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We study the twist-2 distribution amplitudes (DAs) and the decay constants of pseudoscalar light (π, K)
and heavy (D, Ds, B, Bs) mesons as well as the longitudinally and transversely polarized vector light
(ρ, K�) and heavy (D�, D�

s , B�, B�
s) mesons in the light-front quark model with the Coulomb plus

exponential-type confining potential Vexp ¼ aþ beαr in addition to the hyperfine interaction. We first
compute the mass spectra of ground state pseudoscalar and vector light and heavy mesons and fix the
model parameters necessary for the analysis, applying the variational principle with the trial wave function
up to the first three lowest order harmonic oscillator (HO) wave functions Φðx;k⊥Þ ¼

P
3
n¼1 cnϕnS. We

then obtain the numerical results for the corresponding decay constants of light and heavy mesons.
We estimate the DAs, analyze their variation as a function of momentum fraction and compute the first six
ξ-moments of the B and D mesons as well. We compare our results with the available experimental data as
well as with the other theoretical model predictions.
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I. INTRODUCTION

In the last few decades, the light as well as heavy quark
mesonic systems have provided a great deal of important
and attractive information on the precise determination of
the fundamental parameters of the Standard Model (SM).
The nonperturbative structure of the hadron is well
described by the hadronic or quark distribution amplitudes
(DAs) which not only encode important information on
bound states in QCD but also play an essential role in
describing the various hard exclusive processes [1,2] of
QCD via the factorization theorem [3] in analogous to
parton distributions in inclusive processes. They also help
in understanding the distribution of partons in terms of the
longitudinal momentum fraction as they are the longi-
tudinal projection of the hadronic wave functions obtained
by integrating out the transverse momenta of the funda-
mental constituents of the hadron [4–6]. Hadronic DAs are
defined in terms of vacuum-to-hadron matrix elements
of particular nonlocal quark or quark-gluon operators.
The lowest moments of the hadronic DAs for a quark
and an antiquark inside a meson provide us the knowledge
of decay constants that are considered as direct source of

information on the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements, i.e., the fundamental parameters of the
SM. The precise determination of decay constants will
further allow us to test the unitarity of the quark mixing
matrix and CP violation in the SM [7].
The B-physics phenomenology and the electromagnetic

and transition form factors at high Q2 urges the detailed
study of hadronic DAs. The predictions of exclusive Bu;d;s-
decays into light pseudoscalar and vector mesons in the
context of CP violation and CKM quark mixing matrix
require the precise study of SUð3Þ flavor symmetry break-
ing effect in the DAs of mesons having strange quark.
The hadronic DAs of light mesons were investigated in the
pioneering work of Brodsky and Lepage followed by many
other studies [4–6,8–24]. The hadronic DAs of the heavy
B-mesons were first investigated by Grozin and Neubert
within the heavy quark effective theory (HQET) [25]
followed by other studies [26–40]. The hadronic DAs of
heavy mesons other than B-mesons were also discussed in
non-HQET framework [41–43]. Many theoretical studies
using nonperturbative approaches such as the light-front
quark model (LFQM) [41–45], the QCD sum rules (SR)
[6,46–58], lattice QCD calculations [59–63], the chiral-
quark model from the instanton vacuum [64–67], the
Nambu-Jona-Lasinio (NJL) model [68,69], the Dyson-
Schwinger equation (DSE) approach [70,71] have moti-
vated the researchers to develop distinct phenomenological
models to estimate the hadronic DAs. Similarly, there have
been many theoretical works using different models such as
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the LFQM [41,45,72–76], the light-front holographic QCD
(LFHQCD) [77,78], SR [79–81], the lattice QCD [82–85],
Bethe-Salpeter (BS) model [86–88], the relativistic quark
model (RQM) [89–91], and the nonrelativistic quark model
(NRQM) [92–96] that have been devoted to the determi-
nation of the decay constants.
One of the most successful and efficient nonperturbative

approaches is the LFQMwhich has been widely used in the
phenomenological studies of the hadron physics. It takes
advantage of the equal light-front time (τ ¼ tþ z=c)
quantization and includes the important relativistic effects
in the hadronic wave functions [97–99] that are neglected
in the traditional equal-time Hamiltonian formalism. Apart
from having the maximum number (seven) of interaction
free (or kinetic) generators, the rational energy-momentum
dispersion relation p− ¼ ðp2⊥ þm2Þ=pþ yields the sign
correlation between the light-front energy p−ð¼p0 − p3Þ
and the light-front longitudinal momentum pþð¼p0 þ p3Þ
leading to the suppression of vacuum fluctuations with
the decoupling of complicated nontrivial zero modes.
Therefore, a clean Fock state expansion of hadronic wave
functions based on a simple vacuum can be built
[100–103]. The light-front wave function (LFWF) can
be expressed in terms of hadron momentum-independent
internal momentum fraction variables making it explicitly
Lorentz invariant [104]. Based on these properties, the
LFQM has been developed and successfully applied to
evaluate various meson phenomenologies such as the mass
spectra of heavy and light mesons, their decay constants,
DAs, form factors, generalized parton distributions (GPDs).
While the direct connection between the LFQM and QCD
has still not been established, recent results on the analyses
of twist-2 and twist-3 quark-antiquark DAs for pseudosca-
lar and vector mesons in LFQM [105] indicated that the
constituent quark and antiquark could be considered as
dressed constituents including the zero-mode quantum
fluctuations from the QCD vacuum. Also, the light-front
holography based on the five-dimensional anti-de Sitter
(AdS) space-time and the conformal symmetry has helped
in understanding the nature of the effective confinement
potential and the resulting light-front wave functions for
both light and heavy mesons [106]. The results on the
LFQM analysis of the pion form factor in both spacelike
and timelike regions [107] are found to be compatible with
the holographic approach to light-front QCD [108]. These
developments motivate us to thoroughly analyze the ground
state pseudoscalar and vector mesons mass spectra, decay
constants and DAs in the LFQM.
The ground state mass spectra and the decay constants of

pseudoscalar and vector heavy mesons have already been
analyzed by fixing the model parameters obtained from the
linear and harmonic oscillator (HO) confining potentials
using the 1S state HO wave function in the light-front
approach [72]. Further, the mass spectra and decay con-
stants of ground state pseudoscalar and vector light and

heavy mesons have been computed in the LFQM by fixing
the model parameters obtained from the linear confining
potential using the two lowest order HO wave functions
[73]. It is important to mention here that the fixation of
model parameters has not been carried in any other
potential beyond the linear and HO confining potentials.
In view of this, we attempt to model the confining potential
into exponential-type, which has been explored in the
nonrelativistic formulation [92–96]. The trial wave function
Φ will be used for the variational principle to the QCD-
motivated Hamiltonian saturating the Fock-state expansion
by the constituent quark and antiquark: Hqq̄ ¼ H0 þ Vqq̄,
where the effective interaction potential Vqq̄ is the combi-
nation of (1) Coulomb plus exponential-type potential and
(2) Hyperfine interaction. For our trial wave function, we
find that the larger number of HO basis functions (1S, 2S,
and 3S) is required to achieve the efficacy of the model
calculations in contrast to the previous analyses of LFQM
with the linear and HO confining potentials [72,73], the
efficacy of which was already obtained with up to the two
lowest order HO wave functions. It is interesting to note in
this work that our LFQM predictions are comparable to
each other regardless the type of confining potential as far
as the efficacy of model prediction is achieved by allowing
sufficient number of HO basis functions for the trial wave
function. We compare the present LFQM results for the
exponential-type confining potential obtained by the trial
wave function composed of the three lowest HO basis
functions with the previous LFQM results for the linear and
HO confining potentials obtained by the trial wave function
composed of up to the two lowest HO basis functions
[72,73]. As in the previous work [73], the optimal model
parameters have been obtained by including the hyperfine
interaction term and smearing out the Dirac δ function from
it in order to avoid the negative infinity problem. This study
can provide important constraints on the future experiments
to describe the role of variational parameters.
The present work is focused on the study of the ground

state pseudoscalar and vector light (π, ρ, K, and K�) and
heavy (D, D�, Ds, D�

s , B, B�, Bs, B�
s) mesons mass spectra.

The decay constants and the twist-2 DAs of pseudoscalar,
longitudinally, and transversely polarized vector light and
heavy mesons have been studied in detail using the LFQM.
A comparison has been made for the central potential V0ðrÞ
versus r for linear, HO and exponential-type potentials. The
variations of decay constants of light and heavy pseudo-
scalar mesons as well as of the longitudinally and trans-
versely polarized light and heavy vector mesons have also
been shown in terms of the Gaussian parameter β. Using
our optimized model parameters, we have computed the
ground state meson mass spectra for pseudoscalar and
vector light and heavy mesons. We compare the ground
state mass spectra of mesons in the present work (carried
out for the three lowest order HO wave functions) with that
of the work in Ref. [73] (carried out for the two lowest order
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HO wave functions). We have computed the numerical
values of decay constants as well as the ratios of pseudo-
scalar and vector mesons decay constants (fV=fP, fP0=fP,
and fV 0=fV) of light and heavy mesons. The curves of
normalized DAs have been plotted as a function of
momentum fraction x followed by the computation of first
six ξ-moments. In a nutshell, the purpose of the present
work is to calculate the quark DAs of pseudoscalar,
longitudinally and transversely polarized vector light and
heavy mesons in the LFQM based on the idea of modeling
the potential. This study will not only provide essential
information on the understanding of the universal non-
perturbative quantities but also help further analyses of the
hard exclusive processes.
The paper is organized as follows: In Sec. II, we begin with

a brief description of the light-front framework followed
by the description of our QCD-motivated Hamiltonian. In
Sec. III, we discuss the procedure of fixing our model
parameters through variational principle in our LFQM and
present the numerical results of ground state meson mass
spectra obtained from the fixed model parameters in com-
parison with experimental data. In Sec. IV, we present first in
Sec. IVA the formulas for the quarkDAs and decay constants
as well as the ξ-moments of pseudoscalar, longitudinally, and
transversely polarized vector mesons in the LFQM. Then, in
Sec. IVB, we present the numerical results of the decay
constants of pseudoscalar and vector light and heavymesons.
We also compare them with available experimental data and
other theoretical model predictions. In the same subsection,
we also present our results of the quarkDAs for pseudoscalar,
longitudinally, and transversely polarized vector mesons
followed by the ξ-moments. The summary and conclusions
are given in Sec. V. In the Appendix, we present the analytic
formula of the mass eigenvalues of the ground state pseudo-
scalar and vector mesons by fixing the model parameters
obtained from the exponential-type potential using the
mixture of three lowest order HO states as our trial wave
function for the variational principle.

II. LIGHT-FRONT QUARK MODEL

We choose to work in the LFQM in which a meson
bound state, consisting of a quark q and an antiquark q̄with
total momentum P and spin S is represented as [100,101]

jMðP; S; SzÞi

¼
Z

dpþ
q d2pq⊥
16π3

dpþ
q̄ d

2pq̄⊥
16π3

16π3δ3ðP̃ − p̃q − p̃q̄Þ

×
X
λq;λq̄

ΨSSzðp̃q; p̃q̄; λq; λq̄Þjqðpq; λqÞq̄ðpq̄; λq̄Þi; ð1Þ

where pqðq̄Þ and λqðq̄Þ are the on-mass shell light-front
momentum and the light-front helicity of the constituent
quark (antiquark), respectively. The momentum p̃ is
defined as

p̃ ¼ ðpþ;p⊥Þ; p⊥ ¼ ðp1; p2Þ; p− ¼ m2 þ p2⊥
pþ ;

ð2Þ

and

jqðpq; λqÞq̄ðpq̄; λq̄Þi ¼ b†ðpq; λqÞd†ðpq̄; λq̄Þj0i;
fbðp0; λ0Þ; b†ðp; λÞg ¼ fdðp0; λ0Þ; d†ðp; λÞg

¼ 2ð2πÞ3δ3ðp̃0 − p̃Þδλ0λ: ð3Þ

The light-front momenta pq and pq̄ in terms of light-front
variables are defined as

pþ
q ¼ x1Pþ; pþ

q̄ ¼ x2Pþ;

pq⊥ ¼ x1P⊥ þ k⊥; pq̄⊥ ¼ x2P⊥ − k⊥; ð4Þ
where x1ð2Þ is the longitudinal momentum fraction satisfy-
ing the relation x1 þ x2 ¼ 1 and k⊥ is the relative trans-
verse momentum of the constituent. The momentum-space
light-front wave function ΨSSz in Eq. (1) can be expressed
as a covariant form

ΨSSzðp̃q; p̃q̄; λq; λq̄Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
pþ
q p

þ
q̄

q
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

0 − ðmq −mq̄Þ2
q ūðpq; λqÞ

× Γvðpq̄; λq̄Þ
ffiffiffiffiffiffiffi∂kz
∂x

r
Φðx;k⊥Þ; ð5Þ

where Φðx;k⊥Þ describes the momentum distribution of
the constituents in the bound state with x≡ x1 and

M2
0 ¼

m2
q þ k2⊥
x1

þm2
q̄ þ k2⊥
x2

; ð6Þ

is the invariant mass squared of the qq̄ system. We note that
M0 is generally different from the mass M of the meson
because the meson, quark, and antiquark cannot be simul-
taneously on mass-shell. Also, the vertex factors Γ for
pseudoscalar (ΓP) and vector (ΓV) mesons are given by

ΓP ¼ γ5;

ΓV ¼ −=̂εðSzÞ þ
ε̂ · ðpq − pq̄Þ
M0 þmq þmq̄

; ð7Þ

with

ε̂μð�1Þ ¼
�
2

Pþ ε⃗⊥ð�1Þ · P⃗⊥; 0; ε⃗⊥ð�1Þ
�
;

ε⃗⊥ð�1Þ ¼ ∓ð1;�iÞ=
ffiffiffi
2

p
;

ε̂μð0Þ ¼ 1

M0

�
−M2

0 þ P2⊥
Pþ ; Pþ; P⊥

�
: ð8Þ
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The Dirac spinors satisfy the relations

X
λ

uðp; λÞūðp; λÞ ¼ =pþm
pþ for quark;

X
λ

vðp; λÞv̄ðp; λÞ ¼ =p −m
pþ for antiquark: ð9Þ

We use the radial wave function Φðx;k⊥Þ as an expansion
of the true wave function in the three lowest order HO wave
functions Φðx;k⊥Þ ¼

P
3
n¼1 cnϕnS for both pseudoscalar

and vector mesons, respectively. The 1S, 2S, and 3S state
HO wave functions are defined as

ϕ1Sðx;k⊥Þ ¼
1

ð ffiffiffi
π

p
βÞ3=2 expð−k

2=2β2Þ; ð10Þ

ϕ2Sðx;k⊥Þ ¼
1

ð ffiffiffi
π

p
βÞ3=2

�
2k2 − 3β2ffiffiffi

6
p

β2

�
expð−k2=2β2Þ;

ð11Þ

and

ϕ3Sðx;k⊥Þ ¼
1

ð ffiffiffi
π

p
βÞ3=2

�
15β4 − 20β2k2 þ 4k4

2
ffiffiffiffiffi
30

p
β4

�

× expð−k2=2β2Þ; ð12Þ

where β represents the variational parameter and k2 ¼
k2⊥ þ k2z is the internal momentum of the meson. The
longitudinal component kz is defined as

kz ¼
�
x −

1

2

�
M0 þ

m2
q −m2

q̄

2M0

: ð13Þ

For the variable transformation ðx;k⊥Þ → k ¼ ðk⊥; kzÞ,
the Jacobian factor ∂kz=∂x is given by

∂kz
∂x ¼ M0

4xð1 − xÞ
�
1 −

�
m2

q −m2
q̄

M2
0

�
2
�
: ð14Þ

The meson wave function can thus be normalized as

hMðP0;S0;S0zÞjMðP;S;SzÞi¼2ð2πÞ3Pþδ3ðP̃0− P̃ÞδS0SδS0zSz ;
ð15Þ

so that

Z
1

0

dx
Z

d2k⊥
∂kz
∂x jϕnSðx;k⊥Þj2 ¼ 1: ð16Þ

Our LFQM is based on the idea that we consider the radial
wave function Φðx;k⊥Þ as a trial wave function for the
variational principle to the QCD-motivated Hamiltonian

saturating the Fock-state expansion by the constituent
quark and antiquark. In the quark and antiquark center
of mass (c.m.) frame, the meson bound system at rest is
described by the following QCD-motivated effective
Hamiltonian [42,100,101]

Hc:m: ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

q

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

q̄

q
þ Vqq̄; ð17Þ

where Vqq̄ is the effective interaction potential between
quark and antiquark in the rest frame of the meson which
is given by Coulomb (VCoul) plus exponential-type poten-
tial (Vexp) in addition to the hyperfine interaction (Vhyp).
That is,

Vqq̄ ¼ V0ðrÞ þ VhypðrÞ
¼ Vexp þ VCoul þ Vhyp

¼ aþ beαr −
4κ

3r
þ 2

3

Sq · Sq̄

mqmq̄
∇2VCoul; ð18Þ

where a, b, and α are the parameters of the potential,
κ is the strong coupling constant which has been taken as
one of the variation parameter in this work, hSq · Sq̄i ¼
−3=4ð1=4Þ for the pseudoscalar (vector) meson, respec-
tively. We note that ∇2VCoul ¼ ð16πκ=3Þδ3ðrÞ for the
contact interaction, however, we shall smear out δ3ðrÞ to
avoid the negative infinity problem [73].
In Fig. 1, we present the variation of the central potential

V0ðrÞ up to r ¼ 2 fm used in the present work and compare
with other central potentials obtained from the linear and
HO confining potentials [72,73]. As one can see from
Fig. 1 that the three different types of confining potentials
are not much different from each other in the relevant
range of potential (r ≤ 2 fm). Nevertheless, these little
differences of central potentials may affect the predictions
of the ground state meson mass spectra, decay constants,
and DAs.

III. FIXATION OF MODEL PARAMETERS
AND MESON MASS SPECTRA

We evaluate the expectation value of the system’s
Hamiltonian hΦjHc:m:jΦi in the variational principle using
our trial wave function Φðx;k⊥Þ ¼

P
3
n¼1 cnϕnS consisting

of a variational parameter β. As we discussed in [73],
when we compute hΦjHc:m:jΦi we introduce a Gaussian
smearing function which weakens the singularity of δ3ðrÞ
in hyperfine interaction, viz., δ3ðrÞ→ ðσ3=π3=2Þe−σ2r2 , to
avoid the negative infinity generated by the δ function and
to find the true minimum value for the mass occurring at a
certain value of β. The analytic formula of mass eigenval-
ues for our Hamiltonian with the exponential type confin-
ing potential, i.e., Mqq̄ ¼ hΦjHc:m:jΦi is given in the
Appendix. The variational principle Mqq̄=∂β ¼ 0 gives
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us a constraint that can be used to rewrite the coupling
constant κ in terms of other parameters and thus eliminate it
from the mass eigenvalues. We then assign a set of values to
the externally adjustable variables (through trial and error
type of analysis), i.e., (muðdÞ, ms, mc,mb, σ, α, c1, c2, c3) in
order to fix the set of parameters (a, βPqq̄, β

V
qq̄), where β

P
qq̄ and

βVqq̄ denote the Gaussian parameters for pseudoscalar and
vector mesons, respectively. For the exponential term of
confining potential beαr, we use a typical value b ¼
0.385 GeV reported in Ref. [92] and find the optimum
value of α from the variational principle. Following the same
procedure as in Ref. [73], we use the masses of π and ρ as
our input values ofMqq̄. We fix (a, βPqq̄, β

V
qq̄) for q ¼ u, or d

from the constraint that the coupling constants κ are same for
all the ground state pseudoscalar and vector mesons.
Effectively, we solve the following three equations:

MπðβPqq̄; aÞ ¼ 0.140;

MρðβVqq̄; aÞ ¼ 0.780;

κðβPqq̄; aÞ ¼ κðβVqq̄; aÞ: ð19Þ

After solving Eq. (19), we obtain the values of a, βPqq̄, β
V
qq̄ as

well as the value of κ. Our obtained value κ ¼ 0.4220 may
be in contrast to κ ¼ 0.4829 obtained from the case of linear
confining potential [73]. Further, using this common value
of κ, we can then calculate the β values for all the other
mesons. For the best fit of the meson mass spectra, we obtain
c1 ¼

ffiffiffiffiffiffiffi
0.4

p
, c2 ¼

ffiffiffiffiffiffiffi
0.2

p
and c3 ¼

ffiffiffiffiffiffiffi
0.4

p
. The optimized

values of the constituent quark masses and other potential
parameters that give the best fit of the ground state mass
spectra of mesons are summarized in Table I.

Due to the presence of hyperfine interaction in our
variational process, we have different sets of β values for
pseudoscalar and vector mesons, respectively. The optimal
Gaussian parameters βPqq̄ and βVqq̄ for pseudoscalar and
vector mesons obtained by the variational principle are
listed in Table II.
Using these fixed model parameters, we obtained the

ground state pseudoscalar ðK;DðsÞ; BðsÞÞ and vector
ðK�; D�

ðsÞ; B
�
ðsÞÞ meson mass spectra. Our results are sum-

marized in Table III, comparing with the experimental
data and the previous results obtained from the linear
and HO potentials [72,73]. The predictions for the
ground state meson masses in our LFQM obtained from
the exponential-type confining potential and smeared

TABLE I. Constituent quark masses and the potential param-
eters σ, α, and a (in units of GeV) obtained by the variational
principle for the Hamiltonian with a smeared-out hyperfine
interaction. Here q ¼ u and d.

mq ms mc mb σ α a

0.202 0.405 1.725 5.182 0.451 0.15 −1.075

0.0 0.5 1.0 1.5 2.0

2

0

2

4

r fm

Coul. exp.

Coul. lin. new

Coul. HO

Coul. lin. old

V
r

G
eV

FIG. 1. Variation of central potential V0ðrÞ with respect to r in various potential models. Our Coulomb plus exponential-type potential
(dotted dashed) is compared with Coulomb plus linear (old CJ Model [72]) (solid line), Coulomb plus HO [72] (dotted) and Coulomb
plus linear (new CJ model [73]) (dashed) potentials.

TABLE II. The Gaussian parameter β (GeV) for ground state
pseudoscalar (π, K, D, Ds, B, Bs) and vector (ρ, K�, D�, D�

s ,
B�, B�

s ) mesons obtained by the variational principle. Here q ¼ u
and d.

JPC βqq βqs βqc βcs βqb βbs

0−þ 0.3387 0.2938 0.2980 0.3010 0.3191 0.3290
1−− 0.2308 0.2437 0.2818 0.2926 0.3115 0.3250
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hyperfine interaction are in a reasonable agreement with the
experimental data [109]. We also note in Table III that our
predictions are consistent with the ones obtained from the
linear [72,73] and HO [72] potential models.

IV. QUARK DISTRIBUTION AMPLITUDES
AND DECAY CONSTANTS

Having fixed all the model parameters for the present
analysis achieving a reasonable agreement with the data for
the meson mass spectra, we now apply the present model
calculation to the wave function related observables such as
the quark DAs and decay constants in this section. We first
summarize the relevant formulas in Sec. IVA and sub-
sequently present the corresponding numerical results in
Sec. IV B.

A. Summary of formulas

The quark DAs are defined in terms of the matrix
elements of nonlocal operators that are sandwiched
between the vacuum and the meson states [41]

h0jq̄ð0Þγμγ5qð0ÞjPðPÞi ¼ ifPPμ

Z
1

0

ϕPðxÞdx; ð20Þ

h0jq̄ð0Þγμqð0ÞjVðP; λ ¼ 0Þi ¼ fVMVϵ
μðλÞ

Z
1

0

ϕVkðxÞdx;

ð21Þ

h0jq̄ð0Þσμνqð0ÞjVðP; λ ¼ �1Þi

¼ if⊥V ½ϵμðλÞPν − ϵνðλÞPμ�
Z

1

0

ϕV⊥ðxÞdx: ð22Þ

Here ϕP, ϕVk, and ϕV⊥ are the twist-2 DAs of pseudoscalar,
longitudinally, and transversely polarized vector mesons,
respectively. The explicit forms of quark DAs in our LFQM
are given by [45]

ϕPðxÞ¼
2

ffiffiffi
6

p

fP

Z
d2k⊥ffiffiffiffiffiffiffiffiffiffi
16π3

p
ffiffiffiffiffiffiffi∂kz
∂x

r
Φðx;k⊥Þ

Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2þk2⊥

p ; ð23Þ

ϕVkðxÞ ¼
2

ffiffiffi
6

p

fV

Z
d2k⊥ffiffiffiffiffiffiffiffiffiffi
16π3

p
ffiffiffiffiffiffiffi∂kz
∂x

r
Φðx;k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p

×

�
Aþ 2k2⊥

M0 þmq þmq̄

�
; ð24Þ

ϕV⊥ðxÞ ¼
2

ffiffiffi
6

p

f⊥V

Z
d2k⊥ffiffiffiffiffiffiffiffiffiffi
16π3

p
ffiffiffiffiffiffiffi∂kz
∂x

r
Φðx;k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p

×

�
Aþ k2⊥

M0 þmq þmq̄

�
; ð25Þ

where A ¼ ð1 − xÞmq þ xmq̄. The quark DAs ϕ ¼
ðϕP;ϕVk;ϕV⊥Þ are normalized as

Z
1

0

ϕðxÞdx ¼ 1: ð26Þ

From Eq. (26), we can define the decay constants for the
pseudoscalar and the vector mesons as

h0jq̄γμγ5qjPðPÞi ¼ ifPPμ; ð27Þ

h0jq̄γμqjVðP; λ ¼ 0Þi ¼ fVMVϵ
μðλÞ; ð28Þ

h0jq̄σμνqjVðP; λ ¼ �1Þi ¼ if⊥V ½ϵμðλÞPν − ϵνðλÞPμ�: ð29Þ

We may also define the expectation value of the longi-
tudinal momentum, so-called ξ-moments, as follows

hξni ¼
Z

1

−1
dξξnϕðξÞ ¼

Z
1

0

dxξnϕðxÞ; ð30Þ

where ξ≡ ð1 − xÞ − x ¼ ð1 − 2xÞ.

B. Numerical results

To perform the numerical calculations of decay constants
for pseudoscalar and vector mesons, we use the model
parameters given in Tables I and II. However in order to
study the sensitivity of our model parameters for the present
calculations of the decay constants, we include the

TABLE III. Ground state mass spectra (in units of GeV) of pseudoscalar ðK;DðsÞ; BðsÞÞ and vector ðK�; D�
ðsÞ; B

�
ðsÞÞ

mesons obtained from the exponential type potential and their comparison with the experimental data [109] and the
LFQM results obtained from the linear and HO potentials [72,73].

MK MK� MD MD� MDs
MD�

s
MB MB� MBs

MB�
s

Present work 0.521 0.826 1.803 1.884 1.929 1.971 5.212 5.242 5.313 5.329
Exp. [109] 0.494 0.892 1.869 2.010 1.968 2.112 5.279 5.325 5.367 5.415
LFQM, Lin [72] 0.478 0.850 1.836 1.998 2.011 2.109 5.235 5.315 5.375 5.424
LFQM, HO [72] 0.470 0.875 1.821 2.024 2.005 2.150 5.235 5.349 5.378 5.471
LFQM [73] 0.510 0.835 1.875 1.962 1.981 2.031 5.233 5.268 5.314 5.333
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systematic errors in our analysis obtained both from the
�10% variation of β values for the fixed quark masses and
the �10% variation of quark masses for the fixed β values.
As one can see from Tables IV and IX, the decay constants
of our model are more sensitive to the variations of β values
than those of quark masses. In Fig. 2, we have shown the
dependence of decay constants of the nonstrange light
pseudoscalar (π) and the longitudinally and transversely

polarized light vector mesons (ρ) on the parameter β. In
Fig. 3, we have presented the strange light pseudoscalar (K)
and the longitudinally and transversely polarized strange
light vector mesons (K�) as a function of β. Comparing
Figs. 2 and 3, we find that the decay constants of non-
strange light pseudoscalar and vector mesons are not much
different from the decay constants of strange light pseu-
doscalar and vector mesons. In Fig. 4, we have shown the
dependence of decay constants of the heavy pseudoscalar
(D and Ds) and the longitudinally and transversely polar-
ized heavy vector mesons (D� and D�

s) on the parameter β.
In Fig. 5, we have shown the dependence of decay
constants of the heavy pseudoscalar (B and Bs) and the
longitudinally and transversely polarized heavy vector
mesons (B� and B�

s) on β. As one may expect from the
heavy quark symmetry, the difference between the heavy
pseudoscalar mesons (B and Bs) and the heavy vector
mesons (B� and B�

s) are substantially reduced in contrast to
the difference between the light pseudoscalar mesons
(π and K) and the light vector mesons (ρ and K�). In
general, the decay constants of the light and heavy mesons
increase with the value of the parameter β. Especially, the
longitudinally polarized vector meson decay constants are
found to have the highest values followed by the trans-
versely polarized vector mesons, and the pseudoscalar
meson decay constants have the lowest values for given
β value.
In Table IV, we present our predictions for the decay

constants of pseudoscalar, longitudinally, and transversely
polarized vector light (π, ρ, K, and K�) mesons obtained
using the parameters given in Tables I and II and compare
them with the LFQM [45,73], BS model [86], RQM [91],
SR [20], and lattice QCD [59] predictions as well as
with the available experimental data [109]. The first and
second errors in our model calculations come from the
�10% variation of β values for fixed quark masses and
from the �10% variation of quark masses for fixed β
values, respectively. We note that our predictions for the
pseudoscalar decay constants fπ ¼ 129þ3.1þ9.3−3.7−9.8 MeV and
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FIG. 3. The decay constants fK , fK� and f⊥K� of pseudoscalar,
longitudinally, and transversely polarized vector K mesons as
functions of the parameter β (in GeV).
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FIG. 2. The decay constants of π, longitudinally and trans-
versely polarized ρ mesons (fπ , fρ and f⊥ρ ) as functions of the
parameter β (in GeV).
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FIG. 4. The decay constants fDðsÞ , fD�
ðsÞ
and f⊥D�

ðsÞ
of pseudoscalar, longitudinally, and transversely polarized vector D (left panel) and

Ds (right panel) mesons as functions of the parameter β (in GeV).
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fK ¼ 158þ6.2þ8.8−7.1−9.7 MeV are in good agreement with the
available experimental data fπ¼130.3�0.3MeV and
fK ¼ 156.1� 0.5 MeV [109]. Our model predictions are
also consistent with the other theoretical model results. The
values of ratios fρ=fπ , fK�=fK , fK=fπ , and fK�=fρ for
light mesons are listed in Table V so as to have a deeper
comprehension of the quantitative difference between
pseudoscalar and vector mesons decay constants (fV=fP,
fP0=fP, and fV 0=fV). The comparison has also been made
with the available experimental data [109] and other

theoretical model calculations [20,45,59,73,86,91]. It is
evident that our results for the ratios fK=fπ ¼
1.22þ0.018−0.019−0.021þ0.019 and fK�=fρ ¼ 1.04þ0.004−0.005−0.005þ0.005 are not only
comparable with the available experimental data [109]
(fK=fπ ¼ 1.20� 0.004 and fK�=fρ ¼ 0.97� 0.04) but
also consistent with the other theoretical model calcula-
tions. In Table VI, we present our predictions for the decay
constants of pseudoscalar, longitudinally and transversely
polarized vector D mesons and compare them with the
LFQM [41,72–74], LFHQCD [77,78], SR [79–81], lattice
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FIG. 5. The decay constants fBðsÞ , fB�
ðsÞ
and f⊥B�

ðsÞ
of pseudoscalar, longitudinally, and transversely polarized vector B (left panel) and Bs

(right panel) mesons as functions of the parameter β (in GeV).

TABLE IV. Decay constants (in units of MeV) for light mesons (π, ρ, K, and K�) in the present work and their comparison with the
available experimental data and other theoretical model predictions. The first and second errors in the present work come from the
�10% variation of β values for fixed quark masses and from the �10% variation of quark masses for fixed β values, respectively.

fπ fρ f⊥ρ fK fK� f⊥K�

Present work 129þ3.1þ9.3−3.7−9.8 242þ23.3þ0.7−23.5−0.9 178þ13.5þ3.9−13.9−4.3 158þ6.2þ8.8−7.1−9.7 253þ25.5−0.5−25.8þ0.2 199þ16.1þ3.3−16.7−3.9
Exp. [109] 130.3� 0.3 210� 4 … 156.1� 0.5 204� 7 …
LFQM, Lin [45] 130 246 188 161 256 210
LFQM, HO [45] 131 215 173 155 223 191
LFQM, Lin [73] 130 205 … 161 224 …
BS [86] 127 … … 157 … …
RQM [91] 124 219 … 155 236 …
SR [20] … 205� 9 160� 10 … 217� 5 170� 10
Lattice QCD [59] 126.6� 6.4 239.4� 7.3 … 152.0� 6.1 255.5� 6.5 …

TABLE V. Ratio of the decay constants for light mesons (π, ρ, K and K�) compared with the available
experimental data and other theoretical model calculations.

fρ=fπ fK�=fK fK=fπ fK�=fρ

Present work 1.88þ0.13−0.12−0.14þ0.15 1.60þ0.10−0.09−0.09þ0.10 1.22þ0.018−0.019−0.021þ0.019 1.04þ0.004−0.005−0.005þ0.005
Exp. [109] 1.61� 0.03 1.31� 0.04 1.20� 0.004 0.97� 0.04
LFQM, Lin [45] 1.89 1.59 1.24 1.04
LFQM, HO [45] 1.64 1.44 1.18 1.04
LFQM, Lin [73] 1.58 1.39 1.24 1.09
BS [91] … … 1.24 …
SR [20] … … … 1.06� 0.05
Lattice QCD [59] 1.90� 0.11 1.68� 0.08 1.20� 0.08 1.07� 0.04
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QCD [82,83,85], BS model [86–88], RQM [89–91],
and NRQM [93–96] predictions as well as the available
experimental data [109]. We note that our prediction for the
decay constant fD ¼ 197þ19þ0.2−20−1.0 MeV is comparable with
the available experimental data (fD ¼ 203.7� 4.7 MeV)
[109]. It is also observed that the theoretical results
predicted in this work as well as in the other models differ
from each other in one way or the other. One can see from
Table VI that our predictions are in a reasonable agreement
with the previous LFQM results, LFHQCD results, SR
predictions, and the lattice results. The different values of
decay constants with respect to other theoretical models
might be due to difference in the model assumptions or
distinct choices of the model parameters. We have listed in
Table VII our values of the ratios fD�=fD, fD�

s
=fDs

,
fDs

=fD, and fD�
s
=fD� and compared them with the avail-

able experimental data and other theoretical calculations.
We can see that the ratios fDs

=fD ¼ 1.11−0.001−0.002þ0.001þ0.002 and
fD�

s
=fD� ¼ 1.10−0.003−0.002−0.002−0.003 in this work are in good agree-

ment with fDs
=fD ¼ 1.11 and fD�

s
=fD� ¼ 1.13 from the

previous LFQM [73], fDs
=fD ¼ 1.09 from LFHQCD [77]

and fDs
=fD ¼ 1.10� 0.02 and fD�

s
=fD� ¼ 1.11� 0.03

from the lattice QCD [83]. Also from Table VII, we
can observe that our results for the ratios fD�=fD ¼
1.17þ0.03−0.03−0.03þ0.04 and fD�

s
=fDs

¼ 1.16þ0.03−0.03−0.03þ0.03 are also

comparable with the other theoretical model calculations.
In Table VIII, we present our predictions for the
decay constants of pseudoscalar, longitudinally, and trans-
versely polarized vector B mesons and compare them
with the LFQM [41,72–74], LFHQCD [77,78], SR
[79–81], lattice QCD [82–84], BS model [86–88], RQM
[89–91] and NRQM [92,94–96] predictions as well as with
the available experimental data [109]. One can note that our
prediction for the decay constant fB ¼ 163þ21−4−20þ4 MeV is
quite comparable with the available experimental data fB ¼
188� 25 MeV [109]. One can also observe that our model
predictions are more or less comparable with the other
theoretical model predictions. The difference in the values
of decay constants with respect to other theoretical models
might be because of the different model assumptions or
distinct choices of the parameters. However, overall the
predictions are fairly in the similar range. The values of the
ratios fB�=fB, fB�

s
=fBs

, fBs
=fB, and fB�

s
=fB� are also listed

in Table IX and their comparison has been made with the
other theoretical calculations as well. As one can see that
our results for the ratios fBs

=fB ¼ 1.13−0.004þ0.003−0.003−0.003 and
fB�

s
=fB� ¼ 1.13−0.005þ0.005

þ0.006þ0.001 are compatible with the previous
LFQM results [73] (fBs

=fB ¼ 1.13 and fB�
s
=fB� ¼ 1.15),

SR predictions [81] (fBs
=fB ¼ 1.17þ0.03

−0.04 and fB�
s
=fB� ¼

1.20� 0.04), the lattice results [83] (fBs
=fB ¼

1.14� 0.03þ1
−1 and fB�

s
=fB� ¼ 1.17� 0.04þ1

−3 ), and the

TABLE VI. Pseudoscalar, longitudinally and transversely polarized vector D meson decay constants (in units of MeV) in the present
work and their comparison with the available experimental data and other theoretical model predictions.

fD fD� f⊥D� fDs
fD�

s
f⊥D�

s

Present work 197þ19þ0.2−20−1.0 230þ29−5−28þ6 208þ24−3−24þ3 219þ21−0.2−22−0.8 253þ31−6−31þ6 233þ26−3−26þ3

Exp. [109] 203.7� 4.7 … … 257.8� 4.1 … …
LFQM, Lin [72] 197 239 … 233 274 …
LFQM, HO [72] 180 212 … 218 252 …
LFQM, Lin [73] 208 230 … 231 260 …
LFQM [41] … 259.6� 14.6 232.7� 11.7 267.4� 17.9 338.7� 29.7 303.1� 23.8

306.3þ18.2
−17.7 256.2þ13.6

−13.3 259.7� 13.7 391� 28.9 325.3� 21.5
LFQM [74] … 252.0þ13.8

−11.6 … … 318.3þ15.3
−12.6 …

LFHQCD [77] 199 … … 216 … …
LFHQCD [78] 214.2þ7.6

−7.8 … … 253.5þ6.6
−7.1 … …

SR [79] 204� 4.6 … … 243.2� 4.9 … …
SR [80] 208� 10 263� 21 … 240� 10 308� 21 …
SR [81] 201þ12

−13 242þ20
−12 … 238þ13

−23 293þ19
−14 …

Lattice QCD [82] 211.9� 1.1 … … 249� 1.2 … …
Lattice QCD [83] 211� 14þ2

−12 245� 20þ3
−2 … 231� 12þ8

−1 272� 16þ3
−20 …

Lattice QCD [85] … … … 248� 25 … …
BS [86] 238 … … 241 … …
BS [87,88] 230� 25 340� 23 … 248� 27 375� 24 …
RQM [89] 271� 14 327� 13 … 309� 15 362� 15 …
RQM [90] 240� 20 … … 290� 20 … …
RQM [91] 234 310 … 268 315 …
NRQM [93] 318 307 … 354 344 …
NRQM [94] 368.8 353.8 … 394.8 382.1 …
NRQM [95] 220 290 … 250 310 …
NRQM [96] 228 … … 273 … …
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TABLE VII. Ratio of the decay constants for ðD;Ds;D�; D�
sÞ mesons compared with the available experimental

data and other theoretical model calculations.

fD�=fD fD�
s
=fDs

fDs
=fD fD�

s
=fD�

Present work 1.17þ0.03−0.03−0.03þ0.04 1.16þ0.03−0.03−0.03þ0.03 1.11−0.001−0.002þ0.001þ0.002 1.10−0.003−0.002−0.001−0.003
Exp. [109] … … 1.27� 0.03 …
LFQM, Lin [72] 1.21 1.18 1.18 1.15
LFQM, HO [72] 1.18 1.16 1.21 1.19
LFQM, Lin [73] 1.11 1.13 1.11 1.13
LFQM [41] 1.26� 0.02 1.27� 0.03 1.30� 0.04 1.30� 0.05

1.49� 0.02 1.51� 0.03 1.26� 0.04 1.28� 0.05
LFQM [74] 1.232þ0.074

−0.064 1.236þ0.063
−0.054 … …

LFHQCD [77] … … 1.09 …
LFHQCD [78] … … 1.184þ0.054

−0.052 …
SR [79] 1.215� 30 … 1.170� 23 1.16� 4
SR [80] … … 1.15� 0.06 …
SR [81] 1.20þ0.13

−0.07 1.24þ0.13
−0.05 1.18þ0.04

−0.05 1.21� 0.05
Lattice QCD [82] … … 1.173� 0.003 …
Lattice QCD [83] … … 1.10� 0.02 1.11� 0.03
BS [86] … … 1.01 …
BS [87,88] … … 1.08� 0.01 1.10� 0.06
RQM [89] 1.21� 0.02 1.17� 0.02 1.14� 0.01 …
RQM [90] … … 1.21� 0.13 …
RQM [91] 1.32 1.18 1.15 1.02
NRQM [93] 0.97 0.97 1.11 1.12
NRQM [94] 0.96 0.97 1.07 1.08
NRQM [95] 1.32 1.24 1.14 1.07
NRQM [96] … … 1.20 …

TABLE VIII. Pseudoscalar, longitudinally, and transversely polarized vector Bmeson decay constants (in units of MeV) in the present
work and their comparison with the available experimental data and other theoretical model predictions.

fB fB� f⊥B� fBs
fB�

s
f⊥B�

s

Present work 163þ21−4−20þ4 172þ24−6−23þ6 165þ22−5−21þ5 184þ23−4−23þ4 194þ26−6−25þ7 187þ24−5−24þ6

Exp. [109] 188� 25 … … … … …
LFQM, Lin [72] 171 186 … 205 220 …
LFQM, HO [72] 161 173 … 208 223 …
LFQM, Lin [73] 181 188 … 205 216 …
LFQM [41] … 225� 38 214� 34 281� 54 313� 67 297� 61

249þ44
−42 226� 37 270� 47 335� 68 302� 58

LFQM [74] … 201.9þ43.2
−41.4 … … 244.2� 7.0 …

LFHQCD [77] 194 … … 229 … …
LFHQCD [78] 191.7þ7.9

−6.5 … … 225.4þ7.9
−5.3 … …

SR [79] 204� 5.1 210� 6 … 234.5� 4.4 221� 7 …
SR [80] 194� 15 213� 18 … 231� 16 255� 19 …
SR [81] 207þ17

−9 210þ10
−12 … 242þ17

−12 251þ14
−16 …

Lattice QCD [82] 187.1� 4.2 … … 227.2� 3.4 … …
Lattice QCD [83] 179� 18þ34

−9 196� 24þ39
−2 … 204� 16þ36

−0 229� 20þ41
−16 …

Lattice QCD [84] 191� 9 … … 228� 10 … …
BS [86] 193 … … 195 … …
BS [87,88] 196� 29 238� 18 … 216� 32 272� 20 …
RQM [89] 231� 9 252� 10 … 266� 10 289� 11 …
RQM [90] 155� 15 … … 210� 20 … …
RQM [91] 189 219 … 218 251 …
NRQM [92] 243.64 242.37 … 179.21 178.82 …
NRQM [94] 235.9 234.7 … 245.1 244.2 …
NRQM [95] 147 196 … 174 216 …
NRQM [96] 149 … … 187 … …
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RQM predictions [91] (fBs
=fB¼1.15 and fB�

s
=fB� ¼ 1.15).

One can also see that our results for the ratios fB�=fB ¼
1.06þ0.010−0.011−0.013þ0.011 and fB�

s
=fBs

¼ 1.05þ0.008−0.010−0.005þ0.015 are compa-
rable with the other theoretical model calculations.
We should note that in the case of heavy mesons, the

ratios fV=fP of the vector and the pseudoscalar mesons are
larger for the case of DðsÞ mesons than for the case of BðsÞ
mesons as one may expect from the heavy quark symmetry.

This may also be accounted from the last terms of Eqs. (24)

and (25) proportional to k2⊥
M0þmqþmq̄

. As hk2⊥i1=2qq̄ ¼ βqq̄ at

least for 1S basis, the quark mass dominates over the scale
parameter β leading to the ratio fV=fP for D mesons being
larger than that of Bmesons. Our results are also consistent
with the model-independent analysis of semileptonic B
meson decays in the context of the heavy quark effective
theory [110].

TABLE IX. Ratio of the decay constants for ðB; Bs; B�; B�
sÞ mesons compared with the available experimental

data and other theoretical model calculations.

fB�=fB fB�
s
=fBs

fBs
=fB fB�

s
=fB�

Present work 1.06þ0.010−0.011−0.013þ0.011 1.05þ0.008−0.010−0.005þ0.015 1.13−0.004þ0.003−0.003−0.003 1.13−0.005þ0.005
þ0.006þ0.001

LFQM, Lin [72] 1.09 1.07 1.20 1.18
LFQM, HO [72] 1.07 1.07 1.29 1.29
LFQM, Lin [73] 1.04 1.05 1.13 1.15
LFQM [41] 1.10� 0.02 1.11� 0.03 1.38� 0.07 1.39� 0.08

1.22� 0.03 1.24� 0.05 1.32� 0.08 1.35� 0.08
LFQM [74] 1.09þ0.31

−0.30 1.09� 0.04 … …
LFHQCD [77] … … 1.18 …
LFHQCD [78] … … 1.176þ0.056

−0.053 …
SR [79] 1.020� 11 … 1.154� 21 1.064� 10
SR [80] … … 1.19� 0.10 …
SR [81] 1.02þ0.02

−0.09 1.04þ0.01
−0.08 1.17þ0.03

−0.04 1.20� 0.04
Lattice QCD [82] … … 1.215� 0.007 …
Lattice QCD [83] 1.14� 0.03þ1

−1 1.17� 0.04þ1
−3

Lattice QCD [84] … … 1.188� 18 …
BS [86] … … 1.01 …
BS [87,88] … … 1.10� 0.01 1.14� 0.08
RQM [89] 1.09� 0.01 1.09� 0.01 1.15� 0.01 …
RQM [90] … … 1.35� 0.18 …
RQM [91] 1.16 1.15 1.15 1.15
NRQM [92] 0.99 1.00 0.74 0.74
NRQM [94] 0.99 1.00 1.04 1.04
NRQM [95] 1.33 1.24 1.18 1.10
NRQM [96] … … 1.26 …
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FIG. 6. Normalized DAs for pseudoscalar π (solid line),
longitudinally polarized vector ρ (dashed line), and transversely
polarized vector ρ (dotted dashed line) mesons.
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longitudinally polarized vector K (dashed line), and transversely
polarized vector K (dotted dashed line) mesons.
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We show in Figs. 6–9 the normalized quark DAs [ϕPðxÞ,
ϕVkðxÞ and ϕV⊥ðxÞ] for pseudoscalar (solid line), longitu-
dinally polarized vector (dashed line), and transversely
polarized vector (dotted dashed line) light (π, ρ, K, and K�)

and heavy (D, D�, Ds, D�
s and B, B�, Bs, and B�

s) mesons.
Since the quark mass and the parameter β are same for the
ϕVkðxÞ and ϕV⊥ðxÞ DAs, the difference between them is
very small. Due to the flavor SU(3)-symmetry breaking
effect, the quark DAs of K mesons show the asymmetric
feature in comparison with that of π mesons. In the case of
heavy mesons, the quark DAs’ peaks of B, B�, Bs, and B�

s
mesons are much narrower than those ofD,D�,Ds, andD�

s
mesons due to the large mass difference between b and c
quarks. The strange quark effect appears relatively more
pronounced in Ds and D�

s than in Bs and B�
s , which may

also be understood from the heavy quark symmetry. To
further exploit such relative effects, we present in Tables X
and XI the first six ξ-moments for D and B mesons,
respectively. It is found from the tables that the ξ-moments
of B mesons are higher in magnitude as compared to the D
mesons.

V. SUMMARY AND CONCLUSIONS

In this work, we have studied the mass spectra, decay
constants and the twist-2 DAs of pseudoscalar and vector
light (π, K) and heavy (D, Ds, B, Bs) mesons within the
LFQM with the exponential-type confining potential. Our
LFQM is constrained by the variational principle for the
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FIG. 8. Normalized DAs for the heavy pseudoscalar (solid line), longitudinally (dashed line), and transversely (dotted dashed line)
polarized vector D (left panel) and Ds (right panel) mesons.
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FIG. 9. Normalized DAs for the heavy pseudoscalar (solid line), longitudinally (dashed line), and transversely (dotted dashed line)
polarized vector B (left panel) and Bs (right panel) mesons.

TABLE X. First six ξ-moments of (DðsÞ; D�
ðsÞ) mesons.

hξ1i hξ2i hξ3i hξ4i hξ5i hξ6i
D 0.325 0.218 0.142 0.106 0.081 0.065
D� 0.356 0.227 0.149 0.110 0.083 0.066
D�⊥ 0.351 0.226 0.149 0.110 0.084 0.066
Ds 0.311 0.202 0.125 0.089 0.065 0.049
D�

s 0.323 0.202 0.125 0.088 0.063 0.048
D�

s⊥ 0.321 0.203 0.126 0.088 0.064 0.049

TABLE XI. First six ξ-moments of (BðsÞ; B�
ðsÞ) mesons.

hξ1i hξ2i hξ3i hξ4i hξ5i hξ6i
B 0.665 0.471 0.351 0.273 0.219 0.180
B� 0.672 0.480 0.360 0.280 0.225 0.185
B�⊥ 0.672 0.480 0.359 0.280 0.224 0.185
Bs 0.651 0.452 0.331 0.253 0.199 0.161
B�
s 0.652 0.455 0.334 0.254 0.200 0.161

B�
s⊥ 0.653 0.456 0.334 0.255 0.201 0.162
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QCD-motivated effective Hamiltonian not only with the
confining potential but also with the Coulomb and hyper-
fine interaction. We have used a Gaussian smearing
function to weaken the singularity of the Dirac δ function
in hyperfine interaction so as to avoid the issue of negative
infinity [73]. We have calculated the mass spectra of the
ground state pseudoscalar and vector light and heavy
mesons as well as the decay constants of the corresponding
mesons using the mixed wave functionΦ of 1S, 2S, and 3S
HO states as the trial wave function. We also compared our
results with available experimental data and the previous
LFQM results with the linear and HO potentials [72,73] as
well as other theoretical model predictions. We note that
our LFQM predictions are comparable to each other
regardless of the confining potential type as far as the
efficacy of model prediction is achieved by allowing
sufficient number of HO basis functions for the trial wave
function. It appears however that we need more HO basis
functions for the trial wave function in the case of the
exponential-type confining potential compare to the case of
the linear and HO confining potentials. For the present
analysis with the exponential-type confining potential, we
used the larger number of HO basis functions (1S, 2S, and
3S) to achieve the efficacy of the model calculations, while
we achieved the efficacy of LFQM with the linear and HO
confining potentials using only up to the two lowest order
HO wave functions in our previous analyses [72,73].
Not only for the mass spectra but also for the decay

constants of pseudoscalar and vector light and heavy
mesons, our results are in reasonable agreement with the
available experimental data as well as comparable with

other theoretical model predictions. Our results for the
quark DAs of K mesons show the asymmetric feature
in comparison with that of π mesons due to the flavor
SU(3)-symmetry breaking effect. Consistent with the heavy
quark symmetry, our results for the ratios fV=fP of the
vector and the pseudoscalar D mesons are larger in
comparison with the B mesons. Also, the quark DAs of
D,D�,Ds, and D�

s mesons show much broader shapes than
those of B, B�, Bs, and B�

s mesons due to the large mass
difference between b and c quarks.
Even though the observables that we have estimated

have been previously calculated in the light-front frame-
work, the present work is based on the idea of modeling the
potential in a rather significantly different way from the
previous works [72,73]. We anticipate to study further other
wave function related observables such as meson transition
form factors and also analyze radially excited meson states
using the larger number of HO basis functions.
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APPENDIX: ANALYTIC FORMULA OF THE MASS EIGENVALUES OF THE GROUND STATE
PSEUDOSCALAR AND VECTOR MESONS OBTAINED USING EXPONENTIAL-TYPE POTENTIAL

Mqq̄ ¼ aþ b
3840

ffiffiffi
π

p
β10

f80ð24c21ð2αβ þ e
α2

4β2
ffiffiffi
π

p ðα2 þ 2β2ÞÞβ4 − 4
ffiffiffi
6

p
c1c2αð2βðα2 þ 4β2Þ

þ e
α2

4β2
ffiffiffi
π

p
αðα2 þ 6β2ÞÞβ2 þ c22ð2αβðα4 þ 16α2β2 þ 48β4Þ þ e

α2

4β2
ffiffiffi
π

p ðα6 þ 18α4β2

þ 72α2β4 þ 48β6ÞÞÞβ4 − 8
ffiffiffi
5

p
c3αð2

ffiffiffi
6

p
c1ð2βð−α4 − 8α2β2 þ 8β4Þ − e

α2

4β2
ffiffiffi
π

p
α3

× ðα2 þ 10β2ÞÞβ2 þ c2ð2βðα6 þ 28α4β2 þ 192α2β4 þ 240β6Þ þ e
α2

4β2
ffiffiffi
π

p
αðα6 þ 30α4β2

þ 240α2β4 þ 480β6ÞÞÞβ2 þ c23ð2αβðα8 þ 48α6β2 þ 712α4β4 þ 3680α2β6 þ 5280β8Þ

þ e
α2

4β2
ffiffiffi
π

p ðα10 þ 50α8β2 þ 800α6β4 þ 4800α4β6 þ 9600α2β8 þ 3840β10ÞÞg

þ be
α2

4β2

3840β10
f80ð24c21ðα2 þ 2β2Þβ4 − 4

ffiffiffi
6

p
c1c2α2ðα2 þ 6β2Þβ2 þ c22ðα6 þ 18β2α4

þ 72β4α2 þ 48β6ÞÞβ4 − 8
ffiffiffi
5

p
c3α2ðc2ðα6 þ 30α4β2 þ 240α2β4 þ 480β6Þ − 2

ffiffiffi
6

p
c1α2β2

× ðα2 þ 10β2ÞÞβ2 þ c23ðα10 þ 50α8β2 þ 800α6β4 þ 4800α4β6 þ 9600α2β8 þ 3840β10Þg

TWIST-2 PSEUDOSCALAR AND VECTOR MESON DISTRIBUTION … PHYS. REV. D 100, 014026 (2019)

014026-13



× erf

�
α

2β

�
þ 1

120
ffiffiffi
π

p
β5

X
i¼q;q̄

�
15

ffiffiffi
π

p �
63c23U

�
−
1

2
;−5;

m2
i

β2

�
þ 4

�
7c3ð

ffiffiffi
5

p
c2 − 5c3ÞU

�
−
1

2
;−4;

m2
i

β2

�

þ ð−6c22 þ 9
ffiffiffi
5

p
c2c3 − 15c23 þ 2

ffiffiffi
6

p
c1ðc2 −

ffiffiffi
5

p
c3ÞÞU

�
−
1

2
;−2;

m2
i

β2

���
β6

− 4m4
i ðm2

i − 3β2Þe
m2
i

2β2ð10c22 − 26
ffiffiffi
5

p
c2c3 þ c3ð2

ffiffiffiffiffi
30

p
c1 þ 65c3ÞÞK2

�
m2

i

2β2

�

þm2
i e

m2
i

2β2ð120c21β4 þ 20c22ð2m4
i þ 9β4Þ þ 4

ffiffiffiffiffi
30

p
c1c3ð2m4

i þ 15β4Þ þ 5c23ð52m4
i þ 45β4Þ

− 4c2ð30
ffiffiffi
6

p
c1β4 þ

ffiffiffi
5

p
c3ð26m4

i þ 45β4ÞÞÞK1

�
m2

i

2β2

��

−
ð120c21 þ 100c22 þ 89c23 þ 40

ffiffiffi
6

p
c1c2 þ 44

ffiffiffi
5

p
c2c3 þ 12

ffiffiffiffiffi
30

p
c1c3Þκβ

45
ffiffiffi
π

p

þ 4κβ3hSq · Sq̄i
9mqmq̄

ffiffiffi
π

p ðβ2 þ σ2Þ11=2 f8c
2
1ðβ2 þ σ2Þ4 þ 4c22ð2β4 þ 3σ4Þðβ2 þ σ2Þ2

þ 4
ffiffiffi
6

p
c1σ2ð

ffiffiffi
5

p
c3σ2 þ 2c2ðβ2 þ σ2ÞÞðβ2 þ σ2Þ2 þ 4

ffiffiffi
5

p
c2c3σ2ð4β4 þ 3σ4Þðβ2 þ σ2Þ

þ c23ð8β8 þ 40σ4β4 þ 15σ8Þgσ3; ðA1Þ

where K1ð2Þ represents the modified Bessel function of the second kind and Uða; b; zÞ represents the Tricomi’s (confluent
hypergeometric) function.
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[77] H. G. Dosch, G. F. de Téramond, and S. J. Brodsky, Phys.

Rev. D 95, 034016 (2017).
[78] Q. Chang, S. Xu, and L. Chen, Nucl. Phys. B921, 454

(2017).
[79] S. Narison, Nucl. Part. Phys. Proc. 270–272, 143 (2016).
[80] Z.-G. Wang, Eur. Phys. J. C 75, 427 (2015).
[81] P. Gelhausen, A. Khodjamirian, A. A. Pivovarov, and D.

Rosenthal, Phys. Rev. D 88, 014015 (2013); 89, 099901
(2014); 91, 099901 (2015).

[82] S. Aoki et al. (FLAG Working Group), Eur. Phys. J. C 77,
112 (2017).

[83] D. Becirevic, Ph. Boucaud, J. P. Leroy, V. Lubicz, G.
Martinelli, F. Mescia, and F. Rapuano, Phys. Rev. D 60,
074501 (1999).

[84] H. Na, C. J. Monahan, C. T. H. Davies, R. Horgan, G. Peter
Lepage, and J. Shigemitsu (HPQCD Collaboration), Phys.
Rev. D 86, 034506 (2012).

[85] C. T. H. Davies, C. McNeile, E. Follana, G. P. Lepage, H.
Na, and J. Shigemitsu (HPQCD Collaboration), Phys. Rev.
D 82, 114504 (2010).

[86] Z.-G. Wang, W.-M. Yang, and S.-L. Wan, Nucl. Phys.
A744, 156 (2004).

[87] G. Cvetič, C. S. Kim, G.-L. Wang, andW. Namgung, Phys.
Lett. B 596, 84 (2004).

[88] G.-L. Wang, Phys. Lett. B 633, 492 (2006).
[89] D. S. Hwang and G.-H. Kim, Phys. Rev. D 55, 6944

(1997).
[90] S. Capstick and S. Godfrey, Phys. Rev. D 41, 2856 (1990).
[91] D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Lett. B

635, 93 (2006).
[92] B. H. Yazarloo and H. Mehraban, Europhys. Lett. 116,

31004 (2016).
[93] B. H. Yazarloo and H. Mehraban, Europhys. Lett. 115,

21002 (2016).
[94] B. H. Yazarloo and H. Mehraban, Eur. Phys. J. Plus 132,

80 (2017).
[95] M. A.-Shady and E. M. Khokha, Adv. High Energy Phys.

2018, 7032041 (2018).
[96] H. Hassanabadi, M. Ghafourian, and S. Rahmani,

Few-Body Syst. 57, 249 (2016).
[97] S. J. Brodsky, H. C. Pauli, and S. S. Pinsky, Phys. Rep.

301, 299 (1998).
[98] K. G. Wilson, T. S. Walhout, A. Harindranath, W.-M.

Zhang, R. J. Perry, and S. D. Głazek, Phys. Rev. D 49,
6720 (1994).

[99] P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949).
[100] H.-M. Choi and C.-R. Ji, Phys. Rev. D 59, 074015 (1999).
[101] H.-M. Choi and C.-R. Ji, Phys. Lett. B 460, 461 (1999).
[102] S. J. Brodsky and H. C. Pauli, Lect. Notes Phys. 396, 51

(1991).

TWIST-2 PSEUDOSCALAR AND VECTOR MESON DISTRIBUTION … PHYS. REV. D 100, 014026 (2019)

014026-15

https://doi.org/10.1103/PhysRevD.73.074004
https://doi.org/10.1103/PhysRevD.73.074004
https://doi.org/10.1103/PhysRevD.72.094028
https://doi.org/10.1103/PhysRevD.76.074022
https://doi.org/10.1103/PhysRevD.77.034005
https://doi.org/10.1103/PhysRevD.77.034005
https://doi.org/10.1088/1126-6708/2008/04/061
https://doi.org/10.1088/1126-6708/2008/04/061
https://doi.org/10.1016/j.physletb.2009.02.028
https://doi.org/10.1088/1126-6708/2009/05/091
https://doi.org/10.1088/1126-6708/2009/05/091
https://doi.org/10.1103/PhysRevD.81.114024
https://doi.org/10.1103/PhysRevD.80.054016
https://doi.org/10.1103/PhysRevD.86.094031
https://doi.org/10.1103/PhysRevD.95.056002
https://doi.org/10.1103/PhysRevD.75.034019
https://doi.org/10.1088/1126-6708/1999/01/010
https://doi.org/10.1088/1126-6708/2006/05/004
https://doi.org/10.1088/1126-6708/2006/05/004
https://doi.org/10.1007/BF01554472
https://doi.org/10.1103/PhysRevD.70.014013
https://doi.org/10.1103/PhysRevD.70.014013
https://doi.org/10.1140/epjc/s2005-02285-x
https://doi.org/10.1140/epjc/s2005-02285-x
https://doi.org/10.1016/S0370-2693(01)00517-2
https://doi.org/10.1016/S0370-2693(01)00517-2
https://doi.org/10.1103/PhysRevD.73.056002
https://doi.org/10.1103/PhysRevD.72.114010
https://doi.org/10.1103/PhysRevD.82.054020
https://doi.org/10.1103/PhysRevD.82.054020
https://doi.org/10.1016/j.nuclphysa.2015.11.002
https://doi.org/10.1016/j.nuclphysa.2015.11.002
https://doi.org/10.1016/j.physletb.2007.01.014
https://doi.org/10.1016/j.physletb.2007.01.014
https://doi.org/10.1103/PhysRevD.75.094016
https://doi.org/10.1103/PhysRevD.77.034026
https://doi.org/10.1103/PhysRevD.79.074004
https://doi.org/10.1103/PhysRevD.79.074004
https://doi.org/10.1103/PhysRevD.64.054504
https://doi.org/10.1103/PhysRevD.65.054505
https://doi.org/10.1103/PhysRevD.65.054505
https://doi.org/10.1103/PhysRevD.67.114507
https://doi.org/10.1103/PhysRevD.67.114507
https://doi.org/10.1103/PhysRevD.74.074501
https://doi.org/10.1103/PhysRevD.74.074501
https://doi.org/10.1016/j.nuclphysbps.2006.08.064
https://doi.org/10.1007/s00601-004-0081-z
https://doi.org/10.1103/PhysRevD.59.114018
https://doi.org/10.1134/1.1389562
https://doi.org/10.1134/1.1389562
https://doi.org/10.1103/PhysRevD.74.096007
https://doi.org/10.1103/PhysRevD.74.014019
https://doi.org/10.1103/PhysRevD.64.074003
https://doi.org/10.1103/PhysRevD.64.074003
https://doi.org/10.1103/PhysRevD.66.054002
https://doi.org/10.1103/PhysRevD.66.094016
https://doi.org/10.1103/PhysRevD.66.094016
https://doi.org/10.1016/j.physletb.2013.09.040
https://doi.org/10.1016/j.physletb.2013.09.040
https://doi.org/10.1103/PhysRevD.92.014035
https://doi.org/10.1103/PhysRevD.75.073016
https://doi.org/10.1103/PhysRevC.92.055203
https://doi.org/10.1103/PhysRevC.92.055203
https://doi.org/10.1140/epjc/s10052-016-4172-z
https://doi.org/10.1140/epjc/s10052-016-4172-z
https://doi.org/10.1140/epjp/i2018-11972-5
https://doi.org/10.1140/epjp/i2018-11972-5
https://doi.org/10.1007/s00601-018-1351-5
https://doi.org/10.1103/PhysRevD.95.034016
https://doi.org/10.1103/PhysRevD.95.034016
https://doi.org/10.1016/j.nuclphysb.2017.06.002
https://doi.org/10.1016/j.nuclphysb.2017.06.002
https://doi.org/10.1140/epjc/s10052-015-3653-9
https://doi.org/10.1103/PhysRevD.88.014015
https://doi.org/10.1103/PhysRevD.89.099901
https://doi.org/10.1103/PhysRevD.89.099901
https://doi.org/10.1103/PhysRevD.91.099901
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://doi.org/10.1103/PhysRevD.60.074501
https://doi.org/10.1103/PhysRevD.60.074501
https://doi.org/10.1103/PhysRevD.86.034506
https://doi.org/10.1103/PhysRevD.86.034506
https://doi.org/10.1103/PhysRevD.82.114504
https://doi.org/10.1103/PhysRevD.82.114504
https://doi.org/10.1016/j.nuclphysa.2004.08.008
https://doi.org/10.1016/j.nuclphysa.2004.08.008
https://doi.org/10.1016/j.physletb.2004.06.092
https://doi.org/10.1016/j.physletb.2004.06.092
https://doi.org/10.1016/j.physletb.2005.12.005
https://doi.org/10.1103/PhysRevD.55.6944
https://doi.org/10.1103/PhysRevD.55.6944
https://doi.org/10.1103/PhysRevD.41.2856
https://doi.org/10.1016/j.physletb.2006.02.042
https://doi.org/10.1016/j.physletb.2006.02.042
https://doi.org/10.1209/0295-5075/116/31004
https://doi.org/10.1209/0295-5075/116/31004
https://doi.org/10.1209/0295-5075/115/21002
https://doi.org/10.1209/0295-5075/115/21002
https://doi.org/10.1140/epjp/i2017-11335-x
https://doi.org/10.1140/epjp/i2017-11335-x
https://doi.org/10.1007/s00601-015-1040-6
https://doi.org/10.1016/S0370-1573(97)00089-6
https://doi.org/10.1016/S0370-1573(97)00089-6
https://doi.org/10.1103/PhysRevD.49.6720
https://doi.org/10.1103/PhysRevD.49.6720
https://doi.org/10.1103/RevModPhys.21.392
https://doi.org/10.1103/PhysRevD.59.074015
https://doi.org/10.1016/S0370-2693(99)00817-5
https://doi.org/10.1007/3-540-54978-1
https://doi.org/10.1007/3-540-54978-1


[103] S. J. Brodsky, Proceedings at VII Hadron Physics 2000,
Caraguatatuba, Sao Paulo, Brazil, 2000 (World Scientific,
Singapore, 2000).

[104] S. J. Brodsky, Acta Phys. Pol. B 32, 4013 (2001).
[105] H.-M. Choi and C.-R. Ji, Phys. Rev. D 89, 033011 (2014);

91, 014018 (2015).
[106] S. J. Brodsky and G. F. de Téramond, Phys. Rev. Lett. 96,
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