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The phase state of a parametric resonator provides important information about the nonlinear damping
and the ability to employ feedback to achieve self-sustained oscillations. We derive the minimum nonlin-
ear damping value required to enable phase control of Duffing parametric resonators and confirm this using
tunable nonlinear micromechanical devices with nonlinear damping values below and above the critical
value. For softening resonators with nonlinear damping values beyond the critical value, we demonstrate
parametric phase control to experimentally operate on the unstable branches of the parametric response.
Parametric phase locking is an alternate method for forming a timing reference from a micromechani-
cal resonator, provides a sensitive technique for measuring the nonlinear parameters, and enables future
closed-loop measurements of the dynamics of driven single and coupled parametric resonators.
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I. INTRODUCTION

Parametric resonance is a common phenomenon in
driven high-quality-factor (Q) vibrational systems, arising
in optical [1–3], microwave [4–6], and mechanical modes
[7–10]. Modulation of a reactive parameter in a resonant
system, such as the stiffness of a mechanical mode or the
inductance of a microwave cavity, near twice the reso-
nant frequency can parametrically amplify the system. If
this frequency modulation exceeds the parametric insta-
bility threshold, period-two oscillations will commence at
one of two distinct parametric phase states [11]. These
two states have equal amplitude and differ only by a
time-translation shift of π radians. The two-state dynam-
ics of classical and quantum parametric resonators have
been an area of intense interest, with ongoing studies of
fluctuation-activated interstate switching [12–14], broken
time-translation symmetry [15,16], time crystals [17], and
parametric logic operations [18–23].

Beyond the parametric instability threshold, the Duffing
nonlinearity and nonlinear damping control the response
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and their relative effects result in rich dynamical behav-
ior [11,24–27]. Micro- and nanoelectromechanical (MEM
and NEM) resonators provide an ideal platform for exper-
imental study of the dynamics of nonlinear parametric
resonators, because of the easily accessible nonlinear ceil-
ing and the ability to tune the nonlinearities via the device
architecture and the local electric field profile. They also
present numerous applications for parametric pumping in,
for example, scanning probe microscopes [7–9], signal
amplifiers [15,28,29], and inertial sensors [30–32] and for
generating nonclassical states of motion [7,33–38].

The dynamics of a single phase state in a parametric res-
onator have a nontrivial dependence on the relative Duffing
nonlinearity and nonlinear damping and have received lit-
tle attention [14,16,39]. In parametric resonators exhibiting
simultaneous Duffing nonlinearity and nonlinear damp-
ing, the phase-frequency curves spontaneously flip sign
when the nonlinear damping exceeds a critical value. This
suggests a phase-control-based method for operating a
parametric resonator.

MEM and NEM resonators often serve as the high-
Q frequency-determining elements in resonant sensors
and timing references [40,41]. The conventional oscilla-
tor topology implements direct feedback [42–47], which
involves some form of external or internal velocity-
proportional feedback at the resonant frequency [10].
Alternately, the phase lag between the displacement and
forcing of a mode can be leveraged to construct a direct
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phase-locked loop (PLL), which has the advantage of
not requiring a thermomechanical noise-limited readout
[48,49]. Recently, parametric resonance has been explored
as an autonomous oscillator topology; by using feedback
that modulates the spring constant of a mode at twice
the resonant frequency, parametric oscillations will occur
with potentially better phase noise than conventional direct
feedback oscillators [50].

In this paper, we demonstrate a fourth technique for
creating a timing reference from a mode: a parametric
phase-locked loop. A parametric PLL can access the unsta-
ble parametric resonance response and is a viable experi-
mental technique for stable operation on all five periodic
responses of a driven parametric resonator exhibiting bro-
ken time-translation symmetry [16]. A parametric PLL can
be utilized if the nonlinear damping in the mode exceeds a
critical value. We theoretically delineate the phase dynam-
ics in the vicinity of this critical nonlinear damping
value and verify the dynamics using micromechanical can-
tilevers with tunable nonlinearities. Direct phase control is
routinely used to access the unstable periodic response of
directly driven nonlinear resonators, where no discontinu-
ity exists between the stable and unstable branches [51–
53], and can be modified into a “trajectory-locked loop”
configuration for measuring the bifurcation frequencies in
the nonlinear regime [54]. Many previously demonstrated
parametric resonators have insufficient intrinsic nonlinear
damping to stabilize the response without introducing arti-
ficial nonlinearities into the feedback [50,55]. We demon-
strate devices with sufficient intrinsic nonlinear dissipation
to automatically stabilize the phase-controlled parametric
response [45].

II. OPEN-LOOP PARAMETRIC RESONANCE

A. Model

The displacement, x, of a parametrically pumped non-
linear resonator is given by

ẍ + γ ẋ + ω2
0x + αx3 + ηx2ẋ + λ cos(2ωt)x = 0, (1)

where ω0 is the natural frequency, γ = ω0/Q is the
linewidth, Q is the quality factor, and λ is the paramet-
ric pump strength. Equation (1) includes two nonlineari-
ties: the nonlinear damping parameter, η, and the Duffing
parameter, α. We ignore the thermal additive noise that
accompanies the linear damping and the frequency noise
that accompanies the nonlinear damping [56]. For a para-
metric pump at 2ω = 2(ω0 + σ), where the frequency
detuning σ � ω0, the effective damping becomes nega-
tive when λ > λthresh(ω0 + σ) = 2γω0

√
1 + (2σ/γ )2, ini-

tiating parametric oscillations at an amplitude and phase
governed by α and η.

The frequency-controlled parametric resonance dynam-
ics can be predicted from Eq. (1) using perturbation theory.

This corresponds to an applied parametric pump beyond
threshold at some frequency, 2ω, which causes the device
to self-oscillate with some amplitude, r, and phase lag,
φ, behind the pump. The method of averaging can be
employed to solve Eq. (1) for the slowly varying ampli-
tude and phase of motion [15,57,58]. This solution strategy
begins by assuming solutions of the form

x(t) = r cos(ωt + φ), ẋ(t) = −rω sin(ωt + φ), (2)

which must satisfy the following equation of constraint:

0 = ṙ cos(ωt + φ) − rφ̇ sin(ωt + φ). (3)

We substitute Eq. (2) and its derivatives into Eq. (1),
impose the constraint in Eq. (3), then average over one
cycle of vibrations while assuming that r and φ do not
appreciably change over a single period. This yields two
differential equations for the amplitude, r, and phase, φ:

ṙ = −γ r
2

− ηr3

8
+ λr sin(2φ)

4ω
, (4)

φ̇ = (ω2
0 − ω2)

2ω
+ 3αr2

8ω
+ λ cos(2φ)

4ω
, (5)

where at r = 0, φ is not defined; this situation is not
of interest in the present work. Setting Eqs. (4) and (5)
to zero provides steady-state conditions for the ampli-
tude and phase. The trivial response always exists, but
for λ > λthresh, nontrivial responses may occur and can be
conveniently expressed by the following:

r± =
√

2 {2γ (ω0 + σ) + c±[λ + 2σ(2ω0 + σ)]}
3αc± − η(ω0 + σ)

, (6)

φ± = −arctan(c±), (7)

c± = −3λα ±
√

(3λα)2 − (ω0 + σ)2C+C−
(ω0 + σ)C+

, (8)

C± = 6αγ ± η[λ ± 2σ(2ω0 + σ)]. (9)

Figure 1 depicts the amplitude-frequency and phase-
frequency curves from Eqs. (6) and (7), respectively, for
a parametric resonator with values of γ , ω0, α, and η

attainable using a micromechanical platform. The stable
branch of the amplitude and phase solutions in Eqs. (6)
and (7) corresponds to the negative root in Eqs. (8) and (9),
while the unstable branch corresponds to the positive root.
Figures 1(a) and 1(b) present the solutions for zero non-
linear damping. The response is characterized by a stable
branch that theoretically extends out to infinite amplitude,
never merging with the unstable branch, and has a positive
phase slope for all frequencies, unlike the phase slope of
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FIG. 1. The dynamics of a softening parametric resonator
in the vicinity of the critical nonlinear damping, η0. The
(a),(c) amplitude-frequency and (b),(d) phase-frequency curves
from Eqs. (6) and (7), respectively, shown for a parametric
resonator with a resonant frequency of ω0 = 2π × 500 kHz,
a quality factor of Q = 1000, a Duffing parameter of α =
−1024 rad2 m−2 s−2, and a nonlinear damping of (a),(b) η =
0 rad m−2 s−1, and (c),(d) η = 4.78 × 1015 rad m−2 s−1. σ = ω −
ω0 is the frequency detuning. The normalized pump amplitude
ranges from λ/λthresh − 1 = 5 × 10−6 to 4 × 10−5 in (a),(b) and
7.5 × 10−5 in (c),(d) (light to dark curves).

a directly driven mode in its linear regime [59]. In prac-
tice, the device pulls into a side electrode at sufficiently
large amplitudes [57]. As η is increased, the phase slope
decreases, as is shown in Fig. 2, until η crosses a critical
value [57]:

η0 = −3αγ

2ω2
0

. (10)

For η > η0, the phase slope becomes negative and the sta-
ble and unstable branches merge. Figures 1(c) and 1(d)
depict the solutions with nonlinear damping well in excess
of the critical value. In this regime, the phase slope is
negative and parametric phase control is possible. This
relationship holds for the hardening case (α > 0) as well,
where the stable-branch phase slope is negative unless
the (negative) nonlinear damping is decreased below the
critical value.

MEM and NEM resonators provide an excellent plat-
form for confirming these dynamics because beams and
membranes exhibit intrinsic nonlinear damping and elec-
tric fields can be applied to tune α. Parametric resonance
has been demonstrated in many devices with η < η0 ([12,
13,19,58,60–62]) as well as η > η0 ([63,64]). We tune the
intrinsic nonlinear damping and Duffing nonlinearity in
MEM resonators to observe both regimes and demonstrate
closed-loop stabilization of the unstable branch.

–500

–250

0

250

500(a)

Increasing |α|

–6 –3 0 3 6 –6 –3 0 3 6

–6 –3 0 3 6 –6 –3 0 3 6

–700

–350

0

350

700(b)

Increasing λ

–500

–250

0

250

500(c)

Increasing ω0

–500

–250

0

250

500(d)

Increasing Q

FIG. 2. The dependence of the phase slope of the stable branch,
dφ−/dσ , on the nonlinear damping, η, for increasing (a) Duffing
parameter, α < 0, (b) pump strength, λ, (c) natural frequency,
ω0, and (d) quality factor, Q. The intersections of the curves
with dφ−/dσ = 0 define η0. (a) α varying from −7 × 1023 to
−3.1 × 1024 rad2 m−2, (b) (λ/λthresh − 1) varying from 2 × 10−6

to 2 × 10−5, (c) ω0/2π varying from 300 kHz to 1.2 MHz,
and (d) Q varying from 200 to 1200. The constant parameters
are set to α = −1 × 1024 rad2 m−2, λ/λthresh − 1 = 4 × 10−5,
ω0/2π = 500 kHz, and Q = 1000.

B. Devices and measurements

Figure 3 depicts the device and the measurement setup.
The geometry is an in-plane cantilevered structure, with
the base split into a wide “spring” beam and a nar-
row “sense” beam to enable piezoresistive sensing of the
motion [65,66]. The resonators are fabricated in a wafer-
scale encapsulation process, which produces ultrastable
MEM devices in a hermetic vacuum-sealed environment
[67]. The resonators and measurement amplifiers are tested
in a temperature-controlled oven at 25 ◦C. Application of a
voltage to an electrode adjacent to the cantilever shifts the
resonant frequency of the fundamental in-plane mode, ω0,

η

α

dφ−
dσ < 0

η = η0

dφ−
dσ > 0

Spring beam

Sense beam
I

Vb

Vω Piezoresistive output

V2ω

V2ω

(a) (b)

FIG. 3. Operation in the vicinity of the critical nonlinear damp-
ing. (a) The regimes of positive and negative stable-branch
phase slope in the α − η plane. (b) The measurement schematic
for our microcantilevered parametric resonators with tunable
nonlinearities.
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via electrostatic softening [26]. Variation of this voltage
near 2ω0 modulates the stiffness, parametrically pumping
the flexural mode. By modifying the length of the support-
ing beams and the gap size between the cantilever and the
electrodes, the relative influence of the electrostatic Duff-
ing parameter and the nonlinear damping on the motion
can be tuned. The electrostatic component of the Duffing
nonlinearity, αe, dominates because of the large bias volt-
ages, Vb, as well as the large electrode area, A, on either
side of the device [68]:

αe = −8ε0AV2
b

mg5 , (11)

where g is the gap width between the resonator and the
adjacent electrodes and ε0 is the vacuum permittivity.
The nonlinear damping is believed to arise from tension
in the sense beam and can be increased by reducing its
length. Analogous nonlinear damping has been observed
in doubly clamped beams [45,69–72], guitar strings [16],
carbon nanotubes [73], and graphene [64,73–76].

Figure 4 plots the measured frequency-controlled para-
metric resonance sweeps for devices with η < η0 and η >

η0, which confirms the change in sign of the phase slope
in Fig. 1. We apply a bias voltage of 120 V and sweep a
parametric pump across twice the resonant frequency using
both electrodes adjacent to the device, while using a lock-
in amplifier to demodulate the output of the piezoresistive
readout to obtain the amplitude and phase of the signal at
one half the pump frequency. The device is equally likely
to initiate parametric vibrations at either of two phases,
separated by π radians. The phase dynamics for the two
phase states are identical in the absence of a direct drive
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FIG. 4. The amplitude (r) and phase (φ) for reverse frequency
sweeps and increasing parametric pumping, for devices with
nonlinear damping below and above η0. σ = ω − ω0 is the fre-
quency detuning. Device (a),(b) A (narrow gaps and long support
beams) and (c),(d) C (wide gaps and short support beams).

[16], so we present measurements from only one of the
states. We calibrate the voltage amplitude at the output of
the piezoresistive readout to units of displacement using
the thermomechanical motion [41,57,77].

III. PARAMETRIC PHASE CONTROL

A. Comparison to other techniques

Frequency control is useful for characterizing the
dynamics of the stable branches of a parametric resonator
but is unable to access the unstable branches. By chang-
ing the control variable from the frequency to the phase set
point, δ, the entire nontrivial parametric response is acces-
sible, provided that the stable and unstable branches join
(the nonlinear damping exceeds the critical value).

A parametric PLL uses an above-threshold parametric
pump at twice the resonant frequency to induce vibra-
tions at the mechanical resonant frequency and controls the
phase between the pump and displacement to operate any-
where in the nontrivial steady-state response. It is useful
for characterizing the nonlinear behavior of a parametric
resonator, which is the focus of this paper, and also pro-
vides an alternate method to build a timing reference from
a mechanical mode. We will first briefly discuss timing
reference topologies based on direct phase-locked loops,
direct feedback, and parametric feedback and then explain
how the parametric PLL topology is distinct from these
other approaches.

A direct phase-locked loop outputs a voltage with a fre-
quency, ω, near the mechanical resonant frequency, which
is applied to actuate the resonator at ω. For a drive near
resonance (ω ≈ ω0), the resonator displacement lags π/2
radians behind the forcing. In an analog PLL, the out-
put signal is generated by a voltage-controlled oscillator
(VCO), while a digital PLL uses a numerically controlled
oscillator (NCO). The resonator motion is measured, fil-
tered, and converted into a signal at ω that is fed into the
direct PLL input. The PLL measures the phase difference
between the ω signal at its output and input and compares
this to the desired phase condition. If the resonator is in
its linear regime, the phase slope at resonance is nega-
tive, so an increase in the frequency of the VCO or NCO
will increase the phase lag of the displacement behind the
forcing and vice versa. The PLL utilizes a proportional-
integral-derivative (PID) loop to adjust the frequency of
the output signal to maintain vibrations at the desired phase
condition. In this way, the VCO or NCO frequency is
determined by the resonant frequency of the mechanical
resonator, so the frequency of the PLL can be used as a
timing reference.

Unlike the direct PLL, a direct feedback oscillator
does not use an external oscillator to drive the resonator.
Instead, the thermomechanical vibration of the resonator
at the resonant frequency is measured, filtered, amplified,
phase shifted, and directly applied back as an external
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velocity-proportional force. This enhances the effective
quality factor of the mechanical resonance and will induce
self-oscillations beyond a certain threshold. The self-
oscillations will track the mechanical resonant frequency
and can be used as a timing reference. Because the effec-
tive damping in a self-oscillator is negative, the vibration
amplitude will be unbounded unless there is a nonlinearity
to stabilize the amplitude. The nonlinearity is traditionally
implemented in the feedback circuitry but it can also rely
on the nonlinear response of the resonator itself [45].

A parametric feedback oscillator is analogous to a
direct feedback oscillator, in that no external oscillator
is required, but the feedback signals are applied at twice
the resonant frequency. The resonator motion at the res-
onant frequency is measured, filtered, and phase shifted.
The resulting signal is frequency-doubled and fed into a
band-pass filter to apply a 2ω signal as a parametric pump,
which modulates the resonator spring constant. With suf-
ficient parametric feedback amplitude, the resonator will
self-oscillate at the resonant frequency and this signal can
be used to build a timing reference. As for a direct feedback
oscillator, the resonator amplitude will grow exponen-
tially unless a nonlinearity is imposed by the feedback
electronics or by the resonator.

A parametric PLL is analogous to a direct PLL because
it uses a PID loop to establish a desired phase condition
between its output oscillator and the input from the res-
onator motion. But instead of applying a drive at ω, the
parametric PLL modulates the resonator spring constant at
2ω, beyond the parametric resonance threshold, to induce
parametric oscillations. The parametric PLL maintains a
phase condition between its output signal, at 2ω, and the
vibrations at ω. Just as for direct feedback and parametric
feedback, the resonator requires a nonlinearity to stabilize
the amplitude, which for our devices is due to the intrinsic
nonlinearity. A parametric PLL is different from a paramet-
ric feedback oscillator because the measured vibrations are
not fed back to parametrically pump the motion. The signal
from the parametric resonator is only used to compute the
phase difference with the VCO or NCO, so the only noise
that goes into the pump channel comes from the VCO or
NCO.

B. Model

We model the parametric phase-controlled dynamics by
modifying Eq. (1) as follows:

0 = ẍ + γ ẋ + ω2
1x + αx3 + ηx2ẋ

+ λ cos [2(ω1t + φ) + δ] x, (12)

where we introduce a shifted resonant frequency, ω1,
to account for the pump-induced dc electrostatic soft-
ening [57]. δ is the phase set point of the parametric
phase-locked loop. Equation (12) permits solutions of the

following form:

x(t) = r cos(ω1t + φ), ẋ(t) = −rω1 sin(ω1t + φ), (13)

with an equation of constraint given by

0 = ṙ cos [ω1t + φ] − φ̇r sin [ω1t + φ] . (14)

We substitute Eq. (13), the derivatives of Eq. (13), and
Eq. (14) into Eq. (12) and follow the method-of-averaging
procedure to obtain the equations for r and φ:

ṙ = −γ r
2

− ηr3

8
− λr sin(δ)

4ω1
, (15)

φ̇ = 3αr2

8ω1
+ λ cos(δ)

4ω1
. (16)

Setting Eq. (15) equal to zero yields the closed-loop
amplitude-phase curve:

r =
√

− 2λ

ω1η

(
sin(δ) + 2γω1

λ

)
. (17)

The vibration frequency is determined from the time rate
of change of the phase, ω = ω1 + dφ/dt:

ω = ω1 + λ

4ω1

(
cos(δ) − 3α

ω1η
sin(δ)

)
− 3αγ

2ω1η
. (18)

C. Implementation and measurements

Figure 5 depicts the implementation of a parametric
phase-locked loop using our devices. We monitor the
motion at ω using the piezoresistive readout. This signal
is fed into the input of a Zurich Instruments (ZI) lock-in
amplifier, where it is demodulated to extract the amplitude,
r, and phase, φ, with respect to the numerically controlled
oscillator at ω. The phase signal is fed into a PID loop,
which adjusts the NCO frequency so as to minimize the
phase error between φ and the desired phase condition, δ.
The NCO output is amplified and frequency doubled to
provide the 2ω pump at the ZI output. There is no drive sig-
nal at ω. Based on the convention in Eq. (12), the paramet-
ric resonator is phase locked to the pump when φ = −δ/2.
For the narrow-gap devices, application of a pump to a
single adjacent electrode is sufficient to induce paramet-
ric oscillations, so both the capacitive and piezoresistive
readouts can be used to monitor the resulting parametric
oscillations and the phase from either readout can be used
to establish the parametric PLL. For the wide-gap devices,
both electrodes are required to induce parametric oscilla-
tions, so only the piezoresistive readout can be used for
monitoring the motion and establishing a parametric PLL.
The phase of the parametric pumps applied to the oppos-
ing electrodes should be the same, in order to double the
parametric pump strength.
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FIG. 5. Implementation of the parametric phase-locked loop
using a nonlinearly damped resonator. Parametric phase con-
trol is possible for the resonators with sufficiently short support
beams (Lb) and wide gaps (g).

Figure 6 depicts the measured stable and unstable
branches of parametric resonators with η > η0 using para-
metric phase control, confirming Eqs. (17) and (18).
Starting at the largest pump amplitude and the small-
est allowable vibration amplitude, we increase δ while

measuring r(δ) and ω(δ) to travel around the stable branch
and onto the unstable branch (at which point the phase
slope changes sign), then reverse the phase direction to
return to the initial state. We repeat this procedure to
measure successive r(δ) and ω(δ) curves at progressively
reduced pump amplitudes until the phase unlocks. Phase
slipping occurs on the unstable branches in Fig. 6(b)
when the phase slope switches from negative to positive,
since the sign and magnitude of the proportional gain
is optimized for operation on the stable branches. The
model matches the amplitude and phase curves for both
devices remarkably well once the static shift in the reso-
nant frequency due to the parametric pump is accounted
for [57] and the phase curves are shifted by a constant
phase offset to account for the phase shift arising from the
dc-decoupling capacitors and the reactance of the cables.

Phase control is possible if the phase slope of the sta-
ble branch is negative, as in Figs. 4(c) and 4(d). In our
experiments, all phase-control attempts for devices with a
positive phase slope are unsuccessful. The device immedi-
ately drops off the stable parametric resonance branch or
the amplitude grows rapidly until the device shorts to an
electrode. Analogous behavior in the vicinity of η0 should
be obtainable for parametric resonators with stiffening
nonlinearity and negative nonlinear damping [57,78].

IV. CONCLUSION AND OUTLOOK

The phase-frequency curves of a parametric resonator
can be easily measured by sweeping a parametric pump of
sufficient amplitude across twice the resonant frequency.
A negative phase slope implies that the nonlinear damp-
ing exceeds the critical value, so phase control can be used
to operate on the unstable branches. Parametric phase con-
trol could be useful as a MEM or NEM timing reference,
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FIG. 6. Parametric phase-controlled measure-
ments of the (a),(c) amplitude (r) versus frequency
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trivial (trivial) solutions to the model in Eqs. (17)
and (18). Note that φ = −δ/2 is the independent
variable and r and σ are the dependent variables in
the measurements.
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provides a sensitive technique for extracting the nonlinear
parameters of a mode, and enables further measurements
of the dynamics of parametric resonators.
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