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In this paper we give high-precision theoretical predictions for cross sections of the process eþe− → ZH
for future electron-positron colliders. The calculations are performed using the SANC system. They include
complete one-loop electroweak radiative corrections, as well as the longitudinal polarization of initial
beams. Numerical results are given for the center-of-mass energy range

ffiffiffi
s

p ¼ 250–1000 GeVwith various
polarization degrees.
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I. INTRODUCTION

The clean signatures of the reactions at eþe− colliders
combined with the polarization effect of initial particles can
increase the precision of theoretical predictions for various
observables of Standard Model processes [1].
Future linear collider projects such as ILC [2] and CLIC

[3] are designed to produce polarized beams—up to 80%
for electrons and 60% for positrons. The prospects for beam
polarization have also been considered for future circular
colliders, such as CEPC [4] and FCC-ee [5]. The center-of-
mass (c.m.) energy range of the above colliders will beffiffiffi
s

p ¼ 250–1000 GeV, while 250 GeV is the optimal value
for Higgs production through the Higgsstrahlung process
eþe− → ZH, which is the most important for obtaining
precise measurements of the Higgs’ mass, spin, CP nature,
the coupling of the Higgs to ZZ, and various branching
ratios. Thus, it is important to take beam polarization into
account in theoretical calculations.
There are three main Higgs production processes at

eþe− colliders: Higgsstrahlung (eþe− → ZH), W fusion
[eþe− → ν̄eνeðWþW−Þ → ν̄eνeH], and Z fusion (eþe− →
eþe−ðZZÞ → eþe−H) [6–12].
In this paper we present the results for the complete one-

loop electroweak (EW) radiative corrections (RCs) to
Higgsstrahlung for arbitrary longitudinal polarization of

the positron and electron beams. Numerical results are
obtained for various polarization degrees.
The radiative corrections to Higgsstrahlung with unpo-

larized initial particles were extensively considered in the
literature [13–15]. Recently, the mixed QCD-EW correc-
tions for Higgs boson production were estimated in
Refs. [16,17]. The QED corrections due to the initial-state
radiation to associated Higgs boson production in electron-
positron annihilation by applying the QED Structure
Function approach were recently evaluated in Ref. [18].
The polarized virtual and soft photon EW RCs to the
Higgsstrahlung process were calculated in Refs. [19,20].
We present numerical estimations for the corrections of

the total cross section and differential distribution in the
Z-boson scattering angle cosϑZ as well as for the left-right
asymmetry ALR as a function of cosϑZ. The relevant
contributions to the cross section of the reaction are
calculated analytically and numerically.
For the numerical evaluation of the process we use the

MCSANC integrator [21,22] which has been extended for the
longitudinally polarized eþ and e− beams (MCSANCEE

integrator). It was previously used for the Bhabha process
[23]. The unpolarized virtual and soft bremsstrahlung con-
tributions are compared with the results of Refs. [19,20] and
the GRACE-LOOP program [24]. The cross sections for the
polarized Born and hard bremsstrahlung are verified by
means of the corresponding results of the WHIZARD [25] and
CALCHEP [26] programs.
The paper is organized as follows. In Sec. II we describe

the cross section calculation technique at the one-loop EW
level. Expressions for the covariant (CA) and helicity
amplitudes (HA) are presented. The approach to take the
polarization effects into account is discussed. In Sec. III we
give numerical results for the total and differential cross
sections as well as for relative corrections. In Sec. IVwe give
our conclusion.
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II. DIFFERENTIAL CROSS SECTION

Let us consider scattering of longitudinally polarized
eþ and e− beams with polarization degrees Peþ and Pe− ,
respectively. Then the cross section of the generic process
eþe− → … can be expressed as follows:

σðPe− ; PeþÞ ¼
1

4

X
χ1;χ2

ð1þ χ1PeþÞð1þ χ2Pe−Þσχ1χ2 ; ð1Þ

where χi ¼ −1ðþ1Þ corresponds to a lepton with left
(right) helicity.
The complete one-loop cross section of the process can

be divided into four parts:

σone-loop ¼ σBorn þ σvirtðλÞ þ σsoftðλ;ωÞ þ σhardðωÞ; ð2Þ
where σBorn is the Born cross section, σvirt is the contri-
bution of virtual (loop) corrections, and σsoftðhardÞ is the soft
(hard) photon emission contribution (where the hard
photon energy Eγ > ω). The auxiliary parameters λ
(“photon mass”) and ω are canceled after summation.
We apply the helicity approach to all contributions.
The virtual (Born) cross section of the eþe− → ZH

process

eþðp1; χ1Þ þ e−ðp2; χ2Þ → Zðp3; χ3Þ þHðp4Þ ð3Þ
can be written as follows:

dσvirtðBornÞχ1χ2

d cos ϑZ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;M2

Z;M
2
HÞ

p
32πs2

jHvirtðBornÞ
χ1χ2 j2; ð4Þ

where

jHvirtðBornÞ
χ1χ2 j2 ¼

X
χ3¼0;�1

jHvirtðBornÞ
χ1χ2χ3 j2: ð5Þ

The soft bremsstrahlung term is factorized in front of the
Born cross section as follows:

dσsoftχ1χ2

d cosϑZ
¼ dσBornχ1χ2

d cos ϑZ
·
α

2π

�
−L2

s þ 4Ls ln
2ω

λ
−
2π2

3
þ 1

�
;

Ls ¼ ln
s
m2

e
− 1: ð6Þ

The cross section for the hard bremsstrahlung

eþðp1; χ1Þ þ e−ðp2; χ2Þ → Zðp3; χ3Þ þHðp4Þ þ γðp5; χ5Þ
ð7Þ

is given by the expression

dσhardχ1χ2

ds0dcosθ4dϕ4dcosθ5
¼ s−s0

8ð4πÞ4ss0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs0;M2

Z;M
2
HÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

e;m2
eÞ

p jHhard
χ1χ2 j2;

ð8Þ

where s0 ¼ ðp3 þ p4Þ2 and

jHhard
χ1χ2 j2 ¼

X
χ3¼0;�1

X
χ5¼�1

jHhard
χ1χ2χ3χ5 j2: ð9Þ

Here θ5 is the angle between the 3-momenta of the
photon and positron, θ4 is the angle between the
3-momenta of the Z boson and photon in the rest frame
of the ðZ;HÞ compound, and ϕ4 is the azimuthal angle of
the Z boson in the rest frame of the ðZ;HÞ compound.

A. Covariant amplitude for the Born and virtual parts

Neglecting the masses, the CA of the initial particles can
be written as follows [27]:

AeeZH ¼NðsÞ
��

v̄ðp1Þ
�
γνγþσeFþ

0 ðs; tÞ

þ
X
i¼1;2

p3γþðpiÞνFþ
i ðs; tÞ

�
uðp2ÞεZν ðp3Þ

�

þ½σe → δe;γþ→ γ−;F
þ
i ðs; tÞ→F−

i ðs; tÞ�
�
; ð10Þ

where

NðsÞ ¼ ig2

4c2W

MZ

s −M2
Z þ iMZΓZ

: ð11Þ

We have also used various coupling constants:

σe ¼ ve þ ae; δe ¼ ve − ae;

cW ¼ MW

MZ
; g ¼ e

sW
: ð12Þ

B. Helicity amplitudes for the Born and virtual parts

There are six nonzero HAs for the virtual contribution:

Hþ−þ ¼ NðsÞ
ffiffiffi
s
2

r
cþ

n ffiffiffi
λ

p
c−½Fþ

2 ðs; tÞ

−Fþ
1 ðs; tÞ� − 4σeF

þ
0 ðs; tÞ

o
;

Hþ−− ¼ NðsÞ
ffiffiffi
s
2

r
c−

n ffiffiffi
λ

p
cþ½Fþ

2 ðs; tÞ

−Fþ
1 ðs; tÞ� − 4σeF

þ
0 ðs; tÞ

o
;

Hþ−0 ¼ NðsÞL sin ϑz
2MZ

n ffiffiffi
λ

p
½βþFþ

1 ðs; tÞ

þβ−F
þ
2 ðs; tÞ� þ 4σeF

þ
0 ðs; tÞ

o
; ð13Þ

where

S. BONDARENKO et al. PHYS. REV. D 100, 073002 (2019)

073002-2



L ¼ sþM2
Z −M2

H; λ ¼ λðs;M2
Z;M

2
HÞ;

β ¼ βðs;M2
Z;M

2
HÞ ¼

ffiffiffi
λ

p

L
; β� ¼ β � cos ϑZ;

c� ¼ 1� cos ϑZ: ð14Þ

The expression for the amplitude H−þþ (H−þ−) can be
obtained from the expression for Hþ−þ (Hþ−−) by replac-
ing σe → δe; cþ → c−;Fþ → F−, and the amplitudeH−þ0

can be obtained from −Hþ−0 by replacing σe → δe.
The form factors should be set to F�

0 ðs; tÞ ¼ 1 and
F�

i ðs; tÞ ¼ 0 in order to get Born HAs.

C. Helicity amplitudes for hard bremsstrahlung

We introduce the following notations for the massless
particle spinors with light-like momentum ki:

uþðkiÞ ¼ γþuðkiÞ ¼ v−ðkiÞ ¼ γþvðkiÞ ¼ jii;
u−ðkiÞ ¼ γ−uðkiÞ ¼ vþðkiÞ ¼ γ−vðkiÞ ¼ ji�;
ūþðkiÞ ¼ ūðkiÞγ− ¼ v̄−ðkiÞ ¼ v̄ðkiÞγ− ¼ ½ij;
ū−ðkiÞ ¼ ūðkiÞγþ ¼ v̄þðkiÞ ¼ v̄ðkiÞγþ ¼ hij: ð15Þ

Using Eq. (15) we construct the polarization wave func-
tions for other particles, including the massive ones.
We project all massive momenta with p2

i ¼ m2
i to the

light cone of the photon p5 and introduce the associated
“momenta”:

ki ¼ pi −
m2

i

2pi · p5

p5; k2i ¼ 0; i ¼ 1…4;

k5 ¼ −
X4
i¼1

ki ¼ Kp5;

K ¼ 1þ
X4
i¼1

m2
i

2pi · p5

¼ 1þ
X4
i¼1

m2
i

2ki · p5

;

p5 ¼ −
X4
i¼1

pi ¼ K0k5;

K0 ¼ 1 −
X4
i¼1

m2
i

2pi · k5
¼ 1 −

X4
i¼1

m2
i

2ki · k5
: ð16Þ

Since the vector k5 appears to be light-like, there is a certain
“momentum conservation” of the associated vectors.
To construct the photon polarization vector and fix the

gauge parameters, we need to introduce the auxiliary
massless vector q. We use the following parametrization:

εþμ ðk5Þ ¼
hqjγμj5�ffiffiffi
2

p hqj5i ;

ε−μ ðk5Þ ¼
½qjγμj5iffiffiffi
2

p ½qj5� ¼ ðεþμ ðk5ÞÞ�;

ε̂þðk5Þ ¼ γμεþμ ðk5Þ ¼
ffiffiffi
2

p jqi½5j þ j5�hqj
hqj5i ;

ε̂−ðk5Þ ¼
ffiffiffi
2

p jq�h5j þ j5i½qj
½qj5� : ð17Þ

There are 20 nonzero HAs for hard bremsstrahlung:

Ahard
−−þþ ¼ 2meMZ

½1j2�h3j5i
½3j5�

�
δe
s15

þ σe
s25

�
;

Ahardþþ−þ ¼ 2meMZ
½1j2�½3j5�h1j5ih2j5i

h3j5i½1j5�½2j5�
�
σe
s15

þ δe
s25

�
;

Ahard
−þ−þ ¼−2MZ

σe
s15

½1j2�½1j3�h1j5ih2j5i
h3j5i½2j5� ;

Ahardþ−−þ ¼−2MZ
δe
s25

½1j2�½2j3�h2j5ih1j5i
h3j5i½1j5� ;

Ahard
−−0þ ¼

ffiffiffi
2

p
me½1j2�h3j5i

�
δe
s15

½2j3�
½2j5�þ

σe
s25

½1j3�
½1j5�

�
;

Ahard
−þþþ ¼−2MZσe

�½1j2�h2j3ih2j5i
s25½3j5�

þ ½1j5�h3j5i
½2j5�½3j5�

�
;

Ahardþ−þþ ¼−2MZδe

�½1j2�h1j3ih1j5i
s15½3j5�

−
½2j5�h3j5i
½1j5�½3j5�

�
;

Ahard
þþ0þ ¼

ffiffiffi
2

p
me

½3j5�
½1j5�½2j5�

�
h3j5i2ae

þ½1j2�
�
σe
s15

h1j5ih2j3iþ δe
s25

h2j5ih1j3i
��

;

Ahard
−þ0þ ¼−

ffiffiffi
2

p ½1j2�
½2j5�

�
δe
m2

es45h2j5i
s15s25

þσe

�½1j3�h2j3ih1j5i
s15

þ½1j3�h3j5i
½1j2� þM2

Zh2j5i
s45

��
;

Ahard
þ−0þ ¼−

ffiffiffi
2

p ½1j2�
½1j5�

�
σe

m2
es45h1j5i
s15s25

þδe

�½2j3�h1j3ih2j5i
s25

−
½2j3�h3j5i

½1j2� þM2
Zh1j5i
s45

��
;

where

si5 ¼ 2ki · p5 ¼ K0hij5i½5ji�:
The other HAs ones can be obtained by using CP

symmetry:

Ahard
χ1χ2χ3χ5 ¼ −χ1χ2χ3χ5Āhard

−χ1−χ2−χ3−χ5 jp1↔p2
: ð18Þ

There is some degree of freedom in the choice of the
light-cone projection which corresponds to the arbitrariness
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of the spin quantization direction. We use it to make the
above expressions compact.
To obtain the amplitudes H with definite helicity, spin-

rotation matrices C should be independently applied for
each index χ of incoming particles:

H…ξi… ¼ eNðs0ÞCχi
ξi
A…χi…;

Cχi
ξi
¼

2
64

½k
i♭p5�

½pip5�
mihki�p5i

hki�ki♭ ihpip5i
mi½ki�p5�

½ki�ki♭ �½pip5�
hk

i♭p5i
hpip5i

3
75

¼

2
64

hki�pii
hki�ki♭ i

mihki�p5i
hki�ki♭ ihpip5i

mi½ki�p5�
½ki�ki♭ �½pip5�

½ki�pi�
½ki�ki♭ �

3
75; ð19Þ

where

ki� ¼ fjp⃗ij;−px
i ;−p

y
i ;−p

z
ig; k2i� ¼ 0;

ki♭ ¼ pi −
m2

i

2pi · ki�
ki� ; k2

i♭
¼ 0: ð20Þ

III. NUMERICAL RESULTS AND COMPARISON

In this section we present numerical results for polarized
EW RCs to the eþe− → ZH process obtained by means of
the MCSANCEE integrator. We work in the αð0Þ EW scheme
and use the following set of input parameters:

α−1ð0Þ ¼ 137.03599976; ΓZ ¼ 2.49977 GeV

MW ¼ 80.4514958 GeV; MZ ¼ 91.1876 GeV;

MH ¼ 125 GeV; me ¼ 0.51099907 MeV;

mμ ¼ 0.105658389 GeV; mτ ¼ 1.77705 GeV;

md ¼ 0.083 GeV; ms ¼ 0.215 GeV;

mb ¼ 4.7 GeV; mu ¼ 0.062 GeV;

mc ¼ 1.5 GeV; mt ¼ 173.8 GeV: ð21Þ

In Ref. [27] we compared the one-loop EW calculations
(excluding hard bremsstrahlung) with the results of
Refs. [19,20] and the GRACE-LOOP program [24]. Good
agreement has also been obtained between the Born and
pure weak contributions and the results of Refs. [16,17].
The polarized Born and hard bremsstrahlung cross sec-

tions areverified bymeans of the corresponding results of the
WHIZARD [25] and CALCHEP [26] programs. For comparison
of the real photon emission we apply an additional cut on the
photon energy Eγ > 1 GeV. We obtain an excellent agree-
ment with the above-mentioned programs.
To calculate the one-loop EW RCs we use the soft-hard

separator ω ≪
ffiffiffi
s

p
=2.

Tables I–III show the results for the polarized Born, hard
bremsstrahlung, and one-loop cross sections (in fb), and the
relative corrections for various c.m. energies and polari-
zation degrees of the initial particles. The relative correc-
tion δ (in %) is defined as follows:

δ ¼ σone-loopðPe− ; PeþÞ
σBornðPe− ; PeþÞ

− 1: ð22Þ

In Table I we present the hard (Eγ > 1 GeV), Born, and
one-loop cross sections in fb and relative corrections δ in %
for a c.m. energy

ffiffiffi
s

p ¼ 250 GeV and various polarization
degrees of the initial particles. For the unpolarized case the
correction is negative and equal to about −8%. It remains
negative and reaches its highest value of about −17% for
the polarization values ðPe− ; PeþÞ ¼ ð−0.8; 0.6Þ.
In Tables II and III we present cross sections and relative

corrections for the c.m. energies
ffiffiffi
s

p ¼ 500, 1000 GeV. The
unpolarized corrections are positive and equal to about 17%
for

ffiffiffi
s

p ¼ 500 GeV and 21% for
ffiffiffi
s

p ¼ 1000 GeV. The
polarized corrections remain positive and reach their lowest

TABLE I. Hard (Eγ > 1 GeV), Born, and one-loop cross
sections in fb and relative corrections δ in % for the c.m. energyffiffiffi
s

p ¼ 250 GeV and various polarization degrees of the initial
particles.

Pe− Peþ σhard, fb σBorn, fb σone-loop, fb δ, %

0 0 82.0(1) 225.59(1) 206.77(1) −8.3ð1Þ
−0.8 0 96.7(1) 266.05(1) 223.33(2) −16.1ð1Þ
−0.8 −0.6 46.3(1) 127.42(1) 111.67(2) −12.4ð1Þ
−0.8 0.6 147.1(1) 404.69(1) 334.99(1) −17.2ð1Þ

TABLE II. Hard (Eγ > 1 GeV), Born, and one-loop cross
sections in fb and relative corrections δ in % for the c.m. energyffiffiffi
s

p ¼ 500 GeV and various polarization degrees of the initial
particles.

Pe− Peþ σhard, fb σBorn, fb σone-loop, fb δ, %

0 0 38.95(1) 53.74(1) 62.42(1) 16.7(1)
−0.8 0 45.92(1) 63.38(1) 68.31(1) 7.8(1)
−0.8 −0.6 22.10(1) 30.35(1) 34.04(1) 12.1(1)
−0.8 0.6 69.74(1) 96.40(1) 102.58(1) 6.4(1)

TABLE III. Hard (Eγ > 1 GeV), Born, and one-loop cross
sections in fb and relative corrections δ in % for the c.m. energyffiffiffi
s

p ¼ 1000 GeV and various polarization degrees of the initial
particles.

Pe− Peþ σhard, fb σBorn, fb σone-loop, fb δ, %

0 0 11.67(1) 12.05(1) 14.56(1) 20.8(1)
−0.8 0 13.75(1) 14.217(1) 15.80(1) 11.1(1)
−0.8 −0.6 6.65(1) 6.809(1) 7.95(1) 16.7(1)
−0.8 0.6 20.85(1) 21.62(1) 23.66(1) 9.4(1)
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values of about 6% for
ffiffiffi
s

p ¼ 500 GeV and 9% forffiffiffi
s

p ¼ 1000 GeV for the polarization values ðPe− ; PeþÞ ¼
ð−0.8; 0.6Þ.
Figure 1 shows the complete one-loop relative corrections

of various polarization degrees of the initial particles. The
notations are as follows: ðPe− ; PeþÞ ¼ ð0; 0Þ (solid violet
line), ð−0.8; 0Þ (dashed green line), ð−0.8; 0.6Þ (dotted blue
line), and ð−0.8;−0.6Þ (dash-dotted orange line).
The comparison of cross sections between the unpolar-

ized and polarized cases demonstrates the significance of
the polarization effects.
In Fig. 2 the separate pure weak (PW), QED, and one-

loop (NLO) contributions to the relative corrections are
shown, where

δNLO ¼ δPW þ δQED: ð23Þ
The lines corresponding to different contributions and
schemes are labeled as follows: NLO αð0Þ (solid violet
line), PW αð0Þ (dotted green line), NLO Gμ (dashed green
line), PW Gμ (dash-dotted orange line), and QED (dash-
dot-dotted blue line). The QED contribution has the largest
impact on the relative correction in comparison with the
pure weak term. The Gμ EW scheme calculations are
shifted by −ð6–7Þ% in comparison with the αð0Þ scheme.

Figure 3 shows the distributions of the left-right asym-
metry ALR in cosϑZ for the Born and one-loop levels for
the c.m. energies

ffiffiffi
s

p ¼ 250, 500, 1000 GeV, where ALR is
defined as follows:

ALR ¼ σð−1; 1Þ − σð1;−1Þ
σð−1; 1Þ þ σð1;−1Þ : ð24Þ

At the Born level the ALR is constant:

ABorn
LR ¼ −3M4

Z þ 4M2
ZM

2
W

5M4
Z − 12M2

ZM
2
W þ 8M4

W
¼ 0.2243: ð25Þ

The asymmetry analysis (Fig. 3) shows a significant
increase of ALR at high angles as the c.m. energy increases
from

ffiffiffi
s

p
from 250 GeV to 1000 GeV.

The next-to-next-to-leading-order mixed QCD-EW
OðααsÞ corrections to the unpolarized integrated cross
sections were estimated in Refs. [16,17]. They are about
1% in the region of c.m. energy

ffiffiffi
s

p ¼ 250–500 GeV in the
αð0Þ EW scheme and, at least, 1 order of magnitude lower
in comparison with the complete OðαÞ corrections.

IV. CONCLUSION AND OUTLOOK

In the paper we have investigated the complete one-loop
electroweak radiative corrections for the process eþe− →
ZH with longitudinal polarization of positron and electron
beams in a wide center-of-mass energy range.
We have reported estimations for the relative corrections

δ for various values of the longitudinal polarization of the
positron and electron beams for various energy values: for
250, 500, and 1000 GeV the relative corrections are −8.3 to
−17.2%, 6.4 to 16.7%, and 9.4 to 20.8%, respectively.
Note that a sharp increase of the relative correction δ (see

Fig. 1) at the threshold is due to the small absolute values of

FIG. 1. The complete one-loop relative corrections δ for various
polarization degrees.

FIG. 2. Relative corrections δ in percent of NLO, PW, and QED
contributions in the αð0Þ and Gμ EW schemes.

1− 0.8− 0.6− 0.4− 0.2− 0 0.2 0.4 0.6 0.8 1

Zcos 

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

LR
A

Born
1-loop 250
1-loop 500
1-loop 1000

 Z H→ - e+e

FIG. 3. Distributions of the left-right asymmetry ALR in cos ϑZ
for the Born and one-loop levels for the c.m. energies

ffiffiffi
s

p ¼ 250,
500, 1000 GeV.
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the Born and one-loop contributions. The δ is of the order
of 20% at 1 TeVand represents the combination of the large
positive QED and small negative weak corrections. The
QED corrections dominate in this energy region.
When calculating the asymmetry, the factorizable correc-

tions (such as QED) are mutually reduced. Thus, we see that
the magnitude of the asymmetry is sensitive to the contri-
butions from nonfactorizable corrections, such as those from
the weak sector. Therefore, understanding the asymmetry
may be helpful in searching for new physics [28–30].
All numerical calculations have been performed using

the MCSANCEE integrator which allows one to calculate
differential, integrated cross sections and distributions for
eþe− → eþe−; ZH reactions with the longitudinally

polarized positron and electron beams. In addition the
integrator, the MCSANCEE event generator at the complete
one-loop level currently being developed [31].
It is important to emphasize that for experimental

investigations the higher-order corrections (mixed QCD-
EW corrections, Sudakov two-loop leading logarithms,
multiphoton resummation, and so on) should also be
included in the precise theoretical tools.
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