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Coherent photons with angular momentum in a helical afterburner
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We analytically examine several important characteristics of coherent radiation emitted from a
relativistic electron beam in a helical undulator. The goal is to highlight specific attributes relevant to
the production of bright x-rays with angular momentum in a free-electron laser (FEL) afterburner. The far-
field complex electric field distribution is derived, and for small forward emission angles, it is confirmed
that the spin and orbital components of angular momentum in the radiation are separable, additive, and
aligned with the handedness of the electron motion. The coherent energy radiated at harmonics 4 from a
bunched electron beam is then calculated, and used to evaluate the emission energy from a FEL afterburner
configuration. Results show that an afterburner undulator with N, > 1 periods and of sufficient strength

will produce harmonic pulses with energy ~1/N"~! times that of the fundamental, depending on the
Fresnel number N = ko2/L,, of the radiating electron beam.
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I. INTRODUCTION

In addition to spin angular momentum (SAM), electro-
magnetic waves can also carry a projection of orbital
angular momentum (OAM) along the axis of propagation.
This can be realized, for example, in the spherical waves
emitted from multipoles [1], though in such cases a
distinction between the spin and orbital parts is not clear.
More recently, Allen et al., [2] showed that for Laguerre
Gaussian (LG) modes, which are cylindrical solutions to
the paraxial wave equation, the spin and orbital compo-
nents are separable and that the aziumuthal modes carry /7
units of OAM per photon, where [ is an integer. The OAM
is attributed to the helical phase fronts and corresponding
azimuthal momentum about an on-axis phase singularity.
The scientific impact of such beams has been a topic of
intense research (see, e.g., [3-8]), including numerous
studies on the precise manner in which the OAM may
manifest in interactions with physical systems [9—15].

Motivated by the myriad of physical and practical
applications, there has been growing interest in the pro-
duction of bright OAM light at sub-optical wavelengths in
free electron lasers (FELs). FELs use relativistic electron
beams propagating through magnetic undulators to produce
intense pulses of light down to Angstrom wavelengths and
at femtosecond pulse durations [16-18]. Sasaki and
McNulty [19] first pointed out that the harmonic radiation
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in helical undulators (in which the electrons follow a helical
path) carried a helical phase, and thus that helical undu-
lators might serve as intense sources of OAM light. While it
has long been known that the harmonic radiation is off-axis
(i.e., Refs. [20-22]), the predicted helical phase was first
experimentally measured only recently in spontaneous
undulator emission by Bahrdt and colleagues [23], and
later in coherent emission from a density modulated
(bunched) electron beam [24]. Subsequent demonstration
experiments confirmed the basic principles [25,26].

Here, to provide theoretical foundation for emerging
science and applications with coherent OAM light pro-
duced in modern FELs, we examine several critical proper-
ties of the radiation from helical undulators, including the
polarization, phase handedness, and total pulse energy of
coherent emission. To provide a cohesive framework, we
first provide a general expression for the far-field angular
emission spectrum from a single electron. At small forward
emission angles and within certain limits, we confirm
previous conclusions that the SAM and OAM components
add, and are in the same direction as the electron motion
[27,28]. An important finding is that this conclusion is
reliable only when the undulator has sufficiently many
periods (N, > 1) and is sufficiently strong in undulator
field strength. We then use these results to derive simple
expressions for the energy of coherent OAM radiation from
a bunched electron beam (e-beam) for the first few
harmonics. We then examine the emission energy in an
FEL OAM afterburner arrangement as proposed in
Ref. [24], in which a helical undulator is placed down-
stream of an FEL to produce coherent OAM pulses from
the spent, bunched e-beam. We then look at an example
case that produces 20 MW x-ray OAM beams that, if
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focused to a 100 nm spot, can reach intensities of
10'5-16 W /cm? (electric fields 10° V/cm, or 1 a.u.) and
may be of use to examine, for example, dipole-forbidden
electronic transitions in localized samples near the well-
defined phase singularity [29,30].

II. RADIATED FIELD DISTRIBUTION

Consider a helical magnetic undulator field described by
the vector

B = Bycos(w,1)% F sin(w,1)3] (1)

where @, = k,v, is the angular frequency of rotation of a
particle with constant z-velocity v,, and z = v, = f,ct.
The upper sign refers to a left-handed (LHU) undulator, and
the lower sign refers to a right-handed (RHU) undulator,
corresponding to the evolution of the B field vector along z.
The coordinate vector that describes the evolution of an
electron is

y’; [ sin(@,1)% + cos(,1)] + foct.  (2)

The undulator field strength (in cgs units) is K =
gBy/k,mc*. The electron trajectory has the same handed-
ness as the undulator field. The scaled velocity vector of
the electron is then

dvT/(t) K
cdl 7 — [£cos(w, )% — sin(w,1)P] + B.2.  (3)

These vectors are used to calculate the properties of the
radiation from electron spiraling through the undulator.

We first define the Fourier transform of the temporal
electric field,

-

E(w) = Yel®dt. (4)

1 -
—— [ E(t
\2r / (
Far from the electron, the electric field radiated from within

the undulator with N, periods is given in the frequency
domain by (e.g., Ref. [31])

_ ior/c Nun
> iqwe o ra Ao N iw (=i
Elw) = T/_ [ (A x p)le =0t (5)

i =TF/r =sin@cos @px + sinOsin @y + cos 0z  (6)

is the unit vector pointing from the origin to the observation
point, @ is the forward inclination angle from the z-axis,
and ¢ is the azimuthal angle.

Combining Egs. (3) and (6), the combination of cross
products within the integral gives the different components
of the field polarization,

A

n
Fa, cos(w,t) — aysin®Gsin(w, 1) + f.az cos
a; sin(w,t) £ a,sin®fcos(w,t) + a3 singh
—a; [+cos¢cos(w,t) —singsin(w,t)] — B.sin’0
(7)
with
K
a; = — (cos?0 + sin?fcos’ ),
14
K . .
a, = —Ccos¢sing, az = cos Osin 0. (8)
14
The terms within the exponential are
Phow= Elsin g cos(w, 1) £ cos ¢ sin(w, 1)] + wtf, cos O
c
9)
where we define the dimensionless parameter
oK
= 10
= (10)
Using series expansions, we can write the e®(=7%/¢) a5 a

sum over Bessel functions and compute a number of
straightforward integrals (see the Appendix in Sec. A).
Assuming an undulator with many periods, N, > 1, the
spectrum is peaked at the harmonic frequencies

hw,

0) =——
on(0) 1—p,cos@

(11)

where / is the harmonic. Near the harmonics, solutions for
each of the field components are

Fa1 ) — aprsin’0 + faz5 cos ¢
&+ ap¢i8in?0 + Bzl sing
%053&51 cos ¢ — {; sin @] — f.{3sin’0

(12)

where the term common to all the complex field vectors is

-

E(w) = Eo(w)

—iqw N w
Eyw) = e'®r/¢ginc N,zh -1,
ole) V2rer o, { <wh(9) ﬂ
(13)
and
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o= (FD) T 00T, (&) + eF 2T, 44 ()]
o = i(ED) T [T 00T,y (8) = eTHI2T, 4, (9)]
Gy = 2(£1)"eTM7,(¢). (14)

In general, the fields have rich spatial-frequency correla-
tions that lead to a mixing of the spin and orbital angular
momentum components. In most cases, however, many of
the less-significant terms in (12) and (14) can be ignored
when evaluating the dominant forward emission near
the axis.

III. SMALL ANGLE SOLUTIONS

At small forward angles § < 1 and for the first few
harmonics, the polarization and transverse distributions
become well-separated. Namely, if the Bessel argument is

21};12'26 =2hKy*0/y <1 then only the lowest

order Bessel functions in (14) contribute,

small, &=

G (£)HeFih=Deg, (&), Gmily,  §=0. (15)

For 6 < 1 from (8) we can write a; z% and a; ~ 6. The

individual field components then have much simpler forms,
and the total field vector in (12) is expressed compactly as

1

R K
4 —QeTid

IV. ANGULAR MOMENTUM

From Eq. (16), the transverse components of the radiated
field are £7/2 out of phase, E,(w) = FiE,(w), describing
circularly polarized waves. For harmonics & > 1, they also
have a pure azimuthal dependence e¥/"~1¢ from ¢,.
Combined with Eq. (13), the transverse fields can therefore
be summarized as

io

EJ_ N ( 1 )ei(kz—mt+l¢) (17)
where k = w/c, and the spin and orbital contributions are

o=FI, l=F(h-1). (18)
This separation of spin and orbital components in the
small angle approximation bears a strong similarity with
the behavior predicted in previous studies of paraxial and
nonparaxial beams [32]. Here, inspection shows that at a
fixed point in space, the polarization rotates in time in the
same direction as the electron motion [33]. The z-component
of the spin is then S, = oh.

(a) T
A LHU
i -
~— [A,Z
(b) z

RHU

~

z

FIG. 1. Constant phase contours for second harmonic emission
from (a) left-handed undulator (LHU) and (b) right-handed
undulator (RHU). Also indicated are the corresponding projec-
tions of spin S, and angular L, momentum for the electromag-
netic fields, which point in the same direction as the classical
orbital angular momentum of the electrons on their helical
trajectory through the undulator.

The spatiotemporal correlation with ¢ describes a phase
that winds helically about the axis of propagation for
harmonics 47 > 1. If [ <0, (i.e., an LHU) the surface of
constant phase in (z, ¢) corkscrews in a right-handed sense
for a fixed time. This is shown in Fig. 1(a). However, the
Poynting vector, which is normal to the phase front and
describes the direction of momentum flow, winds in a left-
handed sense along z. Thus, in agreement with the
convention of previous studies [2,3], this describes a field
which has a projection of OAM in the —z direction. This is
consistent if we recall that the z-component of the quantum
mechanical operator for orbital angular momentum is
represented in the position space as i,z - %%. The
OAM of the harmonic fields is thus L, = /A, and has
the same sign as the SAM. It is concluded that the
two contributions to the total angular momentum add in
the described limits, and are related by the harmonic
frequency [28],

J,=S,+L, = Fhh. (19)

Note that one cannot readily flip the sign of the polarization
without also changing the direction of OAM for helical
undulator emission.

We stress that the clean separation of angular momentum
components in Eq. (18) comes from the small-angle
solutions in Eq. (16), but that isolation of singular
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FIG. 2. Top: Second harmonic emission calculated from the full field expression in Eq. (5) with N, = 100, K = 2.3, y = 7828
(4 GeV), 4, = 3.9 cm, 4 = 1 nm. Parameters are inspired by LCLS—II project at SLAC [36]. Top: LHU produces ¢ = —1 polarization
and an [/ = —1 vortex. Bottom: An RHU produces ¢ = +1 polarization and an / = +1 vortex.

contributions is not as simple in general. In fact, even for the
cases where the small angle approximation is valid, more
than one OAM mode may be present, particularly for high
harmonics. For the second harmonic at resonance, one can
see by inspection of Fig. 2, for example, that there is a slight
azimuthal asymmetry in the intensity profiles that indicates
the presence of more than one azimuthal mode. This is
ultimately the result of the complicated angular spectral
coupling in the full field expressions. Decomposing the field
profiles into the constituent modes (e.g., as in [35]), the
profile only approaches a single azimuthal mode for suffi-
ciently large N, and K, as shown in Fig. 3.

100 1
3
Q
80 0.8 &
0
60 0.6 8
<
40 0.4 &
kS
g
20 0.2 E
E

0.2 0.4 0.6 0.8 1 0

K
FIG. 3. Fraction of power in the / = 1 mode (integrated over

radial modes) emitted at the second harmonic in a RHU for a
single electron with y = 7828, 1 =1 nm. It reaches 98% at
N, =100, and K = 1.

Finally, we note that the annular shape of the harmonic
radiation profile is due, in part, to the Bessel function
dependence on 6, so the emitted fields from a single
electron are not strictly LG modes, even at a single
frequency. However, for sufficiently large N, and K, it
is straightforward to show that the coherent emission from a
bunched beam of electrons with a round Gaussian trans-
verse profile can produce an exact LG mode. Consider the
LG, ; = LG+, mode at the second harmonic. As exam-
ined in the next section, if the transverse e-beam size
satisfies o, > y.1/N,,/k, then the narrow forward emission
angles are dominated by the e-beam and not the undulator
emission kernel. This further simplifies the complicated
angular-spectral coupling in the full field expression such
that the transverse field distribution can be written as

Oy 2 . . _ﬁ . .
E, o e gixis = L (V2P " win (a0
ok \ wy

Spherical coordinates have been converted to cylindrical
coordinates with p = ztan @ = z0. In this form, the field is
precisely that of an LG\, mode with waist size w, =
V/2z/0,k. Therefore, for coherent radiation in the proper
limits, it is suitable to describe the OAM content at the
lower harmonics in terms of the LG mode basis.

V. COHERENT RADIATION

The radiated spectral energy distribution is given in
general by [31]
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aw c, =

Y rE(w)[. (21)
Using this equation and the field components in (12), we
can calculate an explicit, general expression for the energy
radiated per unit solid angle, per unit frequency in an
undulator. Near a harmonic 4, the answer has already been
given by Colson [20]. At small forward angles and near the
first couple of harmonics, the approximate field expression
in Eq. (16) produces

a’w, ¢*N? 1) 2
o T Gine | aN b (— 2 (1 +6%2) -1
dQdw~ 2c ¢ {” g (a)h(O)( +07r2) )]

2hKy \2 2hKy0
x | ——C ) 2 (==, 22
<1+K2> h—1<1+1<2> (22)

For a long beam of N, particles, the coherent emission is
calculated in general with

&EWe ( )dZW,,
dQdow 9\ 4Qde

(23)

where F(w) is the e-beam form factor, calculated from the
Fourier transform of the spatial charge distribution,
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F(w) = ‘ / f(X)e~ionsleqz| (24)

Let us assume a transversely round Gaussian beam with
rms radius o, and a flattop longitudinal current profile of
length ,

IT
f(X) = — e~ @ H)/200 (tT/T) [1+2bcoswyt] (25)

2
2n0%

where b <1 is the bunching factor at the frequency
w, > 1/7, and II(z/7) is the rectangle function that is
unity for |7| < 7/2 and zero otherwise. The form factor near
the bunching frequency is [37]

260217 .
F(w) = b*sinc E(wb—a)cose) exp |—oy—5 sin“6|.
c

(26)

The sinc term captures the impact of the e-beam length on
the bunching spectrum, and the Gaussian term describes the
forward angular projection effects due to the finite trans-
verse e-beam size. For small forward angles 6 < 1, the
form factor of the e-beam restricts the forward emission to
angles that satisfy

Intensity

weighted phase E, (C) weighted phase E,

02 0 0.2 02 0 0.2 02 0 0.2
70,
weighted phase E,

\

20, ~0,
Intensity

weighted phase E, (f)
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\ \\

-04 -02 0 02 04

. 20, 50,
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0.5

Ve
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weighted phase E,

FIG. 4. Coherent OAM emission for different LHU harmonics (rows) and undulator detuning (columns). Top to bottom the rows are
harmonics & = 2, h = 3, and h = 4, respectively, with resonant undulator strengths K, = 2.3, K3 = 2.9, and K, = 3.4. The 4 GeV
beam is bunched at 4 = 1 nm, and the undulator has N, = 100 periods of 4, = 3.9 cm. The detuning increases left to right according to
K — K,(1-=6),with§ =0, 1/4N,, and 1/2N,,. The annular intensity profile is observed to expand and become more symmetric with
detuning, which, with the phase, indicates that the power is directed into a single OAM mode. The phase is weighted by the intensity for
better visibility. A small 6, = 5 um e-beam (N = 0.04) is modeled to highlight the effect of detuning without strongly suppressing the

output.
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0 <c/oww. (27)

For comparison, the intrinsic forward angular spread of the
single particle undulator radiation is A0 ~ 1/y./N, near
resonance.

Figure 4 shows the coherent intensity and phase profiles
from full solutions for different harmonics and at different
undulator detunings; i.e., at undulator strengths K such
that the on-axis undulator resonant frequency w;,(0) =
2hy*w, /(1 + K?) in Eq. (11) is higher than the micro-
bunching frequency, @, (0) > @,. Detuning the undulator
resonance by slightly reducing K pushes the radiation off-
axis. For the higher harmonics, this has the beneficial effect
of making the transverse profiles more rotationally sym-
metric, thus increasing the power in a single azimuthal
mode. Detuning off-axis may also increase the emitted field
energy as long as the annular intensity peak is at an angle
that satisfies Eq. (27). The total emitted energy dependence
on detuning is shown in Fig. 5 for parameters of the
LCLS-II project at SLAC [36], where results indicate that
approximately 1 MW of peak power is emitted into the
[ = £1 mode with the baseline design. If the electron beam
size can be reduced to o, =5 pum (N = 0.04), this
increases to 20 MW.

Integrating Eq. (23) over frequency and angle gives the
total radiated energy

d°W
— N2 h
WC—Ne/F(a))d dwdew. (28)

To solve this for the distribution in (22), we assume the
e-beam is long enough that the spectral bandwidth is
dominated by the e-beam rather than the undulator,
w,T > 27N ,. That is, the number of wavelengths in the
e-beam is much greater than the number of undulator

X

108

Wen/T [Watts]

FIG. 5. Coherent emission peak power at different values of
undulator detuning, K — K,(1 — §). Same parameters as Fig. 4
with b, = 20% and I, = 1 kA, but with 6, = 25 pym (N = 1) for
LCLS-II e-beams. Each x marks the coherent power emitted at
zero detuning, calculated from Eq. (31).

periods. In this case the bunching frequency just picks
out a specific narrow portion of the undulator bandwidth,
and the frequency integral can be solved easily with the
approximation

sinc? B (@ — a),,)] N 27”5(60 —wy). (29)

If the bunching is at the same frequency as the on-axis
undulator resonance @, = w;(0) we obtain

W — 27 I3b*N2 [ 2hKy \?
Ch=7 c 1+ K?
P 2hKy60
/ e_(o';wb‘g/c)z SinC[ﬂNuh}/gez]zJ%_] (1—7/2> 9d9 (30)
0 +K

where I, = gN,/7 is the peak e-beam current.

Full solutions to this integral are cumbersome, but useful
results can be found by series expansion of J,_; to lowest
order. After some straightforward manipulation (outlined in
Appendix B), the total energy emitted can then be written in
a convenient form,

Wen=7

222I5b3N, [ K?
1+ K?

)]—'h(N). (31)

c

Here N = wo?/cL, is the Fresnel number, L, = N/, is
the undulator length, and b, is the bunching factor at each
harmonic resonance. For the first few harmonics, the
functions F,(N) are

2 1 4N?
Ny =2 ltan [ — ) + NIn
Fiv) n{an (2N>+ n(4N2+1>}

2 K2 4N? 41
]:Z(N)_nZNL,1+K21n< 4N )

27/ 1 K2 \*1 1
F3(N) == — : 32
s(N) 16(7:Nu1+K2> aN 1+ 4N? (32)

These are plotted in Fig. 6. The factor F(N) for the
fundamental frequency was obtained by Saldin ez al., [38].
It has the simple limits F(N) — 1/2zN for N — oo and
F(N) = 1 for N - 0. The factors F,(N) and F3(N) for
the second and third harmonics incorporate the effect of the
off-axis emission and show that the OAM emission energy
for higher harmonics scales like (1/N,)Il. For N > 1,
F,(N) scales like 1/N?, while F3(N) scales like 1/N°.
Both diverge for N — 0, so higher order corrections
are required for an accurate description at N < 0.01.
Nevertheless, they yield a reasonable approximation for
the OAM emission energy in many practical scenarios. It is
evident that emission at harmonics is suppressed for large
N, so transversely small e-beams produce coherent pulses
with more photons.
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FIG. 6. Functions F,(N) in Eq. (32). K> 1 is assumed.

VI. OAM AFTERBURNER

Given Egs. (31) and (32), we can now consider the
coherent radiation energy at the fundamental frequency
compared with the second harmonic frequency in an OAM
afterburner configuration (see Fig. 7). Broadly speaking, an
afterburner is an undulator positioned downstream of a high
gain FEL [39]. For our purposes, the afterburner is a helical
undulator, and the arrangement is similar to the proof-of-
principle setup first described in Ref. [24]. The upstream
FEL is used to drive bunching in the electron beam, either
by lasing or by the reverse taper effect [40]. The bunched
beam then radiates coherently in the afterburner. Previous
versions of this arrangement have been used to produce
coherent circularly polarized x-rays at the &7 = 1 afterburner
resonance [41], the energy output of which can be
calculated from Eq. (31) with F{(N). Here, in an OAM
afterburner arrangement, the only change is the undulator K
of the afterburner. It is increased from K to K, so that the

(a)

FEL afterburner
K
(b)
FEL afterburner

Ky =/1+2K?

FIG.7. OAM FEL afterburner scheme. In contrast to the typical
case of coherent emission at the first harmonic (a), OAM light can
be produced by tuning the helical undulator so that the incoming
beam is bunched at the second harmonic (b). The upstream FEL
uses reverse tapering to generate strong bunching with little
radiation. Steering the electron beam prior to entry into the
afterburner can transversely separate the OAM light from the FEL
emission, as in Ref. [41].

5m

0.50

We,
u
We,1

0.10¢
0.051

0.01% !
0.001 0.010

0.100 1 10

N
FIG. 8. Top: Ratio of radiated OAM energy at second harmonic
to the fundamental in afterburner setup from Eq. (34). Beams
with smaller N = wo2/cL, are favorable to produce more OAM
energy. Here K; > 1 is assumed. Dots are from numerical
integration of Eq. (28) using the full expression for the field
in Eq. (5).

coherent emission is at the second harmonic of the
undulator (i.e., from a Gaussian-like mode at K; to an
OAM mode at K,) but at the same frequency in both cases,
®; = w,. Because the emission frequency is the same, the
Fresnel number N is the same. From Eq. (11) the relation-
ship between the two values of K is

K3 =1+2K3% (33)

The interaction at the second harmonic is weaker than at the
fundamental, so the energy radiated into the OAM mode is
smaller. The ratio of the energy contained in the OAM at
the second harmonic compared to the energy at the first
harmonic is

4N*+1
it (34)

ZN, [tan~!(5) + Nln(41‘\‘/2\'il)]

Wea _ 9(Ky)
We

The ratio is shown in Fig. 8, and goes like 1/zN,N for
N > 1. For notational brevity we introduce the factor
g(Ky) = (1+2K?%)?/4K3(1 + K3) which goes quickly
to g(K;) = 1 for K| > 1, but goes like g(K) = 1/4K3
for K; < 1. As a useful point of reference, we see that for
K, > 1, a Fresnel number of N = 0.1 will produce OAM
emission with total energy 1/N, that of the fundamental.

VII. CONCLUSIONS

In the limit of small forward angles, many periods, and
sufficiently strong undulator fields, the SAM and OAM
components of radiation emission from a helical undulator
are separable, additive, and aligned with the z-projection of
OAM of the electrons on their helical orbit. For round
electron beams, the coherent emission can have the same
form as an LG mode, such that the total angular momentum
of the coherent mode is h# per photon. The coherent
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emission energy is derived in simple form, and scales
roughly like 1/N"=! for the harmonics, though beams with
smaller Fresnel numbers can perform better. Results indi-
cate that coherent, circularly polarized x-rays at 1 nm
wavelengths that carry [ = 44 of OAM can be produced at
LCLS-II with 1 MW of pulse power with the baseline
design. This can be increased to 20 MW or more with
smaller e-beams. If the emitted OAM mode can then be
focused to a spot size of wy = 0.1 um, the peak electric
field strengths reach 1 a.u., which potentially enables novel
light-matter interaction experiments at soft x-rays.
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APPENDIX A: FIELD EXPANSION

The exponential in Eq. (5) can be written as a sum over
Bessel functions,

elwo(t=rw/c) _ piwt(1-p. cos6) Z( :Fl ’"] (5 sin ¢) (5 cos ¢) i(ntm)w,t (Al)
The total electric field then has several terms that make use of the following integral,
Nyrn
O e pm N L 2N,n hw
“u zu)(t—n~w/c)+zpu)utdt _ u _n\n 1™y : J : N
o o S G Esin ) cos psine N ntm o+ p
2N,z ; . w
~ (£1)rreFilhtrid g, (£)sinc [Nuf:h (wh OB 1)] (A2)
|
In the second step it has been assumed that 4 = —(n + / ® e‘(”(’)zsinc[nez]z T2, (aB)0do
m + p) and the summation theorem for Bessel functions 0 it
has then been applied to collapse the sum. One should be T 7, 2\ o
aware that this approximation is common, but that it also = N <> —on F1(N) (B3)
477; (2n)! \4n) ON

removes some of the more subtle couplings between angles
and frequencies. As a result, it describes radiation profiles
that can be artificially more azimuthally symmetric (inde-
pendent of ¢) than when compared to the exact solution,
especially for higher harmonics. In most cases of interest
for lower harmonics, however, the deviation is small and
this is a good approximation.

APPENDIX B: ENERGY INTEGRAL

Solutions to the total energy integral in Eq. (30) are
obtained with the help of two relations. The first is the
integral representation of the Bessel function,

1 T
— e—zm+1x sin TdT.
27 |,

The second is the Fourier transform of the sinc?(x) function

Ju (%) (B1)

sinc (T /2) = /_ :(1 e TidE, (B2)

where the triangle function is defined as tri(¢) = 1 — || for
|é| < 1, and tri(€) = O otherwise. After some straightfor-
ward manipulations, the integral in Eq. (30) can then be
written as

where v = 6,w,/c, n = aN, hy?, a = 2hy*K/y, v*/2n =
2N. The sum originates from a series expansion over
small values of the Bessel argument. For the fundamental
harmonic, the lowest order term is the exact integral

0 1
/ e~ (@@0/<V sinc[zN ,07y2)20d60 = Fi(N) (B4)

0 4Nu},%

where

Fi(N) = % {tan‘l (%) +Nln (%H (B5)

as also obtained in Ref. [38]. Values for individual
harmonics and different terms in the sum are calculated
by the integral

1 = . /
Z,,= —2/ drdr e~ '"=D(=7) (sin 7 — sin7')*". (B6)
’ (27)° )z

The first few terms for the fundamental are Z,, =1,
T,y =1, and Z,, =9/4. For the second harmonic,
Z0=0,7,; =—1/2,and Z,, = —3/2, and for the third
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harmonic, 75,75, =0, and 75, = 3/8, and so on. The
lowest order contributor for the harmonic 4 corresponds to
the 7 — 1 derivative of F|(N).

In the practical case of small coefficients

a? h KZ
s 3|
4 AN, 1+ K

(B7)
the higher order terms become ever smaller, so for each
harmonic we can take only the first nonzero term in the
sum. Calculation is aided with the help of the relations

0 2 4N?
— =ZIn(—— B
an 1) ﬂn(1+4N2>’ (BS)
and
> 4 1
— N=—— . B
aNZFI( ) N 1+ 4N? (B9)
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