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The operator growth hypothesis (OGH) is a technical conjecture about the behavior of operators—specifically,
the asymptotic growth of their Lanczos coefficients—under repeated action by a Liouvillian. It is expected to
hold for a sufficiently generic closed many-body system. When it holds, it yields bounds on the high-frequency
behavior of local correlation functions and measures of chaos (like OTOCs). It also gives a route to numerically
estimating response functions. Here we investigate the generalization of OGH to open quantum systems, where
the Liouvillian is replaced by a Lindbladian. For a quantum system with local Hermitian jump operators, we
show that the OGH is modified: we define a generalization of the Lanczos coefficient and show that it initially
grows linearly as in the original OGH, but experiences exponentially growing oscillations on scales determined
by the dissipation strength. We see this behavior manifested in a semi-analytically solvable model (large-q SYK
with dissipation), numerically for an ergodic spin chain, and in a solvable toy model for operator growth in the
presence of dissipation (which resembles a non-Hermitian single-particle hopping process). Finally, we show
that the modified OGH connects to a fundamental difference between Lindblad and closed systems: At high
frequencies, the spectral functions of the former decay algebraically, while in the latter they decay exponentially.
This is an experimentally testable statement, which also places limitations on the applicability of Lindbladians
to systems in contact with equilibrium environments.
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I. INTRODUCTION

What are the universal signatures of thermalizing or
ergodic quantum systems? A number of such signatures
have been proposed. The eigenstate thermalization hypoth-
esis conjectures a universal form for the matrix elements
of local observables in the energy eigenbasis of an ergodic
closed many-body Hamiltonian [1,2]. Likewise the “dip-
ramp-plateau” structure of the so-called spectral form factor is
believed to be generic for ensembles of ergodic systems [3,4].
More recent study indicates that ergodicity is also encoded in
operator dynamics and universal statements about the decay
properties of out-of-time-ordered correlation (OTOC) func-
tions [5–10]. When ergodic systems have conserved densities,
these tend to obey the laws of hydrodynamics and there is
an interesting interplay between this observation and those
above on operator dynamics [8,10], which has inspired new
numerical algorithms for approximating many-body dynamics
[11–15]. In a related line of study, Ref. [16] focused on the
the Liouvillians L of many-body systems. They examined
the form of this operator with respect to its Krylov basis
(the basis associated with a Lanczos procedure). In this basis
the Liouvillian is tridiagonal. The off-diagonal elements are
a sequence of positive numbers bn called the Lanczos co-
efficients. They formulated the operator growth hypothesis,
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which states that the Lanczos coefficients generically grow
as bn ∼ n asymptotically (up to logarithmic corrections in
1D). The rate of linear growth gives a bound on the growth
of various notions of operator complexity (such as OTOCs),
the growth of moments of form μn ≡ (O|L n|O), and on the
high-frequency decay of local correlation functions C(t ) ≡
(O|eiL t |O), which can be measured experimentally [17,18].
Lastly, it appears that OGH can be used as part of an efficient
numerical algorithm for approximating transport coefficients
in high-temperature quantum systems.

While OGH is connected to the growth of operator com-
plexity with time, its connection to ergodicity is less clear.
More recent papers suggest that OGH can obtain in systems,
which may well be nonergodic [19,20]. A possible scenario is
that ergodicity implies OGH, but not the other way around.
It could thus be that OGH holds for sufficiently generic,
but possibly nonergodic many body systems. It could also
be that more refined versions of OGH discriminate between
ergodic and nonergodic systems [19,20]. Delineating the cir-
cumstances in which OGH and its variants obtain is useful
as it will clarify the connection between operator complex-
ity growth and ergodicity; it may also inspire improvements
to the above-mentioned numerical algorithms for calculating
transport coefficients, and enable us to apply these techniques
to a wider class of models.

In this paper we investigate the validity of OGH in
open quantum systems described by Lindbladian evolution
[21–24]. Modern quantum simulators are able to implement
increasingly sophisticated dissipative channels [25,26], so it
is worth understanding how OGH generalises to open quan-
tum systems and to understand whether its generalization
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FIG. 1. A simplified toy model showing one possible trajectory for the growth of an initial operator |0〉 under N repeated applications of
the effective Lindbladian Leff = Lu + Ld, where the action of the unitary part Lu is to hop to the right with amplitude J and the action of the
dissipative part Ld is to stay on any site |p〉 with amplitude i η p. The example trajectory shows hopping to the right for p steps, dissipating r
steps at site |p〉 and hopping the remaining N − p − r steps to land at site |N − r〉.

corresponds to experimentally observable features. Moreover,
even closed (ergodic) quantum systems can behave as baths
for themselves, so we might expect features of open-system
OGH to obtain in suitable variables in closed systems.

Some existing studies have addressed variants of this prob-
lem. In an attempt to generalize OGH to open systems,
Ref. [27] maps the Krylov complexity in an open system
to a non-Hermitian tight-binding model in similar spirit to
Ref. [16]. They consider the Lanczos basis defined for closed
systems and conjecture that with Hermitian dissipation, the
matrix elements of the dissipative part of the Lindbladian are
dominated by the diagonal terms that grow linearly, which
they test in finite-sized SYK and 1D interacting Fermionic
models. Alternatively, Ref. [28] uses the Arnoldi approach
that results in an upper Hessenberg (rather than tridiagonal)
form for the Lindbladian; their small system size numerics
are consistent with a linear growth in these matrix elements.
Likewise, Ref. [29] studies the Lanczos coefficients in the
dissipative q-body SYK model also using the Arnoldi method.
In the q → ∞ limit, they gain analytic advantage and show
that the Lindbladian is tridiagonal with the Lanczos co-
efficients growing asymptotically linearly similar to closed
system OGH. For finite q, they report linear growth in the first
few diagonal and primary off-diagonal Lanczos coefficients
of the upper Hessenberg matrix. Finally, Ref. [30] makes use
of the so-called bi-orthonormal scheme (explained below) to
numerically study the Lanczos coefficients in small systems,
focusing on their behavior at very large n compared to system
size, and in doing so distinguish open chaotic and integrable
behavior.

In the present paper, we focus on the bi-orthogonal scheme;
we wish to understand the behavior of Lanczos coefficients at
large n but in the thermodynamic limit (where system size
has been taken to infinity first, in contrast to [30])—this is
the regime in which the original OGH applies. Our results are
as follows. We begin with the Lindbladian evolution for an
operator Ô,

dÔ

dt
= L̂ Ô = i[Ĥ, Ô] + η

∑
i

[
ĥ†

i Ôĥi − 1

2
{ĥ†

i ĥi, Ô}
]
, (1)

where H is the Hamiltonian, hi are dephasing Hermitian jump
operators with strength η [21–24]. In exchanging a Liouvillian
for a Lindbladian, two important changes arise. It is useful to

examine them from the perspective of the moments defined
above μ̃n = (O|L n|O). Firstly, unlike closed systems, for
open systems, the moments can be nonzero for odd values of
n. This has an important consequence for the high-frequency
part of the spectral function, which decays as a power law
in contrast to an exponential decay for closed systems in
the original OGH. Secondly, dissipation affects the growth
of moments Fig. 4 below. While in unitary systems the mo-
ments tend to grow as O((2n)!), in an open system there are
strong deviations and oscillations in the value of the moments,
which kick in at n ∼ 1/η. We demonstrate this result with
numerical results on spin-chains and semi-analytic results in
the dissipative SYK model. We are also able to reproduce the
key features in the moments analytically by constructing a toy
model for the Lindbladian as a non-Hermitian hopping model
on operator space described in Fig. 1, which is somewhat
similar to the construction in Ref. [27].

We derive a relation [Eq. (7)] between the moments and
the Lanczos coefficients obtained through the bi-orthonormal
scheme. We find that the point at which the moments start
to deviate from the unitary scaling coincides with a dramatic
change in the Lanczos coefficients: The Lanczos coefficients
grow linearly initially until n ∼ 1/η at which point they ex-
perience exponentially growing oscillations. We are able to
confirm this behavior in the large-q dissipative SYK model
where we have a partial analytic control and numerically in the
chaotic Ising model. Our toy non-Hermitian hopping model
also reproduces this behavior in the Lanczos coefficients.

Finally, due to the nonvanishing odd moments, the spectral
function initially decays exponentially in frequency before
crossing over to power-law decay at a frequency set by the
dissipation. We provide an explicit asymptotic formula for the
crossover frequency in the case of the dissipative SYK chain
Eq. (22) where this frequency scales as ∼ log(η−1), an asymp-
totic form we expect will hold more generally. This crossover
and consequent power-law decay can be interpreted as a sig-
nature of a modified OGH for an open Lindblad system, and
sharply distinguishes open experimental systems subject to
effective Lindbladian dynamics from closed systems.

An interesting question arises when we consider the sub-
system dynamics of a closed ergodic system. Observables
on the subsystem should obey the original form of the OGH
because the full system is expected to (with the concomitant
exponential decay of the spectral functions). On the other
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hand, one might have thought that the subsystem dynamics in
such a setup is captured by Lindbladian dynamics; our paper
suggests this expectation is false. Indeed the Lindbladians
that we consider all obey a modified version of OGH (with
power-law decay of the spectral function in frequency), even
when the Lindbladians are chosen to obey detailed balance
and thus model some of the features of an equilibrium bath
(see Appendix B). Our results therefore suggest that local
Lindbladians are never a good model for systems in contact
with equilibrium baths, at least when one scrutinises the high-
frequency behavior of spectral functions.

II. BI-LANCZOS APPROACH

Here we put the Lindbladian from Eq. (1) in tridiagonal
form by constructing a so-called bi-orthonormal Lanczos ba-
sis. In the absence of dissipation, this procedure coincides
with the original Lanczos recipe in Ref. [16]. We start by
choosing our initial Hermitian operator to be |O0) := |O),
normalized with respect to the infinite-temperature inner prod-
uct (X |Y ) := Tr[X †Y ]/Tr[I]. The bi-orthonormal Lanczos
basis is generated inductively [31]

|An) := (L − an−1)|On−1) − cn−1|On−2),

|Bn) := (L † − a∗
n−1)|Õn−1) − bn−1|Õn−2), (2)

where

|On) := |An)

bn
(Õn| := (Bn|

cn
, an := (Õn|L |On),

bn :=
√

(An|An), cn := (Bn|An)

bn
. (3)

The Lindbladian L is a tridiagonal matrix in this new ba-
sis. Each iteration of the algorithm outputs three numbers
an, bn, cn and these make up the tridiagonal matrix elements

L =

⎛
⎜⎜⎜⎝

a0 b1 0

c1
. . .

. . .
. . .

. . . bn

0 cn an−1

⎞
⎟⎟⎟⎠. (4)

One can easily check that setting η = 0 results in the usual
Lanczos basis with bn = cn and an = 0. In this paper we
focus mainly on the growth of the sequence

√
bncn, which we

hereafter call the Lanczos coefficients.
The Lanczos coefficients are also encoded, albeit indi-

rectly, in the autocorrelation function

C(t ) ≡ (O|eiL t |O). (5)

C(t ) admits a Taylor expansion about t = 0 in terms of the
moments μn given by

C(t ) =
∞∑

n=0

μn
(it )n

n!
. (6)

The Lanczos coefficients bncn are related to the moments
through

bncn = KnKn−2

(Kn−1)2
, (7)

where Kn = det[μi+ j]0�i, j�n and K−1 = K0 = 1. The proof of
this is provided in the Appendix A.

We now study the growth of local operators in the
bi-orthonormal Lanczos basis in systems whose unitary dy-
namics is known to be quantum chaotic. We begin by adding
dissipation to an SYK model, then do the same for an ergodic
Ising chain, before finally constructing a toy model, which
captures qualitatively the behavior of all systems studied.

A. Dissipative SYK model

We start with the standard SYK model with q-body inter-
actions given by [32,33]

HSY K = iq+1
∑

i1<...<iq

Ji1...iqγi1 ...γiq , (8)

where Ji1...iq are random couplings drawn from the Gaussian
distribution and γi are the Majorana operators. We add dissi-
pative terms (with strength η) through the N Lindblad jump
operators that are linear in the Majoranas given by

hi = √
ηγi, i = 1, ...N. (9)

Our starting point is the correlation function described in
Eq. (10) for a single Majorana operator |O) = γ1. This can
be analytically computed in the large-q limit and is given by
[34,35]

C(t ) = 1 + 2

q
ln sech(αt + β ), t > 0, (10)

where α = J
√

( η

2J )2 + 1 and β = arcsinh( η

2J ). Notice that set-

ting the dissipation η = 0 results in the usual SYK correlation
function [36]. One can compute the moments μn that appear in
the Taylor expansion of C(t ) [Eq. (6)] through the expression

μn = 1

in

dn

dtn
C(t )|t=0. (11)

Using this formula, Eq. (7), and the analytical result in
Eq. (10), we can compute the Lanczos coefficients. The results
are shown in Fig. 2. For finite q we see that there is an initial
linear growth of

√
bncn followed by a regime of exponentially

growing oscillations. Also, interestingly, the Lanczos coeffi-
cients refocus to linear growth behavior for large n as shown
in the inset of Fig. 2. We compute numerically the point Np

where the Lanczos coefficients deviate from linear growth
behavior by checking for the condition |bncn − n(n − 1)| > ε,
where ε is a small cutoff and we have set J = 1. We find that
Np scales as log q/η as demonstrated in Fig. 3.

Alternatively, Lanczos coefficients may also be expressed
up to O(1/q) as

bncn =
⎧⎨
⎩

2J2/q n = 1

J2
[
n(n − 1) + 1+(−1)n+1[n cosh ([2n−2]β )+(n−1) cosh (2nβ )]

q

] + O
(

1
q2

)
n > 1

. (12)
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FIG. 2. Growth of Lanczos coefficients
√

bncn in (a) the dissipative Ising model and (b) the dissipative SYK model with q = 1000 for
different dissipation strengths η. We see an initial linear growth followed by oscillations whose amplitude grows exponentially with n. Inset
in (a) shows that the point Np in the Lanczos iteration where

√
bncn begins to show deviation from linear behavior scales as Np ∝ 1/η for the

Ising model. The inset in (b) shows that for large n, Lanczos coefficients refocus to linear growth for the SYK model.

This formula is obtained by analytically calculating the
first few Lanczos coefficients using the procedure outlined
above. In doing so, the formulas contain recognisable se-
quences of integers. Our analytical formula appears to agree
exactly with all of our numerical checks. We infer the follow-
ing from Eq. (12). Firstly, in the q → ∞ limit,

√
bncn grows

linearly, which is in agreement with the findings in Ref. [29].
Secondly, the point n = Np where the growth of

√
bncn begins

to deviate from the linear growth occurs when e2Npβ ≈ q and
hence, for small η, we have Np ∝ log q/η, which is in agree-
ment with our numerics as shown in Fig. 3. Lastly, it explains
the initial linear growth of the Lanczos coefficients that we
observe numerically in Fig. 2.

B. Dissipative chaotic Ising model

It is necessary to understand the behavior of the Lanczos
coefficients in a local interacting model with dissipation and
how it compares with the findings from the SYK model. We
choose the tilted field Ising model, which is known to be
chaotic and which appears to obey the OGH [16]. We consider
the Hamiltonian at the “maximally chaotic” point given by

H =
∑

i

σ x
i σ x

i+1 − 1.05σ z
i + 0.5σ x

i . (13)

We introduce dissipation through the jump operators hi = σ z
i

with strength η. Our choice for the initial operator is |Oo) =∑
i σ

x
i . We apply the Lanczos approach defined in Eq. (2) and

study numerically the growth of Lanczos coefficients for dif-
ferent dissipation strengths η. We work in the thermodynamic
limit and are able to compute tens of Lanczos coefficients be-
fore hitting a memory ceiling. Specifically, we use the method

introduced in Ref. [16] to compute Lanczos coefficients by
storing the operator during each bi-Lanczos iteration as a hash
map of Pauli strings. In a little more detail, we do not a priori
fix the system size and work with finite-dimensional matrices,
but rather just keep track of operator strings under each action
of the Lindbladian. We terminate the procedure when we
simply run out of memory. Figure 2 shows a plot of Lanczos
coefficients for the Ising model and we infer the following

FIG. 3. The point Np where the Lanczos coefficients deviate from
linear growth behavior for the dissipative SYK model computed by
checking for the condition |bncn − n(n − 1)| > ε where we compute
bncn numerically from Eq. (7). We have chosen ε = 1 and have
set J = 1. We consider different choices of q = 5 × 102, 103, 104

(marked by circle, star, and triangle symbols, respectively) and η

(with different colors) and plot Np against log(q)/η. We see a linear
scaling that agrees with the prediction from Eq. (12).
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FIG. 4. Ratio |μ̃2n/μ2n| vs n for different dissipation strengths η plotted for (a) the large q SYK model with q = 500 and J = 1, (b) The
chaotic Ising model and (c) the toy model with J = 1. We see that dissipation impacts the growth of moments and the ratio |μ̃2n/μ2n| can get
close to zero, indicating that μ̃2n flips sign.

similarities to the dissipative SYK model. Firstly, we see that
with dissipation, there is an initial transient Lanczos period
where there is an approximate linear growth in

√
bncn fol-

lowed by oscillations that increase rapidly. Secondly, the point
Np in the Lanczos iteration where the coefficients deviate from
linear growth behavior scales with dissipation as Np ∝ 1/η.
This suggests some degree of universality in the behavior
of Lanczos coefficients in chaotic many-body systems in the
presence of Hermitian dissipation.

III. BEHAVIOR OF MOMENTS AND THE TOY MODEL

Recall that the Lanczos coefficients are related to the mo-
ments through Eq. (7), so that the breakdown of linear growth
in the Lanczos coefficients should appear in the behavior of
moments. To understand how dissipation affects the growth
of moments, we study the ratio | μ̃2n

μ2n
| (where μ̃2n and μ2n are

the moments with and without dissipation respectively) nu-
merically for different dissipation strengths for the SYK and
the dissipative Ising model as shown in Fig. 4. We see that the
ratio oscillates and in fact, for the Ising model, the point where
the ratio first changes sign corresponds approximately to the
point Np where the Lanczos coefficients show deviations from
linear growth behavior seen in Fig. 2. For the SYK model, the
moments and the Lanczos coefficients depend on q and η, but
the ratio | μ̃2n

μ2n
| depends only on η. Hence, we do not expect the

point where the ratio changes sign to correspond to the point
where the Lanczos coefficients deviate from linear growth for
the SYK model for a given choice of η and q.

The behavior of the moments and the Lanczos coefficients
in models with Hermitian dissipation must be encoded more
generally in how the unitary and dissipative contributions
from the Lindbladian weigh relatively. Under repeated appli-
cation of the unitary (Lu) and dissipative (Ld) parts of the
Lindbladian on an operator On = L n

u O, for some local initial
operator O, we expect that

||Lu,dOn||2 ∝ n2||On||2. (14)

The scaling for the unitary part comes from the growth of mo-
ments μ2n = ||L n

u O||2 ≈ O((2n)!) for closed systems [16].
Interestingly, the dissipative part too has a similar scaling,
which may be understood by the following intuition. The
operator On has a support on roughly n sites and dephasing
does not grow the operators, which involve Pauli strings that
are eigenstates of the jump operators [37]. We hence expect
every site to contribute under the action of Ld on the operator
On, which is the reason behind the scaling [27].

Although both the unitary and dissipative contributions
have the similar scaling with n when acting on the original
Lanczos basis, they also involve contributions from the fi-
nite local bandwidth of the Hamiltonian and the dissipation
strength respectively. Note too that the dissipative part of
Eq. (1) comes with a relative i. This suggests the following
toy model for the action of the Lindbladian on the Lanczos
basis for Lu defined as |n〉 := L n

u O,

Lu|n〉 = J|n + 1〉,
Ld|n〉 = (i η n)|n〉. (15)

We approximate the moments for the unitary part with their
anticipated asymptotic form μ2n = 〈n|n〉 = (2n)! [16]. Our
toy model allows us to express the modified moments μ̃n =
〈0|(Lu + Ld)n|0〉 in terms of the unitary moments μ2k, k =
1, 2, .., �n/2 as

μ̃n =
�n/2∑
k=1

{
n

2k

}
(iη)n−2k (2k)!, (16)

where
{ n

2k

}
represent the Stirling numbers of the second kind

and we have used 〈0|2k〉 = μ2k .
Remarkably, the toy model captures a similar oscillatory

behavior for the ratio (| μ̃2n

μ2n
|) as shown in Fig. 4. In the limit

of small n and η, we can approximate the ratio by the last two
terms of the summation in Eq. (16) leading to∣∣∣∣ μ̃2n

μ2n

∣∣∣∣ ≈ 1 − O(η2n2). (17)
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FIG. 5. Numerical results for the toy model. (a) Growth of Lanczos coefficients
√

bncn. The Lanczos coefficients have an overall linear
growth but with periods of oscillatory bursts. The inset shows that the point Np where

√
bncn first deviates from linear behavior scales as

Np ∝ 1/η. (b) Ratio μ̃2n/μ2n of the even moments with and without dissipation plotted against n. It is seen that the Lanczos coefficients first
deviate from linear growth at around n ≈ 20, which corresponds to the ratio between the moments crossing zero at around the same point. The
oscillations in the moments explain the periodic behavior of oscillatory bursts in the Lanczos coefficients. For the main plots we have chosen
J = 1 and η = 1/6.

This suggests that the ratio gets close to zero when n ∼ 1/η,
which is in agreement with our results for the SYK and the
Ising model. To understand in more detail why the μ̃n fluctu-
ates in sign, we examine our toy model expression (16). The
expression involves a sum of terms with alternating sign. But
the sum tends to be narrowly peaked around a particular k set
by n, η. As n is changed, the sign of the dominant term flips
with a period that goes like 1/η.

Next, we compute the Lanczos coefficients for the toy
model from the moments μ̃n described in Eq. (5) and we
see the expected initial behavior for

√
bncn : linear growth

followed by growing oscillations as shown in Fig. 5 with the
scaling Np ∝ 1/η similar to the SYK and the Ising models.
Interestingly, the toy model also shows that the Lanczos co-
efficients have an overall linear growth but suffers bursts of
oscillations that grow and decay occurring at periods con-
trolled by 1/η. Finally, we also note that in the limit of very
large dissipation, the Lanczos coefficients remain bounded
and do not grow until the contribution from the unitary part
becomes comparable to the dissipative part and we see this in
both the dissipative Ising model and the toy model. This fur-
ther validates that the effective description for the Lindbladian
used in the toy model serves as a good approximation to the
many-body problem.

IV. SPECTRAL FUNCTION AND EXPERIMENTS

Following the OGH for closed systems, we turn our atten-
tion to the spectral function φ(ω), which is an experimentally
accessible quantity. We may define this as the cosine Fourier

transform of C(t ) [38],

φ(ω) = F [C(t )] =
∫ ∞

0
dt cos (ωt )C(t ). (18)

As mentioned earlier, for an open Lindblad system, in addition
to even moments, odd moments are nonvanishing. This has
an important consequence for the high-frequency behavior of
the spectral function. For an autocorrelation function C(t ) that
decays and possesses nonzero odd moments (i.e., not an even
function of t), one can show that φ(ω) decays as a power law.
As an example, let us consider the resummed dissipative SYK
correlation function [5] given by

CR(t ) = ( cosh (αt + β ))−2/q (19)

for t � 0. Here α and β have the same definitions as in
Eq. (10) and we set J = 1 for simplicity.

We have the following relation for the cosine transform of
the second derivative of the correlation function C(t ) given by

F [C′′(t )] = −ω2F [C(t )] − iμ1. (20)

Provided C′′(t ) and its derivatives decay fast enough in time, a
Riemann-Lebesque style argument indicates that the left-hand
side (LHS) of Eq. (20) decays at least as fast as 1/ω. This is
indeed the case when C = CR(provided α > 0, β � 0) but we
expect it to hold more generally. In that case, at large ω, the
right-hand side (RHS) of Eq. (20) tends to zero so that

φ(ω) = F [C(t )] ∼ −iμ1ω
−2. (21)

Note that the power-law tail arises if the first odd moment
is nonvanishing μ1 �= 0, and we have nonvanishing odd mo-
ments when there is dissipation. For example, in the SYK
case C = CR, we see that the spectral function decays as
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FIG. 6. Spectral function φ(ω) computed numerically for the
resummed dissipative SYK correlation described in Eq. (19) with
q = 4, J = 1 and for different choices of dissipation strength η. A
cross over from an exponential to a power-law decay is seen to occur
roughly at the point ω∗ computed from Eq. (22) for each η and
is marked by vertical-dashed lines. The main plot is shown with a
log-log scale and the plot in the inset is shown with a log-linear scale.

1/ω2 at large ω precisely when β �= 0. On the other hand, for
the case without dissipation (β = 0), we know that the SYK
spectral function decays exponentially as φ(ω) = e− ωπ

2 [16].
This suggests that the spectral function exhibits a crossover
from an exponential to a power-law decay for an open system
at high frequency. This is shown in Fig. 6 for the SYK model.
For small dissipation η, we find approximately the following
dependence on η for the cross over frequency ω∗ for the SYK
model,

ω∗ ≈ 2

π
ln

[
4 q η−1

π2

(
ln

[
4 q η−1

π2

])2]
. (22)

We obtain the above expression by equating the expected
power-law decay (−iμ1ω

−2) with the known exponentially
decay (e− ωπ

2 ) and solving for ω. We find that the above
formula is a good approximation to the actual crossover fre-
quency as shown in Fig. 6. We conjecture that the crossover
between exponential and power-law decay should also obtain
in more general ergodic systems obeying OGH to which weak
dephasing has been added, and that the crossover frequency
has approximate scaling ω∗ ∼ ln(η−1) for the same reasons
that lead to Eq. (22).

Spectral functions are readily measured in a variety of
solid-state experiments. In NMR experiments these show an
exponential decay with frequency agreeing with theoretical
predictions for closed systems [16,39–41]. These experiments
can also probe spin autocorrelation functions C(t ) by measur-
ing the free induction decay (FID) signals from the nuclear
spins. The first few even moments μ2n can be extracted from
such data [17,18], and there is no evidence that odd moments
appear in these systems. Therefore, although the nuclear spins
are part of an open system coupled to a bath of electron
spins and phonons, the spectral function data suggests they
are in fact well isolated from this bath. For example, in the
FID experiments in CaF2, the spin-lattice relaxation time is

of the order of 10 s while the time scales associated with
nuclear spin-spin interaction is of the order of 10−6 s [17].
This separation of scales occurs because the spin-lattice relax-
ation is mediated via interactions with electron spin degrees
of freedom; this interaction is negligible in the nonmagnetic
materials studied [42,43]. Hence, the unitary dynamics due to
nuclear spin-spin interactions dominates the open-system dy-
namics due to nuclear-electron spin coupling and consequent
spin-lattice relaxation.

Modern quantum simulator experiments are a promising
platform for testing open-system OGH [44–53]. One can sim-
ulate quantum channels by embedding the nonunitary gate in
a larger unitary gate acting on a system qubit and ancilla.
In fact, the z-dephasing noise considered for the open Ising
model above could be implemented even more simply by sim-
ulating a Hamiltonian system with a white noise and spatially
uncorrelated magnetic field on each site. This can be achieved
by interspersing the Hamiltonian dynamics with random (in
space and time) on-site z rotations, and averaging the final
results over a number of experimental runs. The spectral func-
tions may then be measured by performing real-time linear
response measurements, and cosine transforming the results
to frequency space.

Lastly, we return to the idea that closed ergodic systems
can behave as their own baths. For such setups, the reduced
density matrices of subsystems tend towards a thermal state.
It is prima facie plausible that these subsystem dynamics
are themselves well modelled by Lindbladians, which drive
them towards thermal equilibrium. However, our results above
suggest where the Lindbladian approximation breaks down.
Consider a system made of two disjoint but extensive spa-
tial components A, B (these could, e.g., be the sites on two
disjoint sublattices of a parent lattice). For the full closed-
system dynamics, an observable based on A presumably obey
OGH and experience exponentially fast decay of their spectral
functions. However, if the dynamics on A is well modelled
by the OGH our results here (though limited to a subset
of all Lindbladians), suggest that this observable will obey
power-law decay at high frequencies. These two predictions
contradict one another, and show that the breakdown of
the Lindbladian approximation is especially apparent in the
high-frequency behavior of spectral functions. However, this
disparity vanishes if one accepts Lindbladians only give an
accurate description of an equilibrating many body system
when it is coarse grained over time.

There is, however, a caveat. The Lindbladians we have
considered thus far model nonequilibrium baths. In particular
they do not obey detailed balance, which in the present case
reduces to L = L† because we expect the steady states to be
of infinite temperature. Hence, the question arises whether the
breakdown of closed system OGH also applies to Lindbla-
dians modeling equilibrium baths. We argue that a modified
OGH persists even when the Lindbladians obey detailed bal-
ance. We demonstrate this in Appendix B with a simple
example demonstrating that detailed balance obeying Lind-
bladians can have nonvanishing odd moments, which is a
sufficient condition for the breakdown of closed system OGH.
This further validates our statement that Lindbladians do not
serve as good models for subsystems of ergodic systems, at
least where their higher-frequency behavior is concerned.
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V. CONCLUSIONS

We have shown that open systems described by a Lindbla-
dian with dephasing obey a modified version of the operator
growth hypothesis. The Lanczos coefficients resulting from
a bi-orthonormal Lanczos procedure for a Lindbladian ini-
tially grow linearly as in the closed system OGH but suffers
exponentially growing oscillations whose occurrence is con-
trolled by the inverse dissipation strength. We demonstrated
this in the partially analytically solvable large q SYK model
and in the chaotic Ising model with dissipation introduced
through dephasing jump operators. This behavior is inti-
mately connected to competing contributions from the unitary
and dissipative components under repeated application of the
Lindbladian. This motivated us to construct a simplified non-
Hermitian toy model that successfully captures the behavior
of operator growth moments and the Lanczos coefficients
together with the correct scaling with dissipation strength
observed in the models studied. Finally, we showed that mod-
ified OGH for an open system manifests as high-frequency
power-law tails in the spectral function. This modified decay
is a sharp experimental diagnostic distinguishing open system
dynamics from closed-system unitary dynamics.

Our paper hints at several worthy open questions. Firstly,
we have restricted our attention to Lindbladians, which
have Hermitian jump operators that always have an infinite-
temperature steady state. It is an open question whether
the results here generalise to a wider class of Lindbladians,
namely those with non-Hermitian jump operators and more
exotic steady states. Next, the OGH is used in [16] to effi-
ciently calculate transport coefficients. The instability of the
Lanczos coefficients observed in this paper suggests that a
similar approach will not work for open systems, at least
using the biorthogonal Lanczos scheme. It would be good to
confirm this intuition, and to test whether the method similarly
breaks down in alternative (e.g., Arnoldi) schemes.

Note added. We would like to bring the reader’s attention
to a related independent paper [54].
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APPENDIX A: MOMENTS TO LANCZOS COEFFICIENTS

We establish how one can extract the Lanczos coefficients
bncn starting from the moments μn. If |O0) is our initial

normalized operator, then, μn = (O0|Ln|O0). We define

|Tj ) := L j |O0) (T̃j | := (O0|L j,

Mi j := (T̃i|Tj ) = (Oo|Li+ j |O0) = μi+ j . (A1)

The Krylov basis (|On), (Õn|) defined in (2) is related to
[|Tj ), (T̃j |] by

|O j ) = Rjk|Tk ),

(Õ j | = R̃∗
jk (T̃k|, (A2)

where the repeated indices are summed over. Comparing (A2)
and (2) term by term and using the fact that det M = 1

det R̃∗ det R
,

we find

bncn = KnKn−2

(Kn−1)2
, (A3)

where Kn = det[μi+ j]0�i, j�n and K−1 = K0 = 1.

APPENDIX B: ODD MOMENTS DO NOT VANISH
FOR SIMPLE EQUILIBRIUM DYNAMICS

Here we demonstrate odd moments (in particular, the first
moment μ1) of a Lindbladian does not vanish even when the
Lindbladian models the dynamics of a system coupled to an
equilibrium bath. We study the equilibrium dynamics of a
single-site classical Ising spin (|σ 〉, σ =↑,↓) in a longitudinal
magnetic field. The corresponding master equation is

dP(σ )

dt
=

∑
σ,σ ′

(P(σ ′)Wσσ ′ − P(σ )Wσ ′σ ). (B1)

where W are the transition rates given by W↑↓ = e−β,W↓↑ =
eβ,W↑↑ = W↓↓ = 0, and β = 1/T .

The above master equation is equivalent to a Lindbla-
dian L acting on the diagonal subspace of states spanned by
{|σ 〉〉}σ=↑,↓, where |σ 〉〉 ≡ |σ 〉〈σ |. In this quantum embedding
of the problem, the density matrix is given by

ρ(t ) =
∑

σ

P(t, σ )|σ 〉〉 = eLtρ(0). (B2)

The first moment of this Lindbladian for initial operator
|↑〉〉 is defined as μ1 = 〈〈↑ |L| ↑〉〉. Using Eq. (B2) we may

also write μ1 = dP(t,↑)
dt |t=0 for an initial state with σ =↑.

Using the master equation gives then that μ1 = −W↓↑ �= 0,
so that odd moments (in particular the first) are nonvanish-
ing as claimed. This argument also generalizes to show that
generically odd moments fail to vanish for classical many-spin
system coupled to a heat bath.
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