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We apply the higher-order tensor renormalization group to the four-dimensional ferromagnetic Ising
model, which has been attracting interest in the context of the triviality of the scalar ¢%_, theory.
We investigate the phase transition of this model with the higher-order tensor renormalization group
enlarging the lattice size up to 1024* with parallel computation. The results for the internal energy and the

magnetization are consistent with the weak first-order phase transition.
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I. INTRODUCTION

It is well known that the critical behavior of the Ising
model on the higher-dimensional hypercubic lattice is well
explained with the mean-field theory. In dimensions larger
than 4, the effect of the background fluctuations becomes
negligible, and the model in the critical region exactly
obeys the mean-field exponents [1,2]. At the upper critical
dimension, however, multiplicative logarithmic corrections
are added to the leading scaling behavior of the mean-field
theory. Some of these corrections were derived by the
perturbative calculation with the renormalization group
method [3]. Since the Ising model is specified by the
infinite coupling limit of the single-component scalar ¢
theory, the model in four dimensions has been attracting the
interest of particle physicists for a long time in the context
of the triviality of the scalar ¢ theory, which is related
to the scalar sector of the standard model describing
the generation of gauge boson and fermion mass through
the Higgs mechanism [4—10]. There is also a recent study
to discuss the triviality of the O(N)¢} theory with the
higher-loop beta function [11-13].

A numerical study of the Ising model on a hypercubic
lattice serves as a nonperturbative test of the triviality [14,15];

*akiyama@het.ph.tsukuba.ac Jp
kuramasi@het.ph.tsukuba.ac.jp
*yamasita@ccs.tsukuba.ac.jp
§yoshimur@ ccs.tsukuba.ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2019,/100(5)/054510(7)

054510-1

if the leading scaling behavior is the mean-field type and
it is modified only by the multiplicative logarithmic factor,
one obtains supporting evidence for the triviality. In fact, the
numerical investigation based on the Monte Carlo simulation
has successfully caught the mean-field exponents [16-20],
but there remains some controversy over the appearance
of the logarithmic corrections [19-23]. Actually, no
Monte Carlo study has confirmed the logarithmic correction
in the scaling behavior of the specific heat, which is
(In|#)'/3, with ¢ being the reduced temperature expected
from the perturbative renormalization group analysis. This is
mainly because the cubic root of logarithmic divergence is
too weak to detect by the finite-size scaling analysis or the
specific heat may be actually bounded [19]. Indeed, the
finite-volume effect of the four-dimensional Ising model
has been investigated from various viewpoints [9]. A detailed
Monte Carlo study has found a serious finite-volume effect
due to nontrivial boundary effects in the four-dimensional
Ising model [20]. From the viewpoint of numerical calcu-
lation, it could be possible that there remain some unreveal-
ing aspects in the phase transition of this model, and it
should be worth trying different approaches other than the
Monte Carlo method.

For this purpose, we employ the tensor network scheme
to investigate the four-dimensional classical Ising model.
This scheme has various types of numerical algorithms
[24], which can be divided into two streams: a Hamiltonian
approach and a Lagrangian one. The latter enables us to
evaluate the partition functions directly via tensor network
representation. A typical algorithm is the tensor renorm-
alization group (TRG) [25], which was originally proposed
by Levin and Nave for the two-dimensional Ising model.
The TRG method has been successfully applied to the
two-dimensional field theories with the path-integral
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formulation in the particle physics [26-39]. The higher-
order TRG (HOTRG) [40] is an improvement of the TRG
with the extension to higher dimensions. One of the
attractive features in the TRG and HOTRG is that we
are allowed to directly study the thermodynamic properties;
we can systematically increase the system size by repeating
the coarse-graining steps in the algorithms. Although
earlier studies with the HOTRG are restricted to two-
and three-dimensional systems [41-55], including the
three-dimensional classical Ising model [40], the algorithm
itself is readily extended to a four-dimensional lattice. In
this paper, we employ the HOTRG method to investigate
the phase transition of the classical Ising model on the four-
dimensional hypercube. The accuracy of the HOTRG is
controlled by the bond dimension D, which is varied up
to 14 in this study. To investigate the phase transition of the
model, we measure the internal energy and the magneti-
zation through the evaluation of the tensor network with
some impurity located at the center of the hypercube.

This paper is organized as follows. In Sec. II, we briefly
review the HOTRG method and explain an approach to
evaluate the internal energy and the magnetization of the
Ising model. We present numerical results in Sec. III and
discuss the properties of the phase transition. Section 1V is
devoted to a summary and outlook.

II. HOTRG WITH IMPURITY

The partition function of the four-dimensional ferromag-
netic Ising model is given by

Zy= > (HT) (HV) (1)

{o==1} (i)

with T, , = e/7%, V, = e/, where o; is the two-state
classical spin variable on the lattice site , (ij) specifies the
sum over all the nearest-neighboring spin pairs, f# is the
inverse temperature 1/7, and / is the external magnetic
field. The subscript N is the size of a system. Based on the
eigenvalue decomposition 7 = UAUT, one defines the
eight-rank local tensor located on each lattice site as
Tz(‘gc)x’yy’zz’rﬂ

= Z Wa[x Wa,-x’ Wa,vy Wa,vy’ Wo‘,vz Wa[z’ Wa,-t Wa,- i Va,- , (2)

where W = U+/A. The indices of these tensors are called
bond indices. Now, we obtain the tensor network repre-
sentation of Eq. (1) as

N
Zy=Te[[ 7). (3)
i=1

where we assume the periodic boundary condition and the
right-hand side means all the bond indices are contracted so

as to restore the model defined on the four-dimensional
hypercube. One way to evaluate Eq. (3) is the HOTRG with
the use of the higher-order singular value decomposition
[40]. In the HOTRG procedure, the nearest two local
tensors along the x, y, z, and ¢ directions are mapped to
the coarse-grained one sequentially. Hence, the lattice size
is reduced by a factor of 2 after each step of coarse graining.
After repeating n steps of coarse graining, one obtains the
partition function with the system size of N = 2"; that is,

Zy ~ TeT, (4)

The right-hand side is again the sum over all the bond
indices so as to restore the structure of the four-dimensional
lattice model with the periodic boundary condition, and this
is easily done by defining the trace of the coarse-grained
tensor as

TrTfi)l = ZTY;l)nyyzztl' (5)

X,y.2,t

There are two ways to evaluate the expectation values
such as the internal energy and the magnetization. One is
the numerical differentiation with respect to  and h. The
other is the direct evaluation of the expectation value using
the corresponding tensor network representation. For in-
stance, we can obtain the internal energy through the
evaluation of the nearest-neighbor local energy term
(0,0,) with the HOTRG method as follows. We first define
the additional local tensor as
S(O)

ixx'yy'zZ'tt

- Zai Waix Wo‘,-x’ Wo‘,»y Wo‘,»y’ Wo,»z Waiz’ WaitWGil’ VG,- : (6)

o

With the use of this local tensor, the tensor network
representation for the local energy is given by

(0,0;) = Tr {SEO)SEW HT;(CO)} /Zy. (7)
k#i,j

where SES-) represent the tensors on the lattice sites i and J,

respectively, and 7° ,((0) is for the rest of the N — 2 sites. Since
the numerator looks as if it contains two impurities, we

call SEO) an impure tensor and 7 ,((0) a pure tensor. The
denominator is evaluated by the plain HOTRG method. To
coarse grain the impure tensor network of Eq. (7), we
assume the local energy term is fixed at the center of the
lattice (i = 1, j =2 = 1 + , with § being the unit vector
in the y direction) during the HOTRG calculation. In the
first step, we define the coarse-grained impure tensor
S(l]) by contracting two initial impurities. For simplicity,
we give the corresponding expression in the two-
dimensional case;
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(1) _ (0) (0) (1
Sl;xx’yy’ - z Uxxl®x281 x4 yaSZ XX, ay’Uxx ®x,° <8)

X)X}, X)

where U1 is a block-spin transformation determined

within the original algorithm of the HOTRG [40]. In the
following steps, SE"H) is defined by the combination of

S (1") and 7(2">. We again show the corresponding formula in
the two-dimensional case for simplicity;

n+1 (n+1)  o(n) (n) (n+1)
l xx'yy T z : UXX1®X2 13x) X vaTZ;xzx’zay’ Ux’x’] ®x, " <9)

a.x),X) XX

Finally, the local energy is approximately given by

TrS 5’”
Tr’TY')

(0i0)) ~ (10)

The meaning of the trace is the same as in Eq. (5). Since the
original model has the translational invariance, (c,0;) x d,
where d is the dimensionality, should give the absolute
value of internal energy.

The one-point function (c;) to measure the magnetiza-
tion is also evaluated in the same way. In this case, we are
allowed to apply the four-dimensional counterpart of
Eq. (9) from the first coarse-graining step because the
initial expression of (o;) has the form

Tr {sgmﬂﬁp

ki

}/ZN, (1)

where Sfm is located only on the lattice site i (i = 1) and k
runs the rest of the N — 1 sites. After sufficient iterations,
(6;) is evaluated by

TrS §”)
T\

(o) ~ (12)
Thanks to the translational invariance, (o;) directly corre-
sponds to the spatial average of the Ising spin. Note that
Egs. (10) and (12) have the same expression, but they are
evaluated by different coarse-graining procedures.

In Ref. [40], computational costs and memory space
requirements in two- and three-dimensional HOTRG are
given. Computational costs are O(DZ,) and O(D(},), and
memory space requirements are O(D%,) and O(DS,,),
respectively. In straightforward expansion of the HOTRG
algorithm in Ref. [40] to four dimensions, the computational
cost is O(DL)), and the memory space requirement
is O(D%,). In our implementation, the computational
cost in each process is O(D!}), and the memory space
requirement in each process is O(DZ,). A key idea of
this implementation is as follows. In some of steps in
coarse-graining procedure, two local tensors are considered,
and contraction is executed. In such steps, we distribute

elements of the two local tensors to each process according
to one of eight indices of each local tensor. Such indices are
chosen from ones which are not contracted during the
considered step. Then, D2, processes are used, and the
computational cost is reduced to O(DL3,) from O(DL,). On
the two local tensors, one of eight indices is specified from
process numbers in parallel computing. Thus, the memory
space requirement in each process is O(D/;;). Our imple-
mentation is basically based on an algorithm described in a
paper which is in preparation by T. Y. and S. Sakurai to be
shown in another place. We have carried out a detailed
measurement of the internal energy and the magnetization
with D, = 13, employing the fine resolution of the temper-
ature AT = 6.25 x 107 around the transition temperature.
We have repeated the calculation with D, = 14 to confirm
the qualitative features obtained with D, = 13. But in this
case, the temperature resolution remains coarser as AT =
3.0 x 107 due to the computational cost. In the following,
we focus on the results with D, = 13.

As found in Sec. 11, all the measured physical quantities
seem to lose the volume dependence beyond n = 30, so the
lattice size of N = 2% = 1024* is large enough to be taken
as the thermodynamic limit.

III. NUMERICAL RESULTS

We first evaluate the free energy with the plain HOTRG
method. The convergence behavior is investigated by
defining the following quantity:

In ZN(Dcut) —In ZN(Dcut = 13)
In ZN(Dcut = 13)

6f = (13)

Figure 1 shows a typical convergence behavior of In Zy in
the vicinity of the transition temperature. We observe that
of decreases monotonically as a function of D.

107°F ‘ ‘ ‘ ‘ T ‘ ‘ T
i oo n=20 (L=32)
= n=40 (L=1024)
107 E
>
10 3 E
-5 1 1 1 1
10 3 6 9 12
D
cut
FIG. 1. Convergence behavior of InZy as a function of bond

dimension D, at T = 6.64250 in the vicinity of the transition
temperature. L is a linear extent of the lattice defined as N = L*.

054510-3



AKIYAMA, KURAMASHI, YAMASHITA, and YOSHIMURA

PHYS. REV. D 100, 054510 (2019)

33— .
6—o T=6.65036875
T =6.65036250 | |
2 ]
>

1 &<

L L L L | L L L L | L L L L
10 20 30 40

n

FIG.2. X® at the nth coarse-graining step with D ,, = 13. The
red line corresponds to the disordered phase, and the blue one
corresponds to the ordered one.

We now turn to the determination of the transition
temperature. Let us assume that one has just obtained
the coarse-grained tensor T(I@ 1vaas thE coarse-graining

. ) wxyy'zzt” .
direction of which was the ¢ direction. Choosing a

D, X D, matrix as

(n) _ (n)
Azr’ - ZTl;xxyyzztt” (14)

X.y.2

we calculate the quantity

(TI‘ A(n))Z
(0 I S
X e (15)
which counts the number of the largest singular value of
A _ This is an indicator of the symmetry breaking [56].
We calculate X*) iteratively until it converges. A typical
convergence behavior of X() is shown in Fig. 2. Notice that
we sequentially redefine A corresponding to the direction
of coarse graining in the practical calculation. Figure 3
shows the transition temperature 7', as a function of D .
The error bars, provided by the temperature resolution, are
all smaller than the corresponding symbols. Since 7' (Dy)
is estimated by X(") with sufficiently large n, typically
beyond n = 30, there remains little finite-volume effect. In
this work, we have obtained T.(D.,; = 13) = 6.650365(5)
on the 1024* lattice. The recent Monte Carlo study [19]
obtained f. = 0.1496947(5) corresponding to T, =
6.68026(2), which shows a slight deviation from our result
with the HOTRG up to D, = 13. Note that the value of
T. in Ref. [19] was obtained by the infinite-volume
extrapolation using the results on relatively small lattices
with L* < 80*.

Let us move on to the evaluation of the internal energy,
which can be obtained by numerical differentiation or the
coarse graining of the impure network of Eq. (7). We have

7.1

7.0 -

6.9 1

6.8 -

6.6 1 1 | 1 1 1 1 |

FIG. 3. Transition temperature as a function of bond dimension.
Error bars are within symbols.

compared both methods, varying the temperature resolu-
tion, and found that the latter successfully keeps the
numerical accuracy as the resolution becomes finer. In
the following, we show the results with the impure tensor
method. Figure 4 traces the volume dependence of the
internal energy with D, = 13. The converging behavior
toward the thermodynamic limit is clearly observed. Since
the system size N is given by 2", a hypercubic structure is
restored in the condition of n mod4 = 0. Figure 5 shows
the internal energy as a function of temperature for various
lattice sizes with D, = 13. In the case of n > 24 (L > 64),
a finite jump emerges with mutual crossings of curves
between different volumes around the transition temper-
ature. These are characteristic features of the first-order
phase transition as discussed in Ref. [57]. The similar
volume dependence and a finite jump at L. > 64 have been
also confirmed in case of D, = 14. The numerical value
of the finite jump AE(Dg, = 13) in the infinite-volume
limit is

-0.75
o =
20
8 .0.80 -
g 3
=
E p!
g 7
|
PRI RS B
30 35 40 |
085 A T= 665036875 | |
d v—v T =6.65036250 | 1
I I I I | I I I I | I I I I
10 20 30 40
n
FIG. 4. Internal energy at the nth coarse-graining step with

D, = 13. The red line corresponds to the disordered phase, and
blue one corresponds to the ordered phase. The inset graph
magnifies the n dependence beyond n = 20.
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F| << n=28 (L=128) 1
> -0.759 n=32 (L=256) -
= || > n=36 (L=512) |
3 oo n=40 (L=1024
L; -0.760 | n ( ) =
£
8
= -0.761
0.762
{
0763 0 1w L L L o
6.650300  6.650325  6.650350  6.650375  6.650400  6.650425
T
FIG. 5. The internal energy as a function of temperature for

various lattice sizes with Do, = 13. T.(D, = 13) estimated by
X of Eq. (15) is within the gray band.

AE(Dyy = 13) = 0.0034(5),

which is obtained by the linear extrapolation toward the
transition temperature both from the low- and high-temper-
ature regions. The resolution of the temperature at the
boundary between the two phases is AT = 6.25 x 1079,
We also investigate the spontaneous magnetization,
which is an order parameter to detect the symmetry-
breaking phase. Figure 6 shows a typical volume depend-
ence of magnetization toward the thermodynamic limit.
We have evaluated (c;) with h/=1.0x107" and 2.0 x 10~
at each temperature and coarse-graining step. After taking
the infinite-volume limit, we extrapolate the value of (o;)
toward the 4 — O limit. Figure 7 shows the resulting
spontaneous magnetization as a function of temperature.
The transition temperature is consistent with both estimates
by X" and the internal energy. We have observed a finite

0.04 —————————
“— T =6.65036875 I
*—* T'= 6.65036250

0.03}

=]

S

go0.02

5

=}

B

= 0.01

0.001

0 20 30 40
n

FIG. 6. Magnetization at the nth coarse-graining step with
D, =13 and h = 1.0 x 107°. The red line corresponds to the
disordered phase, and the blue one corresponds to the
ordered phase.

0.04

0.03

0.02

Magnetization

0.01

0.00
|
6.650350 6.650375 6.650400
T
FIG.7. Spontaneous magnetization in the thermodynamic limit

with D, = 13. Error bars, provided by extrapolation, are within
symbols. T (D, = 13) estimated by X") of Eq. (15) is within
the gray band.

jump in the magnetization, the numerical value of which is
obtained by the linear extrapolation toward the transition
temperature from both the low- and high-temperature
regions:

Am(Dgy = 13) = 0.037(2).

The resolution of the temperature at the boundary between
the two phases is again AT = 6.25 x 107°. Note that we
have tried several choices of the external field other than
h=0(10"°) and confirmed that the behavior of the
magnetization is robust against the change of the magnitude
of h.

IV. SUMMARY AND OUTLOOK

We have analyzed the phase transition of the four-
dimensional ferromagnetic Ising model employing the
HOTRG on L* < 1024* lattices. The transition temperature
is successfully determined by measuring the degeneracy of
the largest singular value of the pure tensor. We have also
investigated the temperature dependence of the internal
energy and magnetization with the impure tensor method.
We have found a finite jump for the internal energy together
with mutual crossings of curves between different volumes
around the transition temperature. A finite jump is also
observed in the magnetization. These are characteristic
features of the first-order phase transition. The numerical
results obtained by the impure tensor method are consistent
with the weak first-order phase transition. The resulting
estimate for the transition temperature in the thermody-
namic limit shows a slight deviation from the recent
Monte Carlo prediction [19] obtained from the infinite-
volume extrapolation of the data on relatively small lattices
up to 80*. The logarithmic correction expected by the
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perturbative renormalization group analysis has also not
been detected in our current HOTRG study.

In future investigation, the HOTRG calculation with
D, > 14 should allow us to achieve a direct and essential
improvement of this study. Our impure tensor method can
be also improved by considering all the patterns of coarse
graining for the network including some impurities [58].
Another possible approach is to develop the best optimi-
zation of the Frobenius norm of impure tensor, which
would be a realistic way to improve our impure tensor
algorithm from the viewpoint of the computational cost of
the HOTRG.

ACKNOWLEDGMENTS

Numerical calculation for the present work was
carried out with the COMA (PACS-IX) computer under
the “Interdisciplinary Computational Science Program” of
Center for Computational Sciences, University of Tsukuba,
and with the Oakforest-PACS system of Joint Center for
Advanced High Performance Computing. This work is
supported by the Ministry of Education, Culture, Sports,
Science and Technology (MEXT) as “Exploratory
Challenge on Post-K Computer (Frontiers of Basic
Science: Challenging the Limits)”.

[1] M. Aizenman, Phys. Rev. Lett. 47, 1 (1981); 47, 886(E)
(1981).
[2] M. Aizenman, Commun. Math. Phys. 86, 1 (1982).
[3] F.J. Wegner and E.K. Riedel, Phys. Rev. B 7, 248
(1973).
[4] K. G. Wilson and J. B. Kogut, Phys. Rep. 12, 75 (1974).
[5] M. Liischer and P. Weisz, Nucl. Phys. B290, 25 (1987).
[6] M. Liischer and P. Weisz, Nucl. Phys. B295, 65 (1988).
[7]1 M. Liischer and P. Weisz, Nucl. Phys. B318, 705 (1989).
[8] K. Huang, Int. J. Mod. Phys. A 04, 1037 (1989).
[9] K. Jansen, T. Trappenberg, I. Montvay, G. Munster, and U.
Wolff, Nucl. Phys. B322, 698 (1989).
[10] C. Frick, K. Jansen, J. Jersak, I. Montvay, P. Seuferling, and
G. Munster, Nucl. Phys. B331, 515 (1990).
[11] R. Shrock, Phys. Rev. D 90, 065023 (2014).
[12] R. Shrock, Phys. Rev. D 94, 125026 (2016).
[13] R. Shrock, Phys. Rev. D 96, 056010 (2017).
[14] R. Kenna and C. B. Lang, Nucl. Phys. B393, 461 (1993);
B411, 340(E) (1994).
[15] R. Kenna, Nucl. Phys. B691, 292 (2004).
[16] H. W.J. Blote and R. H. Swendsen, Phys. Rev. B 22, 4481
(1980).
[17] E. Sanchez-Velasco, J. Phys. A 20, 5033 (1987).
[18] E. Bittner, W. Janke, and H. Markum, Phys. Rev. D 66,
024008 (2002).
[19] P. H. Lundow and K. Markstrom, Phys. Rev. E 80, 031104
(2009).
[20] P.H. Lundow and K. Markstrom, Nucl. Phys. B845, 120
(2011).
[21] P. Cea, M. Consoli, and L. Cosmai, arXiv:hep-lat/0501013.
[22] P. M. Stevenson, Nucl. Phys. B729, 542 (2005).
[23] J. Balog, F. Niedermayer, and P. Weisz, Nucl. Phys. B741,
390 (2000).
[24] R. Orts, arXiv:1812.04011.
[25] M. Levin and C.P. Nave, Phys. Rev. Lett. 99, 120601
(2007).
[26] Y. Shimizu, Mod. Phys. Lett. A 27, 1250035 (2012).
[27] Y. Shimizu, Chin. J. Phys. 50, 749 (2012).
[28] Y. Liu, Y. Meurice, M. P. Qin, J. Unmuth-Yockey, T. Xiang,
Z.Y. Xie, J.F. Yu, and H. Zou, Phys. Rev. D 88, 056005
(2013).

[29] A. Denbleyker, Y. Liu, Y. Meurice, M. P. Qin, T. Xiang,
Z.Y. Xie, J.F. Yu, and H. Zou, Phys. Rev. D 89, 016008
(2014).

[30] Y. Shimizu and Y. Kuramashi, Phys. Rev. D 90, 014508
(2014).

[31] Y. Shimizu and Y. Kuramashi, Phys. Rev. D 90, 074503
(2014).

[32] J. F. Unmuth-Yockey, Y. Meurice, J. Osborn, and H. Zou,
Proc. Sci., LATTICE2014 (2014) 325 [arXiv:1411.4213].

[33] S. Takeda and Y. Yoshimura, Prog. Theor. Exp. Phys. 2015,
043B01 (2015).

[34] H. Kawauchi and S. Takeda, Proc. Sci., LATTICE2016
(2016) 322 [arXiv:1611.00921].

[35] Y. Meurice, A. Bazavov, S.-W. Tsai, J. Unmuth-Yockey,
L.-P. Yang, and J. Zhang, Proc. Sci., LATTICE2016 (2016)
325 [arXiv:1611.08711].

[36] Y. Shimizu and Y. Kuramashi, Phys. Rev. D 97, 034502
(2018).

[37] D. Kadoh, Y. Kuramashi, Y. Nakamura, R. Sakai, S.
Takeda, and Y. Yoshimura, J. High Energy Phys. 03
(2018) 141.

[38] R. Sakai, D. Kadoh, Y. Kuramashi, Y. Nakamura, S. Takeda,
and Y. Yoshimura, Proc. Sci., LATTICE2018 (2018) 232
[arXiv:1812.00166].

[39] D. Kadoh, Y. Kuramashi, Y. Nakamura, R. Sakai, S.
Takeda, and Y. Yoshimura, J. High Energy Phys. 05 (2019)
184.

[40] Z.Y. Xie, J. Chen, M. P. Qin, J. W. Zhu, L. P. Yang, and T.
Xiang, Phys. Rev. B 86, 045139 (2012).

[41] M.-P. Qin, J. Chen, Q.-N. Chen, Z.-Y. Xie, X. Kong, H.-H.
Zhao, B. Normand, and T. Xiang, Chin. Phys. Lett. 30,
076402 (2013).

[42] J.F. Yu, Z. Y. Xie, Y. Meurice, Y. Liu, A. Denbleyker, H.
Zou, M. P. Qin, J. Chen, and T. Xiang, Phys. Rev. E 89,
013308 (2014).

[43] S. Wang, Z.-Y. Xie, J. Chen, B. Normand, and T. Xiang,
Chin. Phys. Lett. 31, 070503 (2014).

[44] H. Kawauchi and S. Takeda, Proc. Sci., LATTICE2015
(2016) 284 [arXiv:1511.00348].

[45] J. Genzor, A. Gendiar, and T. Nishino, Phys. Rev. E 93,
012141 (2016).

054510-6


https://doi.org/10.1103/PhysRevLett.47.1
https://doi.org/10.1103/PhysRevLett.47.886
https://doi.org/10.1103/PhysRevLett.47.886
https://doi.org/10.1007/BF01205659
https://doi.org/10.1103/PhysRevB.7.248
https://doi.org/10.1103/PhysRevB.7.248
https://doi.org/10.1016/0370-1573(74)90023-4
https://doi.org/10.1016/0550-3213(87)90177-5
https://doi.org/10.1016/0550-3213(88)90228-3
https://doi.org/10.1016/0550-3213(89)90637-8
https://doi.org/10.1142/S0217751X89000479
https://doi.org/10.1016/0550-3213(89)90233-2
https://doi.org/10.1016/0550-3213(90)90218-3
https://doi.org/10.1103/PhysRevD.90.065023
https://doi.org/10.1103/PhysRevD.94.125026
https://doi.org/10.1103/PhysRevD.96.056010
https://doi.org/10.1016/0550-3213(93)90068-Z
https://doi.org/10.1016/j.nuclphysb.2004.05.012
https://doi.org/10.1103/PhysRevB.22.4481
https://doi.org/10.1103/PhysRevB.22.4481
https://doi.org/10.1088/0305-4470/20/14/041
https://doi.org/10.1103/PhysRevD.66.024008
https://doi.org/10.1103/PhysRevD.66.024008
https://doi.org/10.1103/PhysRevE.80.031104
https://doi.org/10.1103/PhysRevE.80.031104
https://doi.org/10.1016/j.nuclphysb.2010.12.002
https://doi.org/10.1016/j.nuclphysb.2010.12.002
http://arXiv.org/abs/hep-lat/0501013
https://doi.org/10.1016/j.nuclphysb.2005.09.015
https://doi.org/10.1016/j.nuclphysb.2006.02.026
https://doi.org/10.1016/j.nuclphysb.2006.02.026
http://arXiv.org/abs/1812.04011
https://doi.org/10.1103/PhysRevLett.99.120601
https://doi.org/10.1103/PhysRevLett.99.120601
https://doi.org/10.1142/S0217732312500356
https://doi.org/10.1103/PhysRevD.88.056005
https://doi.org/10.1103/PhysRevD.88.056005
https://doi.org/10.1103/PhysRevD.89.016008
https://doi.org/10.1103/PhysRevD.89.016008
https://doi.org/10.1103/PhysRevD.90.014508
https://doi.org/10.1103/PhysRevD.90.014508
https://doi.org/10.1103/PhysRevD.90.074503
https://doi.org/10.1103/PhysRevD.90.074503
http://arXiv.org/abs/1411.4213
https://doi.org/10.1093/ptep/ptv022
https://doi.org/10.1093/ptep/ptv022
http://arXiv.org/abs/1611.00921
http://arXiv.org/abs/1611.08711
https://doi.org/10.1103/PhysRevD.97.034502
https://doi.org/10.1103/PhysRevD.97.034502
https://doi.org/10.1007/JHEP03(2018)141
https://doi.org/10.1007/JHEP03(2018)141
http://arXiv.org/abs/1812.00166
https://doi.org/10.1007/JHEP05(2019)184
https://doi.org/10.1007/JHEP05(2019)184
https://doi.org/10.1103/PhysRevB.86.045139
https://doi.org/10.1088/0256-307X/30/7/076402
https://doi.org/10.1088/0256-307X/30/7/076402
https://doi.org/10.1103/PhysRevE.89.013308
https://doi.org/10.1103/PhysRevE.89.013308
https://doi.org/10.1088/0256-307X/31/7/070503
http://arXiv.org/abs/1511.00348
https://doi.org/10.1103/PhysRevE.93.012141
https://doi.org/10.1103/PhysRevE.93.012141

PHASE TRANSITION OF FOUR-DIMENSIONAL ISING MODEL ...

PHYS. REV. D 100, 054510 (2019)

[46] H.-H. Zhao, Z.-Y. Xie, T. Xiang, and M. Imada, Phys. Rev.
B 93, 125115 (2016).

[47] H.Kawauchi and S. Takeda, Phys. Rev. D 93, 114503 (2016).

[48] R.Sakaiand S. Takeda, Proc. Sci., LATTICE2016 (2016) 336.

[49] R. Sakai, S. Takeda, and Y. Yoshimura, Prog. Theor. Exp.
Phys. 2017, 063B07 (2017).

[50] J. Chen, H.-J. Liao, H.-D. Xie, X.-J. Han, R.-Z. Huang, S.
Cheng, Z.-C. Wei, Z.-Y. Xie, and T. Xiang, Chin. Phys. Lett.
34, 050503 (2017).

[51] Y. Yoshimura, Y. Kuramashi, Y. Nakamura, S. Takeda, and
R. Sakai, Phys. Rev. D 97, 054511 (2018).

[52] R. Krcmar, J. Genzor, Y. Lee, H. Cencarikova, T. Nishino,
and A. Gendiar, Phys. Rev. E 98, 062114 (2018).

[53] Y. Chen, Z.-Y. Xie, and J.-F. Yu, Chin. Phys. B 27, 080503
(2018).

[54] Y. Kuramashi and Y. Yoshimura, arXiv:1808.08025.

[55] A. G. Jozef Genzor and T. Nishino, arXiv:1904.10645.

[56] Z.-C. Gu and X.-G. Wen, Phys. Rev. B 80, 155131 (2009).

[57] M. Fukugita, H. Mino, M. Okawa, and A. Ukawa, J. Stat.
Phys. 59, 1397 (1990).

[58] S. Morita and N. Kawashima, Comput. Phys. Commun.
236, 65 (2019).

054510-7


https://doi.org/10.1103/PhysRevB.93.125115
https://doi.org/10.1103/PhysRevB.93.125115
https://doi.org/10.1103/PhysRevD.93.114503
https://doi.org/10.1088/0256-307X/34/5/050503
https://doi.org/10.1088/0256-307X/34/5/050503
https://doi.org/10.1103/PhysRevD.97.054511
https://doi.org/10.1103/PhysRevE.98.062114
https://doi.org/10.1088/1674-1056/27/8/080503
https://doi.org/10.1088/1674-1056/27/8/080503
http://arXiv.org/abs/1808.08025
http://arXiv.org/abs/1904.10645
https://doi.org/10.1103/PhysRevB.80.155131
https://doi.org/10.1007/BF01334757
https://doi.org/10.1007/BF01334757
https://doi.org/10.1016/j.cpc.2018.10.014
https://doi.org/10.1016/j.cpc.2018.10.014

