥δðp⃗1 þ p⃗2 − p⃗Þ

× δðp110⊥ þ p220⊥ÞΦα
3ðp1⊥; p2⊥ÞΦβ�

3 ðp0
1⊥; p0

2⊥ÞFp0⊥;p0⊥−p⊥

�
p12⊥
2

�
F�
p0⊥;p0⊥−p⊥

�
p1020⊥
2

�
; ð3:37Þ
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dσ4JI ¼ αs
1

2ð2πÞ4
αemQ2

q

ð2πÞ4
ðp−

0 Þ2
s2

ðεIαε�JβÞ
Nc

dxq
xqð1 − xq − xjÞ

dxj
xjð2πÞ2

dp⃗jdp⃗dΔ⃗g

×
Z

d2p1⊥d2p2⊥d2p0
1⊥d2p0

2⊥
d2p3⊥d2p0

3⊥
ð2πÞ2 δðp⃗1 þ p⃗2 þ p⃗3 − p⃗Þδðp110⊥ þ p220⊥ þ p330⊥Þ

×

�
Φα

3ðp1⊥; p2⊥ÞΦβ�
4 ðp0

1⊥; p0
2⊥; p0

3⊥ÞFp0⊥;p0⊥−p⊥

�
p12⊥
2

�
F̃�
p0⊥;p0⊥−p⊥

�
p1020⊥
2

; p0
3⊥
�
δðp3⊥Þ

þΦα
4ðp1⊥; p2⊥; p3⊥ÞΦβ�

3

�
p1020⊥
2

�
F̃p0⊥;p0⊥−p⊥

�
p12⊥
2

; p3⊥
�
F�
p0⊥;p0⊥−p⊥

�
p1020⊥
2

�
δðp0

3⊥Þ
�
; ð3:38Þ

dσ5JI ¼ αs
1

2ð2πÞ4
αemQ2

q

ð2πÞ4
ðp−

0 Þ2
s2

ðεIαε�JβÞ
N2

c − 1

dxq
xqð1 − xj − xqÞ

dxj
xjð2πÞ2

dp⃗jdp⃗dΔ⃗g

×
Z

d2p1⊥d2p2⊥d2p0
1⊥d2p0

2⊥
d2p3⊥d2p0

3⊥
ð2πÞ4 δðp⃗1 þ p⃗2 þ p⃗3 − p⃗Þδðp110⊥ þ p220⊥ þ p330⊥Þ

×Φα
4ðp1⊥; p2⊥; p3⊥ÞΦβ�

4 ðp0
1⊥; p0

2⊥; p0
3⊥ÞF̃p0⊥;p0⊥−p⊥

�
p12⊥
2

; p3⊥
�
F̃�
p0⊥;p0⊥−p⊥

�
p1020⊥
2

; p0
3⊥
�
: ð3:39Þ

The hadronic matrix elements can be written as (see (5.2–5.8) in Ref. [18])

2πδðp−
000 ÞF̃p0⊥p0

0⊥

�
p12⊥
2

; p3⊥
�

¼ 2πδðp−
000 ÞNcð2πÞ2

�
δðp⃗2ÞFp0⊥p0

0⊥

�
p13⊥
2

�
þ δðp⃗1ÞFp0⊥p0

0⊥

�
p32⊥
2

�
− δðp⃗3ÞFp0⊥p0

0⊥

�
p12⊥
2

��

þ
Z

dx⃗dy⃗e−i½ð
x⃗−y⃗
2
·p⃗12Þþðx⃗þy⃗

2
·p⃗3Þ�

× hP0ðp0
0ÞjT

��
Tr

�
Ux−y

2
U†

xþy
2

�
− Nc

��
Tr

�
Uxþy

2
U†

y−x
2

�
− Nc

��
jPðp0Þi: ð3:40Þ

As a first approximation one may neglect the nonlinear term. Then we have

F̃p0⊥p0
0⊥

�
p12⊥
2

; p3⊥
�
≃ Ncð2πÞ2

�
δðp⃗2ÞFp0⊥p0

0⊥

�
p13⊥
2

�
þ δðp⃗1ÞFp0⊥p0

0⊥

�
p32⊥
2

�
− δðp⃗3ÞFp0⊥p0

0⊥

�
p12⊥
2

��
ð3:41Þ

¼ Ncð2πÞ2½δðp⃗2ÞF
�
p13⊥
2

�
þ δðp⃗1ÞF

�
p32⊥
2

�
− δðp⃗3ÞF

�
p12⊥
2

��
e−

BG
2
p⃗2 ð3:42Þ

¼ −4πð2πÞ2N2
cσ0

�
δðp⃗2Þe−R2

0
p⃗2
1

∂
∂p2

1

þ δðp⃗1Þe−R2
0
p⃗2
3

∂
∂p2

3

− δðp⃗3Þe−R2
0
p⃗2
2

∂
∂p2

2

�
e−

BG
2
p⃗2

: ð3:43Þ

Intrinsically this assumes large Nc approximation so that we will neglect 1 in N2
c − 1. Integrating with respect to p⃗ viaZ

e−BGp⃗2

dp⃗ ¼ π

BG
ð3:44Þ

and substituting

dxjdp⃗j ¼ dxjdϕ
dp⃗2

j

2
→ dϕ

dβ
2β2

Q2

Z
xmax

xmin

xjxj̄dxj; ð3:45Þ

one gets
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dσ3JI
dβdϕ

¼ 1

2
N2

cσ
2
0

αsαemQ2
q

ð2πÞ7BG

ðp−
0 Þ2Q2

s2β2
ðεIαε�JβÞ

Z
xmax

xmin

xj̄dxj

Z
Regions 1-4

dxqdΔ⃗g

xqð1 − xq − xjÞ

×
Z

d2p1⊥d2p0
1⊥e−R

2
0
p⃗2
1

∂
∂p2

1

Φα
3ðp1⊥;−p1⊥Þe−R2

0
p⃗02
1

∂
∂p02

1

Φβ�
3 ðp0

1⊥;−p0
1⊥Þ; ð3:46Þ

dσ4JI
dβdϕ

¼ 1

2
N2

cσ
2
0

αsαemQ2
q

ð2πÞ7BG

ðp−
0 Þ2Q2

s2β2
ðεIαε�JβÞ

Z
xmax

xmin

xj̄dxj

Z
Regions 1-4

dxqdΔ⃗g

xqð1 − xq − xjÞ

×
Z ��

δðp⃗0
2Þe−R

2
0
p⃗02
1

∂
∂p02

1

þ δðp⃗0
1Þe−R

2
0
p⃗02
3

∂
∂p02

3

− δðp⃗0
3Þe−R

2
0
p⃗02
2

∂
∂p02

2

�
Φβ�

4 ðp0
1⊥; p0

2⊥; p0
3⊥Þ

× e−R
2
0
p⃗2
1

∂
∂p2

1

Φα
3ðp1⊥; p2⊥Þδðp3⊥Þ þ e−R

2
0
p⃗02
1

∂
∂p02

1

Φβ�
3

�
p1020⊥
2

�
δðp0

3⊥Þ

×

�
δðp⃗2Þe−R2

0
p⃗2
1

∂
∂p2

1

þ δðp⃗1Þe−R2
0
p⃗2
3

∂
∂p2

3

− δðp⃗3Þe−R2
0
p⃗2
2

∂
∂p2

2

�
Φα

4ðp1⊥; p2⊥; p3⊥Þ
�

× d2p1⊥d2p2⊥d2p3⊥d2p0
1⊥d2p0

2⊥d2p0
3⊥δðp⃗1 þ p⃗2 þ p⃗3Þδðp110⊥ þ p220⊥ þ p330⊥Þ; ð3:47Þ

dσ5JI
dβdϕ

¼ 1

2
N2

cσ
2
0

αsαemQ2
q

ð2πÞ7BG

ðp−
0 Þ2Q2

s2β2
ðεIαε�JβÞ

Z
xmax

xmin

xj̄dxj

Z
Regions 1-4

dxqdΔ⃗g

xqð1 − xj − xqÞ

×
Z �

δðp⃗2Þe−R2
0
p⃗2
1

∂
∂p2

1

þ δðp⃗1Þe−R2
0
p⃗2
3

∂
∂p2

3

− δðp⃗3Þe−R2
0
p⃗2
2

∂
∂p2

2

�
Φα

4ðp1⊥; p2⊥; p3⊥Þ

×

�
δðp⃗0

2Þe−R
2
0
p⃗02
1

∂
∂p02

1

þ δðp⃗0
1Þe−R

2
0
p⃗02
3

∂
∂p02

3

− δðp⃗0
3Þe−R

2
0
p⃗02
2

∂
∂p02

2

�
Φβ

4ðp0
1⊥; p0

2⊥; p0
3⊥Þ�

× d2p1⊥d2p2⊥d2p3⊥d2p0
1⊥d2p0

2⊥d2p0
3⊥δðp⃗1 þ p⃗2 þ p⃗3Þδðp110⊥ þ p220⊥ þ p330⊥Þ: ð3:48Þ

First, one has to integrate these expressions over the area covered by Regions 1–4 in the Dalitz plot (Fig. 6). In terms of the
plot variables x the integral reads

Z
Regions 1-4

dxgdxq ¼
Z
Regions 1-4

dxgdxq̄ ¼
�Z

1

1−y0
dx̄q

Z xq
2

0

dx̄g þ
Z

1−y0

1−ycut
2

dx̄q

Z ycut x̄q
xq−ycut

0

dx̄g þ ðxq ↔ xq̄Þ
�

−
Z 1þycut

2

1−ycut
2

dx̄q

Z 1þycut
2

−x̄q

0

dx̄g: ð3:49Þ

Since the impact factor is symmetric with respect to q ↔ q̄ interchange, one can rewrite the latter expression as

Z
Regions 1-4

dxgdxq ¼ 2

Z
1

1−y0
dx̄q

Z xq
2

0

dx̄g þ 2

Z
1−y0

1−ycut
2

dx̄q

Z ycut x̄q
xq−ycut

0

dx̄g −
Z 1þycut

2

1−ycut
2

dx̄q

Z 1þycut
2

−x̄q

0

dx̄g: ð3:50Þ

The impact factors are not singular as Δg ≡ jΔ⃗gj → 0 and Δ⃗2
g ∼ x̄g. Therefore to get the leading in

ffiffiffiffiffiffiffi
ycut

p
contribution, one

can put Δg ¼ 0 in them and integrate with respect to Δg

Z
Regions 1-4

dxqdΔ⃗g ¼
p⃗j

2

xj̄xj
πxj̄

Z
Regions 1-4

dxgdxq̄
xqðxj̄ − xqÞ

x2j̄

¼ 2π
p⃗j

2

xj̄xj

Z
xj̄

xj̄ð1−y0Þ
dxq

1

2

xj̄ − xq
xj̄

xqðxj̄ − xqÞ
x2j̄

þ 2π
p⃗j

2

xj̄xj

Z
xj̄ð1−y0Þ

xj̄
1−ycut

2

dxqycut
1 − xj̄−xq

xj̄
xj̄−xq
xj̄

− ycut

xqðxj̄ − xqÞ
x2j̄

þOðycutÞ: ð3:51Þ
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Next, we will work in the smallQs approximation as we did for the LO impact factor [see Eqs. (2.88)–(2.92)]. It means that
after integrating out delta-functions and calculating derivatives in Eqs. (3.46)–(3.48), one takes the angular integrals of the
remaining t-channel momenta (p⃗ð0Þ

1 , p⃗ð0Þ
2 , or p⃗ð0Þ

3 ) and neglects their absolute values everywhere except in the exponents.
Then the exponential integrals are calculated straightforwardly giving

Rþ∞
0 dp2e−R

2
0
p2 ¼ 1

R2
0

. As a result one has the

following cross sections

dσLL
dβdϕ

¼ 1

2
N2

cσ
2
0

αsαemQ2
q

ð2πÞ4BG

ffiffiffiffiffiffiffiffiffiffi
2ycut

p
R4
0Q

4
aþOðycutÞ; ð3:52Þ

dσijTT
dβdϕ

¼ 1

2
N2

cσ
2
0

αsαemQ2
q

ð2πÞ4BG

ffiffiffiffiffiffiffiffiffiffi
2ycut

p
R4
0Q

4
ðcgij⊥ þ beðxÞieðxÞjÞ þOðycutÞ; ð3:53Þ

a ¼ a3 þ a4 þ a5; b ¼ b3 þ b4 þ b5; c ¼ c3 þ c4 þ c5: ð3:54Þ

Here ai, bi, ci, i ¼ 3, 4, 5 are the contributions coming from Eqs. (3.46)–(3.48) correspondingly.
We demonstrate this procedure on the example of the longitudinal photon contribution to σ5. The impact factor for

longitudinal photon × longitudinal photon was calculated in Ref. [18] (B.1). It reads

ðp−
0 Þ2
s2

εLαΦα
4ðp1⊥; p2⊥; p3⊥Þε�LβΦβ

4ðp0
1⊥; p0

2⊥; p0
3⊥Þ� ¼ 4Q2

ðx2q þ ðxq þ zÞ2Þx2q̄
xqxq̄z2

V⃗qðp1; p3ÞV⃗qðp0
1; p

0
3Þ

− 4Q2
ðxq̄ þ zÞxq þ ðxq þ zÞxq̄

z2
V⃗qðp1; p3ÞV⃗q̄ðp0

2; p
0
3Þ

þ ðxq; p1; p0
1; Vq ↔ xq̄; p2; p0

2; Vq̄Þ; ð3:55Þ
where

V⃗qðp1; p3Þ ¼
xqp⃗g3 − zp⃗q1

ðxq þ zÞððp⃗g3þp⃗q1Þ2
xq̄

þ p⃗g3
2

z þ p⃗q1
2

xq
þQ2Þððp⃗g3þp⃗q1Þ2

xq̄ðxqþzÞ þQ2Þ
: ð3:56Þ

As was outlined above, using small Qs and small ycut approximations, one can take t-channel integrals

Z �
δðp⃗2Þe−R2

0
p⃗2
1

∂
∂p2

1

þ δðp⃗1Þe−R2
0
p⃗2
3

∂
∂p2

3

− δðp⃗3Þe−R2
0
p⃗2
2

∂
∂p2

2

�

× δðp⃗1 þ p⃗2 þ p⃗3ÞV⃗qðp1; p3Þd2p1⊥d2p2⊥d2p3⊥

¼
Z �

δðp⃗2Þe−R2
0
p⃗2
1

∂
∂p2

1

þ δðp⃗1Þe−R2
0
p⃗2
3

∂
∂p2

3

− δðp⃗3Þe−R2
0
p⃗2
2

∂
∂p2

2

�

× δðp⃗1 þ p⃗2 þ p⃗3ÞV⃗q̄ðp2; p3Þd2p1⊥d2p2⊥d2p3⊥jxq→xq̄¼1−xj−xq

≃
πβ3p⃗j

R2
0Q

6

�ðβ þ 1Þxq þ 2xjðxj̄ − xqÞ
ðxjðxj̄ − xqÞ þ βxqÞ2

−
4

xj̄xj

�
: ð3:57Þ

Then one integrates over regions 1–4 via Eq. (3.51) and
with respect to xj according to Eq. (3.45). Keeping only the
leading contribution ycut, one gets

a5 ¼ 8β2β̄2 ln
x̄min

xmin
: ð3:58Þ

The product of the transverse photon × transverse photon
impact factor Φi

4ðp1⊥;p2⊥;p3⊥ÞΦj
4ðp0

1⊥;p0
2⊥;p0

3⊥Þ� was

calculated in Ref. [18], see Eq. (B.16). The integration
in this case is similar to the previous case, albeit with
more cumbersome expressions. Therefore we do not
present the intermediate results giving only the final
answer

b5 ¼ 2β̄2ð4β2 − 1Þ ln x̄min

xmin
; ð3:59Þ
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c5 ¼
β̄

4β
ð8β̄β3 − 2β − 1Þ 1 − 2xmin

xminx̄min
þ β̄ð4β̄β2 − 1Þ ln x̄min

xmin
:

ð3:60Þ

The longitudinal photon × longitudinal photon impact
factor Φþ

3 ðp1⊥; p2⊥ÞΦþ
3 ðp0

1⊥; p0
2⊥Þ� was calculated in

Eqs. (B.2–4) and the transverse one in Eqs. (B.17–19)
in Ref. [18]. They lead to

a3 ¼ β2
�
ð4βð2β − 3Þ þ 7Þ ln x̄min

xmin
− ð1 − 2xminÞ

�
; ð3:61Þ

b3 ¼ β̄

�
ðβ̄ þ 4β2 − 8β3Þ ln x̄min

xmin
þ ð1þ βÞð1 − 2xminÞ

�
;

ð3:62Þ

c3 ¼
β̄

4β

�
β2

4β − 8β2 − 3

xminx̄min
− 1

�
ð1 − 2xminÞ

þ β̄

2
ð4β2 þ 1Þð1 − 2βÞ ln x̄min

xmin
: ð3:63Þ

The remaining cross section dσ4JI contains Φ4ðp1⊥;
p2⊥; p3⊥ÞΦ3ðp0

1⊥; p0
2⊥Þ�. We present these convolutions

in the Appendix B. Integrating them according to the
guidelines discussed above we get

a4 ¼ 4β2β̄ð3 − 4βÞ ln x̄min

xmin
; ð3:64Þ

b4 ¼ 2β̄ð6β2 − 8β3 − 1Þ ln x̄min

xmin
; ð3:65Þ

c4 ¼
β̄β

2
ð1þ 6β − 8β2Þ 1 − 2xmin

xminx̄min

þ β̄

2β
ð2β2ð6β − 8β2 − 1Þ þ 1Þ ln x̄min

xmin
: ð3:66Þ

D. Results

We first recall the relation between the γ�P and eP cross
sections (2.21) and write, see Eqs. (3.52)–(3.54),

dσep
dβdϕ

����
gluon
dipole

¼ α2αsQ2
q

BGðℏcÞ2
ffiffiffiffiffiffiffiffiffiffi
2ycut

p
ð2πÞ5 N2

cσ
2
0

Z
W2

max

ð1−xPmaxβÞmaxð0.1s; Q2
min

xPmaxβ
;
Q2
min

xPmax β̄
Þ

dW2

s

×
Z xPmaxβ

1−xPmaxβ
W2

maxðQ2
min;Q

2
min

β
β̄
;0.1s−W2Þ

dQ2

yR4
0Q

6

�
2ȳaþ 1þ ȳ2

2
ðb − 2cÞ þ ȳb cosð2ϕÞ

�
: ð3:67Þ

To get the distribution in β one has to integrate this
equation with respect to ϕ from 0 to π because jets are
treated as identical. The results are in Figs. 7, 8, 9. As
one can see, the interference term dσ4T is negative,
which significantly diminishes the leading power asymp-
totics of dσ5T . In addition, the large Nc approximation

decreases dσ5T for ∼10% since we expand N4
c

N2
c−1

≃ N2
c.

On the other hand the rapidity cut (2.75)–(2.76) depend-
ence is very low.
The major contribution to the region 0.2 < β < 0.5

comes both from LO and the gluon dipole configura-
tion. Reduction of the phase space for LO contribution
leads to its decrease as shown in Eq. (2.101) compared
to Eq. (2.102). Moreover, the dominant gluon dipole

FIG. 7. ep → epþ 2jets cross section in the case of a longitudinal photon. Born and gluon dipole contributions.
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contribution in this region numerically turned out to be only
roughly about 50 nb while non-enhanced contributions are
of order 10 nb and the interference may be negative and of
order 20 nb. (see Figs. 7, 8). Since there are other non-
enhanced contributions from the finite part of virtual correc-
tions and the remaining part of the real corrections we may
estimate them also as giving a contribution of 10–20 nb.
Therefore we consider the flatness of this region accidental.
To make the comparison of our result with the results of

other models, as discussed in Ref. [15], we display our
result in log-linear scale in Fig. 10. In the large β region, our
result is closer to the data, while in the small β region, it is
comparable with the two-gluon exchange models displayed
in Ref. [15].
Moreover, we would like to comment on the two-gluon

exchange model predictions in Fig. 17 (upper-left panel) of

Ref. [15]. They were obtained with pT;cut ¼ 1.75 GeV
while the actual experiment was done with pT;cut ¼ 2 GeV.
This value of pT;cut ¼ 1.75 GeV is obtained from a fit, see
Fig. 16 of Ref. [15], while we put the real experimental cut
in our calculation, thus making our results much less model
dependent. Furthermore, we want to insist that the cross
section is very sensitive to pT;cut since the dominant
contribution to the LO cross section comes from the aligned
jet configuration governed by the small longitudinal
momentum fraction of the jet x, which is given by
xmin ∼ p2

T;cut=M
2, see Eq. (2.65).

We now display the ϕ dependence of the cross section
corresponding the ZEUS bins in β, in accordance to Fig. 17
of Ref. [15], in the five first panels of Fig. 11. We note that
our results, when compared to ZEUS data, are rather close

FIG. 8. ep → epþ 2jets cross section in the case of a transverse photon. Born and gluon dipole contributions.

FIG. 9. Born and total gluon dipole contributions to cross section vs experimental data from [15]. Rapidity cut is defined in
(2.75)–(2.76).
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to experimental points for β > 0.4. This region is domi-
nated by Born cross sections. It is thus an indication that
GBW model describes rather well the data in this large β
region. In the small β region, neither we agree with the
overall value of the measured cross section nor with its ϕ
dependence. This is an indication that one should include
all the nonenhanced contributions (the nonsingular part of

the virtual corrections, and the remaining part of the real
corrections, which we did not consider in the present work).
Finally, from our formulas (2.94) and (3.69), we can

write the ϕ dependence as

dσep
dβdϕ

¼ 1

π

dσ
dβ

½1þ A cos 2ϕ�; ð3:68Þ

where ϕ varies in the range ½0; π�. Experimentally, because
of the symmetry in ϕ, Fig. 17 of Ref. [15] displays the ϕ
angle in the range ½0; π

2
�, therefore including the two bins ϕ

and π − ϕ in the same bin in this figure. Thus,

dσep exp

dβdϕ
¼ 2

π

dσ
dβ

½1þ A cos 2ϕ�; ð3:69Þ

where ϕ varies in the range ½0; π
2
�. We display the coefficient

A in Fig. 11, last panel. Unfortunately, it does not agree
with the ZEUS experimental points, even in the large β
region, which is surprising in view of the agreement of the
overall normalization and shape of the ϕ distribution with
the data in the panel 5 of Fig. 11, which corresponds to
0.5 < β < 0.7. We do not have an explanation for this
disagreement.

FIG. 10. Born and total gluon dipole contributions to cross
section vs experimental data from [15], in log-linear scale.

FIG. 11. First 5 panels: dependence of the cross section on ϕ, for each experimental β bin. Last panel: β dependence of the
coefficient A.
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IV. CONCLUSION

This paper discussed the exclusive diffractive dijet
electroproduction with HERA selection cuts [15]. We
started from the analytic formulas from Ref. [18] for
fully differential Born cross section and its real correc-
tion with dipole × dipole and double dipole × double
dipole configurations. In addition, in Appendix B we
calculated the remaining interference real production
impact factor with dipole × double dipole configuration.
We used the GBW parametrization for the dipole matrix
element between the proton states and the large Nc
approximation for the double dipole matrix elements.
We constructed the differential ep → epþ 2jets cross

section in β ¼ Q2

Q2þM2
2jets

and in the angle ϕ between the

leptonic and hadronic planes with HERA acceptance.
We argued that HERA selection rules [15] suppress the
aligned jet contribution indicative of saturation to the
Born cross section. These cuts allowed us to neglect
the t-channel momentum in the Born impact factor and
integrate the γp cross section analytically. The result is
in Eq. (2.94).
Next, we cancelled the singularities from soft and

collinear gluons between real and virtual corrections in
the collinear approximation by integrating the singular
contributions over the q − ðq̄gÞ and q̄ − ðqgÞ areas in the
Dalitz plot of Fig. 4 within the kt jet algorithm. As the Born
cross section, the resulting correction was analytically
integrated in the small Qs approximation in Ref. (3.27).
It gives ∼10% of the Born result.
Finally, we integrated all real corrections in the small Qs

and small ycut approximations over the g − ðqq̄Þ area in
the Dalitz plot of Fig. 6 within the kt jet algorithm. This
configuration gives the dominant contribution in the
small β region thanks to Regge enhancement because
of the diagram with t-channel gluon at large s ¼ M2

2jet.
The results for this gluon dipole configuration are in
Eqs. (3.52)–(3.54) and Eqs. (3.58)–(3.69). Results for
Born and gluon dipole in the small Qs approximation
together give about 1

2
of the measured cross section.

We noted that first, the small Qs approximation works
for Born, collinearly enhanced radiative corrections to qq̄
dipole configuration, and for a generic gluon dipole
configuration since the HERA cuts Q, M2jets > 5 GeV,
M2jets < 25 GeV and p⊥min > 2 GeV effectively remove
jets with very small longitudinal momentum fraction x. It
means that the typical hard scale in the impact factor is of
order of p2⊥min at least, which is larger than Q2

s . So we can
expand the impact factor inQs. However the validity of this
remark is due to the fact that for Born, the region x <
Q2

s=maxðQ2;M2
2jetsÞ is the aligned jet region indicative of

saturation, which means that this saturation region is
not accessible at HERA kinematics at Born level. At the
future EIC or LHeC, different experimental cuts could

invalidate this approximation, making saturation effects
already accessible at Born level.
Second, this approximation fails for other NLO cor-

rections to the qq̄ dipole configuration since Qs may be
the largest scale in the impact factor. It also fails for gluon
dipole configuration when the qq̄ pair forming one
of the jets is in the aligned configuration itself since
the longitudinal momentum fraction of q or q̄ may be the
small parameter making the impact factor scales smaller
than Qs.
Third, we nevertheless calculated the gluon dipole

contribution in the small Qs approximation neglecting that
it may be incorrect in the aforementioned corners of the
phase space. Therefore comparison of our answer to the full
numerical result will show how important these contribu-
tions are. This is left for future studies.
Finally, we noted that the corrections in ycut may be

significant since the real expansion parameter isffiffiffiffiffiffiffi
ycut

p ¼ ffiffiffiffiffiffiffiffiffi
0.15

p
≃ 0.39. Therefore theOð ffiffiffiffiffiffiffi

ycut
p Þ corrections

to qq̄ dipole configuration which we did not calculate may
give sizable corrections. However we expect these correc-
tions as well as the nonsingular virtual corrections to be
peaked at moderate β as the Born term.
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APPENDIX A: SCALING OF THE ALIGNED
VERSUS SYMMETRIC JET CONTRIBUTIONS

As was discussed in the text, FDð3Þ
T is a higher twist

correction when compared to Ref. (2.102) as it has an extra
power of Q2R2

0 ≫ 1 in its denominator. The origin of this
suppression lies in the fact that the dominant contribution to
the transverse cross section comes from the aligned jet
configuration, i.e., the region of x≲ 1

maxðQ2;M2ÞR2
0

≪ 1. One

can see it from Eq. (2.87):
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A ¼ σ0
jp⃗qq̄j

Z þ∞

0

dp2e−R
2
0
p⃗2 ∂
∂p2

xx̄Q2 þ p2 − ðp⃗qq̄

2
Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxx̄Q2 þ p2 þ ðp⃗qq̄

2
Þ2Þ2 − 4p2ðp⃗qq̄

2
Þ2

q ðA1Þ

∼
Z

1

0

da
σ0MQ2R2

0x
3
2

½ðxðM2 þQ2ÞR2
0 þ aÞ2 − 4M2R2

0ax�
3
2

ðA2Þ

¼ σ0
m

ffiffiffi
x

p
�
M2 −Q2

M2 þQ2
þ 1þ xR2

0ðQ2 −M2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2xR2

0ðQ2 −M2Þ þ x2R4
0ðQ2 þM2Þ2p �

; ðA3Þ

where we approximated e−R
2
0
p⃗2 ≃ θðR−2

0 − p⃗2Þ. Then we get the known behavior of Eq. (2.102)

xPF
Dð3Þ
T jQ2≫M2 ∼

Q4

βBG

Z
1

Q2R2
0

0

A2xdx ∼
Q4

β2BG

M2σ20
Q6R2

0

¼ β̄σ20
BGR2

0

; ðA4Þ

xPF
Dð3Þ
T jM2≫Q2 ∼

Q4

βBG

Z
1

M2R2
0

0

A2xdx ∼
Q4

βBG

σ20
M4R2

0

¼ βσ20
BGR2

0

: ðA5Þ

It is easier to observe in the coordinate space (following Ref. [42]), where Eqs. (2.79)–(2.80) can be cast into

dσγpT;L
dM2

¼ 3α

32π2BG

X
e2f

Z
dx

� ðx2 þ x̄2Þx2x̄2Q2ðR rdrJ1ð
ffiffiffiffiffi
xx̄

p
MrÞK1ð

ffiffiffiffiffi
xx̄

p
QrÞσ̂ðrÞÞ2

4x3x̄3Q2ðR rdrJ0ð
ffiffiffiffiffi
xx̄

p
MrÞK0ð

ffiffiffiffiffi
xx̄

p
QrÞσ̂ðrÞÞ2

	
; ðA6Þ

xPF
Dð3Þ
T;L ¼ Q4

4π2αβ

dσγpT;L
dM2

; σ̂ðrÞ ¼ σ0ð1 − e
− r2

4R2
0Þ: ðA7Þ

In the large β region Q2R2
0 ≫ 1, Q2 ≫ 1

R2
0

≫ M2 the longitudinal cross section reads

Z
rdrJ0ð

ffiffiffiffiffi
xx̄

p
MrÞK0ð

ffiffiffiffiffi
xx̄

p
QrÞσ̂ðrÞ ∼

�Z ð2QÞ2

0

þ
Z 1

xx̄Q2

2
Q

�
dr2σ̂ðrÞ

∼
Z ð2QÞ2

0

r2

R2
0

dr2 þ θ

�
x >

1

Q2R2
0

�Z 1

xQ2

ð2QÞ2
r2

R2
0

dr2

þ θ

�
x <

1

Q2R2
0

�Z
R2
0

ð2QÞ2
r2

R2
0

dr2 þ θ

�
x <

1

Q2R2
0

�Z 1

xQ2

R2
0

dr2 ðA8Þ

∼
1

Q4R2
0

þ θ

�
x >

1

Q2R2
0

�
1

x2Q4R2
0

þ θ

�
x <

1

Q2R2
0

�
1

xQ2
; ðA9Þ

where neglecting logarithms

J0ð
ffiffiffiffiffi
xx̄

p
MrÞ ∼ 1; K0ð

ffiffiffiffiffi
xx̄

p
QrÞ ∼ θð1 − ffiffiffiffiffi

xx̄
p

QrÞ: ðA10Þ

dσγpL
dM2

∼
Z

1

0

ðxx̄Þ3dx
��

1

Q4R2
0

�
2

þ θ

�
x >

1

Q2R2
0

��
1

xQ4R2
0

�
2

þ θ

�
x >

1

Q2R2
0

��
1

x2Q4R2
0

�
2

þ θ

�
x <

1

Q2R2
0

�
1

xQ2

1

Q4R2
0

þ θ

�
x <

1

Q2R2
0

��
1

xQ2

�
2
�
; ðA11Þ
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dσγpL
dM2

∼
1

Q8R4
0

þ 1

Q8R4
0

ln
1

Q2R2
0

þ
�

1

Q2R2
0

�
3 1

Q6R2
0

þ 1

Q8R4
0

: ðA12Þ

So at β ∼ 1, xPF
Dð3Þ
L ∼ 1

Q4R4
0

and this dominant contribution comes from the whole region in x.

The transverse cross section in the large β region Q2R2
0 ≫ 1, Q2 ≫ 1

R2
0

≫ M2 reads

Z
rdrJ1ð

ffiffiffiffiffi
xx̄

p
MrÞK1ð

ffiffiffiffiffi
xx̄

p
QrÞσ̂ðrÞ ∼

ffiffiffiffiffi
xx̄

p
Mrffiffiffiffiffi

xx̄
p

Qr

�Z
2
Q

0

þ
Z

1

xx̄Q2

2
Q

�
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∼
M
Q
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dr2 þ θ

�
x >

1
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1
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ð2QÞ2
r2
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0

dr2
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�
x <

1

Q2R2
0

��Z
R2
0

1

Q2

r2

R2
0

þ
Z

1

xx̄Q2

R2
0

�
dr2

�

∼
M
Q

�
1

Q4R2
0

þ θ

�
x >

1

Q2R2
0

�
1

x2Q4R2
0

þ θ

�
x <

1

Q2R2
0

�
1

xQ2

�
; ðA13Þ

where

J1ð
ffiffiffiffiffi
xx̄

p
MrÞ ∼ ffiffiffiffiffi

xx̄
p

Mr; K1ð
ffiffiffiffiffi
xx̄

p
QrÞ ∼ θð1 − ffiffiffiffiffi

xx̄
p

QrÞffiffiffiffiffi
xx̄

p
Qr

: ðA14Þ

dσγpT
dM2

∼
M2

Q2

Z
1

0

ðxx̄Þ2dx
��

1

Q4R2
0

�
2

þ θ
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x >

1

Q2R2
0

�
1
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1
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�
2
�
; ðA15Þ

dσγpT
dM2

∼
M2

Q2

�
1

Q8R4
0

þQ2R2
0

Q8R4
0

þ
�

1

Q2R2
0

�
2 1

Q6R2
0

þ 1

Q4

1

Q2R2
0

�
: ðA16Þ

So at β ∼ 1, xPF
Dð3Þ
T ∼ 1

Q4R2
0

and this dominant contribution comes from x < 1
Q2R2

0

, i.e., aligned jets.

In the small β region Q2R2
0 ≫ 1, M2R2

0 ≫ 1, M2 ≫ Q2 ≫ 1
R2
0

for the longitudinal cross section we have

Z
rdrJ0ð

ffiffiffiffiffi
xx̄

p
MrÞK0ð

ffiffiffiffiffi
xx̄

p
QrÞσ̂ðrÞ∼

�Z
2
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∼
Z ð 2MÞ2

0
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1
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1
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1
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0

1
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1
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0

þ θ

�
x >

1

M2R2
0

�
1

x2M4R2
0

þ θ

�
x <

1

M2R2
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�
1

xM2
; ðA17Þ

where again neglecting logarithms

J0ð
ffiffiffiffiffi
xx̄

p
MrÞ ∼ θð1 − ffiffiffiffiffi

xx̄
p

MrÞ; K0ð
ffiffiffiffiffi
xx̄

p
QrÞ ∼ 1: ðA18Þ
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i.e.,

dσγpL
dM2

∼
1

M8R4
0

þ 1
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0
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þ
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3 1
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0

: ðA20Þ

Therefore

xPF
Dð3Þ
L ∼

β3

R4
0

ðA21Þ

and this contribution comes from the whole region in x. In the small β regionQ2R2
0 ≫ 1,M2R2

0 ≫ 1,M2 ≫ Q2 ≫ 1
R2
0

for the

transverse cross section we have
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where
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i.e.,
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xPF
Dð3Þ
T ¼ Q4

4π2αβ

dσγp→Xp0
T;L

dM2
∼
1

β

1

M4R2
0

∼
β

R2
0

: ðA26Þ

Again this dominant contribution comes from x < 1
M2R2

0

, i.e., aligned jets.

R. BOUSSARIE et al. PHYS. REV. D 100, 074020 (2019)

074020-26



APPENDIX B: DIPOLE-DOUBLE DIPOLE INTERFERENCE TERMS

Unfortunately [18] does not contain expressions for interference terms necessary for calculation of dσ4. We present them
here. The calculation is straightforward and goes along the lines described in [18]. In the notation of that paper the result
reads

Φþ
4 ðp1⊥; p2⊥; p3⊥ÞΦþ

3 ðp0
1⊥; p0

2⊥Þ� ¼ Φþ
4 ðp1⊥; p2⊥; p3⊥ÞΦþ

4 ðp0
1⊥; p0

2⊥; 0Þ� þ Cþþ; ðB1Þ

Cþþ ¼ 8pþ4
γ

zðxq þ zÞ
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�


p⃗2
q1

xq
þ p⃗2

q̄2

xq̄
þ p⃗2

g3

z þQ2
�
8<
:
ð4xqxq̄ þ zð2− dzÞÞðp⃗g − z
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× ðpq̄20
k⊥ððp⃗q̄2Δ⃗qÞWi⊥ − ðW⃗p⃗q̄2ÞΔq

i⊥Þ þ pq̄2
i⊥ððW⃗p⃗q̄20 ÞΔq

k⊥ − ðp⃗q̄20Δ⃗qÞWk⊥ÞÞ
þWk⊥ððp⃗q̄2Δ⃗qÞpq̄20

i⊥ − ðp⃗q̄2p⃗q̄20 ÞΔq
i⊥Þ þ ððp⃗q̄2p⃗q̄20 ÞWi⊥ − ðW⃗p⃗q̄2Þpq̄20

i⊥ÞΔq
k⊥

þ gik⊥ððW⃗p⃗q̄20 Þðp⃗q̄2Δ⃗qÞ − ðW⃗p⃗q̄2Þðp⃗q̄20Δ⃗qÞÞ þ pq̄2
k⊥ððW⃗p⃗q̄20 ÞΔq

i⊥ − ðp⃗q̄20Δ⃗qÞWi⊥Þ�

þ ðW⃗Δ⃗qÞðpq̄2
i⊥pq̄20

k⊥ð1 − 2xq̄Þ2 − gik⊥ðp⃗q̄2p⃗q̄20 Þ − pq̄2
k⊥pq̄20

i⊥Þðdz2 − 4xqðxq̄ − 1ÞÞg
�

þ ðpq ↔ pq̄; p
ð0Þ
1 ↔ pð0Þ

2 ; xq ↔ xq̄Þ; ðB4Þ

where

Wi⊥ ¼ xqpi
g3⊥ − zpi

q1⊥; Pi⊥ ¼ xq̄pi
g3⊥ − zpi

q̄2⊥: ðB5Þ
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APPENDIX C: NORMALIZATION

In this Appendix we discuss the overall normalization of
the cross section and the relation of our matrix elements F
defined in (5.2–8) of Ref. [18] to the GBW dipole cross
section.
The density matrix for the LO cross section in our frame

(5.21–23) was obtained in Ref. [18]. To get the proper
normalization we have to multiply all cross sections in
Ref. [18] by 1

2ð2πÞ4. Indeed, the factor 1
2
comes from the

normalization of A3 in Eq. (5.11) of Ref. [18]. The in and
out proton states are normalized there to have

1ffiffiffiffiffiffiffiffi
2p−

0

p ffiffiffiffiffiffiffiffiffi
2p0−

0

p ≃
1ffiffiffiffiffiffiffiffi

4E0

p ffiffiffiffiffiffiffiffi
4E0

0

p ¼ 1

2

1ffiffiffiffiffiffiffiffi
2E0

p ffiffiffiffiffiffiffiffi
2E0

0

p : ðC1Þ

Since the S-matrix does not depend on state normalization,
A3 is two times bigger than the standard amplitude
normalized to 1ffiffiffiffiffiffi

2E0

p ffiffiffiffiffiffi
2E0

0

p . As a result, the cross section

should have an extra 1
4
to compensate for it, i.e., in (5.1) of

Ref. [18] we should have had

dσ ¼ 1

4

1

2s
ð2πÞ4δð4Þðpγ þ p0 − pq − pq̄ − p0

0ÞjA3j2dρ3:
ðC2Þ

The same correction must be done in Eq. (6.1) of Ref. [18].
The 2π power must be corrected in Eq. (5.11) of

Ref. [18] in the overall factor

1

ð2πÞD−4 →
1

ð2πÞD−2 : ðC3Þ

Indeed, the amplitude A3 is exactly the matrix element (3.1)
of Ref. [18] after removing ð2πÞ4δð4Þðpγ þ p0 − pq−
pq̄ − p0

0Þ. In this matrix element transverse and ð−Þ delta
functions appear together with ð2πÞ2 and 2π as Eqs. (5.7–8)
and Eqs. (5.2–3) of Ref. [18] correspondingly. Only the ðþÞ
delta function is without 2π in Eq. (3.1). Therefore we must
have an extra 2π in the denominator in A3 in addition to

1
ð2πÞD−3 from Eq. (3.1) of Ref. [18]. This gives us the

aforementioned substitution. The same misprint was done
in Eq. (6.4) of Ref. [18]. After these corrections we get
Eqs. (2.22)–(2.25).
Next, we have to substitute a model for the hadronic

matrix elements F. We will use the Golec-Biernat–
Wüsthoff (GBW) [45] parametrization, which was formu-
lated in the coordinate space. To get the proper normali-
zation we Fourier transform Eq. (2.23) and compare it with
Eq. (4.48) in ref. [42]. Using

1

⃗l2 þ a2
¼

Z
d2r

K0ðarÞ
2π

e−i⃗l r⃗; Fðk⃗Þ ¼
Z

dr⃗e−ik⃗ r⃗Fðr⃗Þ;

ðC4Þ
we have

dσ0LL
dxdp⃗qdp⃗q̄

����
t¼0

¼ 1

2ð2πÞ4
4αQ2

q

Nc
x2x̄2Q2

×

����
Z

d2r
K0ð

ffiffiffiffiffi
xx̄

p
QrÞ

2π
ei

pqq̄⊥
2

r⃗Fðr⃗Þ
����2 ðC5Þ

and

dσ0LL
dt

����
t¼0

¼ 1

2ð2πÞ4
4αQ2

q

Nc
π

Z
dxQ2x2x̄2

×
Z

d2rK0ð
ffiffiffiffiffi
xx̄

p
QrÞ2Fðr⃗Þ2: ðC6Þ

Comparing it with Eq. (4.48) in Ref. [42], the GBW
parametrization of the forward dipole matrix element in
our normalization reads

Fp0⊥p0⊥ðz⊥Þ¼
hP0ðp0

0ÞjTðTrðUz⊥
2
U†

−z⊥
2

Þ−NcÞjPðp0Þi
2πδðp−

000 Þ

�����
p0→p0

0

¼Fðz⊥Þ¼Ncσ0ð1−e
− z2

4R2
0Þ: ðC7Þ

One can check the consistency of this normalization by
deriving the inclusive γ�p cross section with the same
matrix elements. Using propagators in the shockwave
background (2.19–20) from Ref. [18], one gets for the
γ�p → γ�p amplitude

iA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p−

0 2p
0−
0

q
Q2

qð−ieÞ2
Z

dx

×
Z

dyTr½ε̂1Gðx − yÞε̂2Gðy − xÞ�e−ipγxþip0
γy ðC8Þ

¼ 8αQ2
qpþ

γ

π
δðp0þ

γ − pþ
γ Þ

Z
dxQ2x2x̄2K0



r12

ffiffiffiffiffiffiffiffiffiffiffi
xx̄Q2

γ

q �

× K0



r12

ffiffiffiffiffiffiffiffiffiffiffiffi
xx̄Q2

γ0

q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p−

0 2p
0−
0

q Z
dD−2r2⊥

×
Z

dD−2r1⊥hP0ðp0
0ÞjTðTr½U1U

†
2� − NcÞjPðp0Þi:

ðC9Þ
Extracting the dependence on the overall momentum
transfer

hP0ðp0
0ÞjTTr½U1U

†
2�jPðp0Þi

¼ hp0
0je�iP̂

ðr1þr2Þ
2 TTr½Ur1U

†
r2 �e∓iP̂

ðr1þr2Þ
2 jp0i

¼ eip000⊥
ðr1þr2Þ⊥

2 hp0
0jTTr½Ur12⊥

2
U†

−r12⊥
2

�jp0i; ðC10Þ
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we get

iA ¼ ð2πÞ4δðp0þ
γ − pþ

γ Þδðp000⊥Þδðp−
000 Þ

Z
d2z

hP0ðp0
0ÞjTðTr½Uz

2
U†

−z
2
� − NcÞjPðp0Þi

2πδðp−
000 Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p−

0 2p
0−
0

q 4αQ2
qpþ

γ

π2

Z
dxQ2x2x̄2K0



z

ffiffiffiffiffiffiffiffiffiffiffi
xx̄Q2

γ

q �
K0



z

ffiffiffiffiffiffiffiffiffiffiffiffi
xx̄Q2

γ0

q �
: ðC11Þ

Then, using the optical theorem

σtot ¼
ImAii

2s
¼

Z
d2z

hP0ðp0
0ÞjTðTr½Uz

2
U†

−z
2
� − NcÞjPðp0Þi

2πδðp−
000 Þ

����
p0
0
→p0

×
αQ2

q

2π2

Z
dx4Q2x2x̄2K2

0



z

ffiffiffiffiffiffiffiffiffiffiffi
xx̄Q2

γ

q �
: ðC12Þ

Comparing this result to Eqs. (3.7–9) in Ref. [42], we get the same result (C7) for F as before.
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