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Quantum information processing with superconducting qubits in a microwave field
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We investigate the quantum dynamics of a Cooper-pair box with a superconducting loop in the presence of
a nonclassical microwave field. We demonstrate the existence of Rabi oscillations for both single- and multi-
photon processes and, moreover, we propose a new quantum computing sictofudéng one-bit and con-
ditional two-bit gatesbased on Josephson qubits coupled through microwaves.

DOI: 10.1103/PhysRevB.68.064509 PACS nuniber74.50:+r, 03.67.Lx, 85.25.Cp

[. INTRODUCTION tended coherent oscillations to the charge-flux regime and
Chiorescuet al?! studied the quantum dynamics of the flux
qubit. Moreover, two charge qubits were capacitively

Quantum computing deals with the processing of infor-coupled by Pashkiret al?? and coherent oscillations were
mation according to the laws of quantum mechanics. Withirelso observed in this coupled-qubit system. Furthermore,
the last few years, it has attracted considerable attention b@ther superconducting devicgs.g., Refs. 23 and 2ave
cause quantum computers are expected to be capable of péso exhibited coherent oscillations. In addition, several other
forming certain tasks which no classical computers can do ifypes of studiegsee, for instance, Refs. 25 and)2tave
practical time scales. Early proposals for quantum computer@een made on superconducting qubits.
were mainly based on quantum optical systems, such as
those utilizing laser-cooled trapped ioh&sphoton or atoms
in quantum electrodynamic4QED) cavities>* and nuclear In this paper, we show that the coupled system of a
magnetic resonanceThese systems are well isolated from Cooper-pair box and a cavity photon mode undergoes Rabi
their environment and satisfy the low-decoherence criterioroscillations and propose a different guantum computing
for implementing quantum computing. Moreover, due toscheme based on Josephson charge gtfblise microwave-
quantum error correction algorithmsjow decoherenfeis  controlled approach proposed in our paper has the significant
not regarded as an insurmountable barrier to quantum conadvantage thaany two qubits (not necessarily neighbors
puting. Because scalability of quantum computer architecean be effectively coupled through photons in the cavity. In
tures to many qubits is of central importance for realizingaddition to the advantages of a superconducting device ex-
guantum computers of practical use, considerable effortbibiting quantum coherent effects in a macroscopic scale as
have recently been devoted to solid-state qubits. Proposesell as the controllable feature of the Josephson charge qubit
solid-state architectures include those using electron spins ipy bothgate voltagexndexternal flux, the motivation for this
quantum dot$;® electrons on heliun! and Josephson- scheme is fourfold:
junction (J) charge(see, e.g., Refs. 11-13 and)l&nd JJ (i) The experimental measuremetitshowed that the en-
flux (see, e.g., Refs. 14 and)ldevices. These qubit systems ergy difference between the two eigenstates in a Cooper-pair
have the advantage of relatively long coherent times and areox lies in the microwave region and the eigenstates can be
expected to be scalable to large-scale networks using modegifectively interacted by the microwave field.
microfabrication techniques. (i) A single photon can be readily prepared irhigh-Q

The Josephson charge qubit is achieved in a Cooper-pa@ED cavity using the Rabi precession in the microwave
box* which is a small superconducting island weakly domain® Moreover, using a QED cavity, Ref. 29 produced a
coupled to a bulk superconductor, while the Josephson flureliable source of photon number states on demand. In addi-
qubit is based on two different flux states in a smalltion, the cavity in Ref. 29 was tuned te21 GHz, which is
superconducting-quantum-interference-device (SQUID)  close to the 20 GHz microwave frequency used in a very
loop ***°Cooper-pair tunneling and energy-level splitting as-recent experimeff on the Josephson charge qubit. Further-
sociated with the superpositions of charge states were experore, theQ value of the cavity is & 10'° (giving a very
mentally demonstrated in a Cooper-pair B6%’ and re- large photon lifetime of 0.3 sec).
cently the eigenenergies and the related properties of the (iii) Our quantum computer proposal should be scalable to
superpositions of different flux states were observed iMP—10° charge qubits in a microwave cavity, since the di-
SQUID loops by spectroscopic measureméfits particu-  mension of a Cooper-pair box ts10—1um.
lar, Nakamuraet al!® demonstrated the quantum coherent (iv) The QED cavity has the advantage tlaaty two qu-
oscillations of a Josephson charge qubit prepared in a supéhits (not necessarily neighborsan be effectively coupled
position of two charge states. In addition, Vienal? ex-  through photons in the cavity.

A. Background

B. This work
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(a) D, e?

Be=3(c,+2C)) @
is the single-particle charging energy of the island and
Td
o Ey(®)=2Eq cos( QT) ®
0
v

is the effective Josephson coupling. The numbeof the

FIG. 1. Cooper-pair box with a SQUID loop, where the chargeextra Cooper pairs on the island and average phase drop
box is coupled to a segment of a superconducting ring via two
identical Josephson junctions, shown in white above, and a voltage
V, is applied to the charge box through a gate capa€lpfon the P= 5(‘P1+ ¢2)
left side of the above diagram(a) A static magnetic fluxb,, as
denoted by the solid lines with arrows, pierces the SQUID loop toare canonically conjugate variables. The gauge-invariant
control the effective Josephson coupling eneiby.In addition to  phase dropg; and ¢, across the junctions are related to the
®,, a microwave fieldD¢(t), schematically shown above by the total flux ® through the SQUID loop by the constraint
dashed lines with arrows, is also applied through the SQUID loop.

o

Also, we study multiphoton processes in the Josephson (PZ_‘Pl_ZWEO’ )
charge qubit since, in contrast to the usual Jaynes-Cummings )
model (see, e.g., Chap. 10 in Ref. 3the Hamiltonian in- Where®o=h/2e is the flux quantum. _
cludes higher-order interactions between the two-level sys- This structure is characterized by two energy scales, i.e.,
tem and the nonclassical microwave field. As shown by théhe charging energf. and the coupling energl,, of the
very recent experiment on Rabi oscillations in a Cooper-paifosephson junction. In the charging regiiég>E;, and at
box° these higher-order interactions may be important infow temperaturekgT<E,, the charge statem) and [n
the Josephson charge-qubit system. +1) become dominant as thepntrollable gate voltage is

Note that the driving microwave field is typically gener- adjusted toVy~(2n+1)e/Cy. Here, the superconducting
ated using aelectricalvoltage acting on the charge qubit via 9ap is assumed to be larger theg, so that quasiparticle
a gate capacitor. Here, the microwave field is applied as #/nneling is greatly reduced in the system.
magneticflux piercing the SQUID loop of the qubit in order Here we ignore self-inductance effects on the single-qubit
to perform the unitary transformations needed for quantunstructure’ Now @ reduces to the classical variabie,,
computing. whered, is the flux generated by the applisthtic magnetic

The dynamics of a Josephson charge qubit coupled to feld. In the spins representation with charge statgf)
quantum resonator was studied in Ref. 32. In contrast to our |n) and|l2=|n+ 1), the reduced two-state Hamiltonian is
study here, the model in Ref. 32 involvéa) only one qubit,  given by
(b) only the Rabi oscillation with a single excitation quantum .
of the resonatofas opposed to one or more photprand(c) _
no quantum computing scheme. i H=2(Vg) 02~ 5Es(Pe)oy, ®

where
Il. CHARGE QUBIT IN A CAVITY

C.Vv
A. Cooper-pair box with a SQUID loop e(Vg)=2E, ge g —(2n+1)

We study the Cooper-pair box with a SQUID lotlp'>*°
In this structure, the superconducting island with Cooper-paiff his single-qubit Hamiltonian has two eigenvalues
chargeQ=2neis coupled to a segment of a superconducting
ring via two Josephson junctiorieach with capacitancg; E. — +1E @
and Josephson coupling enery,). Also, a voltageVy is T2
coupled to the superconducting island through a gate capaci-,
tor C4; the gate voltag®/ is externally controlled and used with

. (6)

to induce offset charges on the island. A schematic illustra- a2 2 112
tion of this single-qubit structure is given in Fig(al The E=[4e7(Vg) TES(Pe) I ®
Hamiltonian of the system is and eigenstates
CyV|2 le)= cos¢ |1)— sing [1),
H=4E. n— e —E (D) cose, (1)
|9)= sing |1)+ cos¢ [1), 9
where with
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1 F(a'a), (19

&= —tan e

2

=

(10) f(a'a)=—E ,sin(2¢) cos(%‘)e
0

Using these eigenstates as new basis, the Hamiltonian takesth
the diagonal form

1 3
1 F(a*a)=§¢2(2a'ra+ 1)—m¢4[2(aTa)2+2aTa+1]
H= EEPZ, (11 ' .
5
where + a¢6[4(aTa)3+ 6(a'a)?+8a'a+3]— ...,
p.=|e)(e[—|g)Xal. (12) (20
Here we employ{|e),|g)} to represent the qubit. where ¢= 7| P, |/®,, and

B. Interaction of the charge qubit with a microwave field g2m-D(a'a)=E,, cos(2¢) sin( q)oe) G- 1)(ata),

When anonclassicaimicrowave field is applied, the total
flux ® is a quantum variable

7d
2m) ata) — T Tel~@2my ot
D=+ D(1), (13) g'“™(a'a)=E;gcos(2¢) cos( Ty )G (a'a),
where @; is the microwave-field-induced flux through the (21)
SQUID loop[see Fig. 1b)]. Here we assume that a single- with m=1,2,3 ..., and
qubit structure is embedded in a QED microwave cavity with
only a single-photon mode. Generally, the vector potential (U atay 1 o 1 s 1
of the nonclassical microwave field is written as G(a'a)=¢- E¢ aat E‘b [2(@'a)"+1]— ...,
A(r)=u,(na+uy(r)a’ 1 2
_ o G(Z)(aTa)zE¢2—E¢4(2aTa—1)
=|u,(r)|(e "Pa+e'%a)A, (14 : :
where a'(a) is the creation(annihilation operator of the E’ 6r(ata)2_ AT _
cavity mode. Thus the flusp; is given by - 6! ¢l@ayr-alatl]=...,
®i=|D,[(e"Pate'’al), (15) 1 5
B)atay— — — 434 — 45/t _
with G%™(a'a) 3!¢+5!¢(aa H— ...,
1 3
)= jg uy-dl, (16) GW(a'a)=— 1 ¢*+ ¢%(2a"a-3)— ...,
where the contour integration is over the SQUID loop. Here, (22)

0 is the phase of the mode functian (r) and its value

Ref. 3]. For instance, if a planar cavity is used and thethe charge qubit and the microwave field. This Hamiltonian
SQUID loop of the charge qubit is perpendicular to the cav-1g) js a generalization of the Jaynes-Cummings model to a

ity mirrors, one hag)=0. _ solid-state system. Here multiphoton proce¥sewe in-
~ We shift the gate voltag¥ (and/or varyd,) to bring the  yolved for k>1, in contrast with the usual Jaynes-
single-qubit system into resonance wktphotons: Cummings model for an atomic two-level system interacting

. _ with a single-photon mode, where only one photon is ex-
E~kha,, k=123.... 17 changed between the two-level system and the external

. . . . § 31
Expanding the functions cos®;/d,) and sin rd;/dy) into field.
series of operators and employing the standard rotating wave
approximation, we derive the total Hamiltonian of the system Ill. RABI OSCILLATIONS IN MULTIPHOTON PROCESS

in this situation(with the photon Hamiltonian includ . I
( P ed The eigenvalues of the total Hamiltoniab8) are

1 1
H=-Ep,+ho,| a'a+ = |+H, 18 1 1
2 —PzT RO 2 Ik 18 Ex(lL k) =to\ I+ 5 (k+1) |+ S[F(D)=F(+K)]
Hi=p.f(a'a)+[e *|e)(gla*g®(a’a) +H.c]. %
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and the corresponding eigenstates, namely, the dressed stategi) Both Rabi oscillations and the AC Josephson effect

are given by
|[+.1)=e " cosy |e,l)+ siny |g,l+k),
|—.1)=—=siny |e,l)+e*’cosy |g,l+k), (24
where
Q=290 +K[1+1)(1+2)---(1+kK)]Y%H (25

is the Rabi frequency,

involve interactions of the photons with electroffisr Rabi
oscillations or a junction(for AC Josephson effegt(ii) the
radiation must be tuned creating two-level transitiofiis)
the junction behaves like an atom undergoing transitions be-
tween the quantum states of each side of the junction as it
absorbs and emits radiation.

However, the Rabi oscillation is a strong-coupling eftéct
and produces long-lived coherent superpositions.

IV. QUANTUM COMPUTING

8 «=(Elh—koy) +[F()+f(1+k) /A, (26) Let us consider more than one single charge qubit in the

QED cavity, and the cavity initially prepared at the zero-

and photon state|0). We first show the implementation of a
controlled-phase-shift operation. Here a single photon pro-

7= Etan—l %) (27) cessk=1, is used to implement quantum computing.
2 i x (i) For all Josephson charge qubits, let
Here,k is the number of photons emitted or absorbed by the 1
charge qubit when the qubit transits between the excited state d)e=§<1>o,

|e) and the ground statg), andl is the number of photons

in the cavity when the qubit state |is).
When the system is initially at the state,l), after a

period of timet, the probabilities for the system to be at

states/g,| +k) and|e,l) are

2

Of .
2_ :
(g, +K[y(1))] 5I2,k+QI2,kSIn2

%(5ﬁk+ Qﬁk)lfzt},
(28)
and

[(e | (1)]2=1—[(g,l +k|p(t))]2. (29)

Thus the probabilities are oscillating with frequency
Qravi= (S i+ Q) (30

This is theRabi oscillation with k photongvolved in the

state transition; whetk=1, it reduces to the usual single-

photon Rabi oscillation.

Very recently, Nakamurat al 3 investigated the temporal
behavior of a Cooper-pair box driven by a strong microwave

field and observed the Rabi oscillations withultiphoton

then cos ¢®./Py)=0, which yields
f(a'a)=0.

Furthermore, the gate voltage for a control qubit, gayis
adjusted to have the qubit on resonance with the cavity mode
(E=%w,) for a period of time(where single photon is in-
volved in the state transitionwhile all other qubits are kept
off-resonant. The interaction Hamiltonidim the interaction
picture withHy=3Ep,) is given by

Himn=e"""le)a(gl agW(a’a)+H.c., (31)
and the evolution of qubif is described by
Ua(0,t)=exp —iHt/h). (32

This unitary operation does not affect stdg,|0), but
transforms|g)|1) and|e)A|0) as

|9)al1)— cos(at)|g)al1)—ie ' ?sin(at)|e)A|0),

|€)al0)— cos(at)|e)a|0)—ie'’sin(at)|g)al1), (33)
where a=g®)(1)/%. To obtain the controlled-phase-shift

eXChangeS between the two-level System and the microwa\®te, we need the unitary Operation wiie=0 and interac-
field. Different to the case studied here, the microwave fieldjon time t, = #/2«, which gives

was employed there to drive the gate voltage to oscillate.

Here, in order to implement quantum computing, we con-

|9)al1)— —ile)al0),

sider the Cooper-pair box with a SQUID loop and use the

microwave field to change the flux through the loop.

A. Analogies between Rabi oscillations and the AC
Josephson effect

|€)al0)——i|g)all). (34)

This operation swaps the qubit state and the state of the QED
cavity. A similar swapping transformation was previously
used for the quantum computing with laser-cooled trapped

Rabi oscillations have been observed a long time ago ifons?!
atomic physics. It is a relatively new development to observe (i) While all qubits are kept off-resonant with the cavity
Rabi oscillations in a condensed-matter system. Since theode and the fluxb, is originally set tod .= ;®, for each
Josephson effect can be used for this purpose, it is instructivgubit, we changeb, to zero for only the target qubit, sd
to point out analogies and differences between Rabi oscillain this case, the evolution of the target quiiis described in

tions and the Josephson effect.

the interaction picture by
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Ug(t)=exp(—iHt/%), (35
where the Hamiltonian is
Hine=(le)s(e] —|9)s(g)) f(a'a). (36)

This Hamiltonian can be used to produoenditional phase
shifts in terms of the photon state of the QED cavi#yp-
plying this unitary operation to qubB for a period of time
t,=7h/2|f(1)—f(0)|, we havé®

19)8/0)—€'|g)|0),
|€)s|0)—e™""|e)g|0),
|9)s/1)—ie"’|g)s|1),
|€)sl1)——ie~[e)s|1),
where g=7f(0)/2f(1)—(0)|.

(i) Qubit A is again brought into resonance fag
=7/2a with #=0, as in step(i). Afterwards, a controlled

(37)

two-bit gate is derived as a controlled-phase-shift gate co
bined with two one-bit phase gates. In order to obtain th

controlled-phase-shift gate Uz, which transforms

19)al9)s. [9)al€)s. [€)Al9)s. and|e)ale)s as

19)al0)B 1 0 0 0\ /[9)a9)e
|g)ale)s 010 O lg)al€)s
le)alg)s “lo o 1 o0 le)alg)s | 9
le)ale)s 0 0 0 ~-1 le)ale)s

one needs to further apply successively the unitary operatioﬁ1
given in step(ii) to the control and target qubits with inter-

action timest,=37#/4/f(0)| and ts=(27—|B|)%/|f(0)|,
respectively.

In analogy with atomic two-level systems one can use

an appropriatelassical microwave fief to produceone-bit

rotationsfor the Josephson charge qubits. When the classic

microwave field is on resonance with the target qiihithe
interaction Hamiltonian becomes

hQ) .
HintZT[e7|V|e>B<g|+H-C-]v (39
with
[ TDe 7T|q)f|
ﬁQ=2Ejocos(2§)sm( ‘%)( o, ) (40

m_

PHYSICAL REVIEW B58, 064509 (2003

1 )
|g>B_’E(|g>B_iew|e>B)a

1

le)g— \/§(|e>B_ie_iV|g>B)- (42)

In terms of this one-bit rotation, the controlled-phase-shift
gateU ,g can be converted to the controlled-NOT ghte,

(43)

T
Cag=Vs 220

A sequence of such gates supplemented by one-bit rotations
can serve as a universal element for quantum compifing.

V. DISCUSSION AND CONCLUSION

For microwaves of wavelength~1 cm, the volume of a
planar cavity is ~1 cnt. For SQUID loop dimension
~10-1um, then 16—10* charge qubits may be constructed
along the cavity direction. Furthermore, for a two-
dimensional (2D) array of qubits, 19-10° charge qubits
could be placed within the cavif§. This number of qubits is

eiarge enough for a quantum computer. For practical quantum

information processing, one needs to improve the experi-
mental setup to have a QED cavity with a high enogh
value so as to implement more quantum operations within
the long photon lifetime of the cavity. Alternatively, one can
also increase the number of permitted quantum operations
within the given photon lifetime of the cavity by strengthen-
ing the coupling between the charge qubit and the micro-
wave field. Because the typical interaction energy between
e charge qubit and the microwave field is propositional to
@, , the qubit-photon coupling can be strengthened by in-
creasing the area enclosed by the SQUID loop and the field
intensity (e.g., by putting a hight material inside the
SQUID loop.

In the conditional gates discussed above, the two charge
4ubits are coupled through photons in the QED cavity. Our
approach is scalable, but similar to the coupling scheme us-
ing anL C-oscillator modé::*>only a pair of charge qubits at
a time can be coupled. In order to implement parallel opera-
tions on different pairs of qubits, one can make use of a
multimode QED cavity or more than one cavity, wheli¢
ferent cavity modes couple different pairs of qubits simulta-
neously Moreover, our approach might have potential appli-
cations in quantum communications using both the qubit-
photon coupling(to convert quantum information between
charge qubits and photonand the photons, acting as flying
qubits, to transfer quantum information between remotely

where the value of the phasedepends on the chosen mi- Separated charge-qubit systems.

crowave field(see, e.g., Chap. 2 in Ref. Band ®; is the

In conclusion, we have studied the dynamics of the

flux through the SQUID loop produced by the classical mi-C0OOPer-pair box with a SQUID loop in the presence of a

crowave field. For the interaction tinig= /2(}, the unitary
operation
Va(v,te) =exp( —iHiyts /%) (41)

transforms|g)g and|e)g as

nonclassical microwave field. Rabi oscillations in the multi-
photon process are demonstrated, which involve multiple
photons in the transition between the two-level system and
the microwave field. Also, we propose a scheme for quantum
computing, which is realized by Josephson charge qubits
coupled through photons in the QED cauvity.
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