PHYSICAL REVIEW ACCELERATORS AND BEAMS 21, 110702 (2018)

Time-domain analysis of attosecond pulse generation
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The method of enhanced self-amplified spontaneous emission (eSASE) is one of the strongest candidates
for the generation of sub-femtosecond x-ray pulses in a free-electron laser (FEL). The optimization of an
eSASE experiment involves many independent parameters, which makes the exploration of the parameter
space with thee-dimensional (3D) simulations computationally intensive. Therefore, a robust theoretical
analysis of this problem is extremely desirable. We provide a self-consistent, analytical treatment of such a
configuration using a one-dimensional (1D), time-dependent FEL model that includes the key effects of
electron beam chirp and undulator taper. Verified via comparison with numerical simulation, our formalism is
utilized in parameter studies that seek to determine the optimum setup of the FEL.
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I. INTRODUCTION

The generation of ultrashort x-ray pulses is one of the
main objectives of research into advanced operation modes
for a modern FEL facility [1-4]. One of the most promising
schemes for generating sub-fs x-rays in a high-gain FEL is
eSASE (enhanced self-amplified spontaneous emission)
[5]. This technique involves the interaction of an electron
beam with an optical laser pulse in the presence of a short
wiggler, prior to the beam being sent into a conventional
undulator. Apart from providing an attractive mechanism
for generating X-ray pulses in the attosecond range, this
method also results in a significant improvement in the
performance of the FEL. In common with some other
schemes for generating ultrashort x-rays [6], the eSASE
process essentially relies on an intense manipulation of the
longitudinal phase space of the electrons, after which the
e-beam is strongly chirped and typically has to travel
through a tapered undulator in order to achieve lasing with
the required properties. Thus, from an FEL physics point of
view, the key features of eSASE are beam chirp and
undulator taper, as well as the finite-pulse effects associated
with a short (fs-level) electron bunch. In the context of FEL
theory [7], these topics are typically studied in the one-
dimensional (1D) regime, where effects such as radiation
diffraction, emittance and focusing can be neglected. Even
in this approximation, however, a comprehensive analytical
treatment of this important subject is lacking. In particular,
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most of the theoretical literature deals with short-pulse
effects [8,9] or beam chirp alone [10-12], without combin-
ing these topics or including the effect of taper in the
analytical calculations.

In this paper, we provide a generalized, self-consistent,
time-domain analysis of an FEL configuration that utilizes
a short, chirped e-beam and a tapered undulator. Aiming to
model the FEL portion of an eSASE-based scheme, we use
a simplified 1D formalism that also includes the key effects
of startup from shot noise and radiation slippage. Our
treatment is based on the linearized Maxwell-Vlasov
equations of the FEL and therefore is valid for that stage
of the interaction prior to the onset of saturation. The main
objective is to determine the basic properties of the
generated radiation pulse (such as the peak radiation power
and the radiation pulse length) and to investigate how these
depend on the various parameters of the system. In this
way, we hope to obtain a more thorough understanding of
the physics behind the experimental technique.

This paper is organized as follows: Section II contains
the bulk of the theoretical development. Starting from the
time-dependent Maxwell-Vlasov equations, a single evo-
lution equation is obtained for the amplitude of the FEL
radiation, assuming startup from noise. Next, the evolution
equation is solved through a Laplace transform technique,
leading to a description of the radiation field in terms of a
Green’s function. This, in turn, enables us to calculate
various key figures of merit for the FEL in the latter stage of
the exponential gain regime. This capability is exploited in
Sec. III, which presents the results of a numerical study
based on our method. After checking its validity through
comparison with appropriate FEL simulation data,
our semianalytical formalism is utilized in parameter
studies that seek to determine the optimum setup of an
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eSASE-based FEL. The main results of this paper are
summarized in Sec. IV.

II. THEORY

A. Maxwell-Vlasov analysis

The starting point of our treatment is the equations of
motion for a single electron in the combined field of the
FEL radiation and the undulator. In the context of our one-
dimensional analysis, the appropriate phase space variables
are (0,n), where 0 = k,z + k,(z — ct) is the ponderomo-
tive phase and 7 = y/y, — 1 is the relative energy deviation.
Here, k, = 2rn/A,, k, = 2x/A,,  is the arrival time aver-
aged over the fast wiggle motion and y, is the average
relativistic factor of the electrons. The undulator period 4,
and the resonant wavelength 4, are related through the well-
known resonance condition A, = 4,(1 + K3/2)/(2v3).
where K is the dimensionless (initial) undulator parameter.
For future reference, it is also worth noting that the phase 6
is related to the longitudinal position within the electron
bunch z;, via 8 = k,z,;,. In fact, we have 0 <0 < 0, = k[,
(I, is the bunch length), where the upper/lower limits
respectively represent the head/tail of the bunch. The
electric field of the radiation, which is assumed to be
linearly polarized along the x-axis, is given by E,4 =
E,. = A(0, z) exp(ik,(z — ct)) + c.c., where A(6,z) is a
slowly varying amplitude and c.c. stands for complex
conjugate. The fact that the amplitude A is 6-dependent
is a principal feature of the time-domain analysis, facili-
tating the description of a short radiation pulse. Moreover,
the meaning of the term “slowly varying” is to be under-
stood in the following way: the characteristic length in z for
a significant variation of A (gain length) is much larger than
Ay, While the corresponding length in terms of the internal
bunch position 0/k, (cooperation length) is much larger
than 4, (the actual length scales will be quantified later on).
As far as the undulator is concerned, we assume that the
undulator parameter K is tapered according to the relation
K = Ky(1 + €z), where ¢ is a constant linear taper gradient.
The single-particle dynamics of the electrons (after aver-
aging over many undulator periods) is determined by the
well-known pendulum equations, suitably modified for the
case of a tapered undulator. These are [13]

de
2 = 2kt aiz (1)
and
dn .
e C1A(0, 2)exp(if) + c.c. (2)

where a; =—2k,K3e/(2+K3) and ¢, = eK[JJ]/ (2y3mc?).
In the definitions given above e and m are the electron charge
and mass while [JJ] is an averaging factor given by
[(JJ] = Jo(Qo) — J1(Qy), where Qy = K3/(4 + 2K3) and
Jo, J, are Bessel functions.

In order to describe the interaction between the electron
beam and the radiation in a self-consistent fashion, we
introduce a distribution function f(6, 7, z) that is a measure
of the beam phase space density. The distribution function
f is constant along an individual electron trajectory, so that
0f 0z + (0f/00)(d0/dz) + (0f /On)(dy/dz) = 0. This
evolution equation for f (i.e., the Vlasov equation) is,
generally speaking, nonlinear in nature. However, in the so-
called linear regime of the FEL interaction (comprising the
initial lethargy stage and the subsequent exponential gain
region) the analysis can be considerably simplified by
following a perturbation approach. In particular, we assume
that the distribution function can be written as f = f, + f,
where f is a background (or unperturbed) part and f is a
small perturbation due to the FEL effect (so that | 1| < fo).
Up to the beginning of the saturation region, this is a
reasonably good approximation. Furthermore, we can
express f, as f, = F(0,n,z)exp(if) + c.c., where the
density amplitude F-like the field amplitude A-is a slowly
varying function of 0 and z. This decomposition is justified
by the fact that the characteristic length for the micro-
bunching is the radiation length A,, which is much shorter
than the cooperation length. In the context of the above-
mentioned approximation, the phase space evolution of the
electron beam is described by a linearized version of the
Vlasov equation [9], namely

oF oF fo
az (2ku’l + alz) 89 ClAeXp(le) 67] (3)

where we have introduced the complex quantity F =
Fexp(if) (so that f, = F +c.c.) and the unperturbed
distribution f, satisfies the relation

%—l— 2k + a1z) =

9fo
20 =0. (4)
To complete our description of the system, we need a
relation that quantifies the change in the radiation field in
response to the currents associated with the electron beam.
In general, this is facilitated by a driven, paraxial wave-type
equation, which, in our case, takes the form [9]

A A -

% + k, gg —{ongexp(—if) / dnF. (5)
Here, the new coupling coefficient {, is given by {, =
eKy[JJ]/(4egyoX), where g is the vacuum permittivity and
Y is a cross-sectional area. For a round beam with a
Gaussian transverse profile, X is equal to 2762, where o, is
the transverse rms beam size. Moreover, n is the maximum
value of the electron line density (i.e., the maximum
number of electrons per unit length along the bunch).

An analytical solution to the linearized Vlasov equation
[Eq. (3)] can be obtained using the method of integration
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along the unperturbed trajectories [7]. Omitting the details,
the end result of this procedure is the relation

F(O— 2kunz — g(2)on.0) — &) 210 / dsA (0. 5)
-9(2)}), (6)

where g(z) = [§ a,tdt =a,z?/2. As far as the background
dlStI‘lbuthH is concerned, the same analytical method yields

X exp(iG + 2ik,n(s —z) + z{g(s)

a general solution that can be written as fo = ¥(0,)V ().
In this relation, 6, =60—2k,;nz—g(z) and n, =
n+u(0; —6,,) +Y(6,), where x(6), V(n) and Y(6) are

arbitrary functions, g is a constant and 6, = 0,/2.
Assuming that 6 > 2k,nz, g(z), we have 6, ~ 6 and the
z-dependent character of f; can be neglected, yielding
forx(@)V(n+pu@—0,)+Y(0)). The validity of this
important approximation will be verified in due course.

From a physical point of view, the meaning of the various
functions and parameters associated with f is as follows:
x(0) is a dimensionless quantity that represents the scaled
current profile of the electron bunch. In particular, we have
1(0) = I,%(0) for 0 < 6 < 0,-where I, = nyec is the peak
current-and y(0) = y(0,) = 0. The function V(1) repre-
sents the uncorrelated energy spread profile of the beam
and satisfies the relation [ dnV(n) = 1. In this paper, we
neglect uncorrelated energy spread effects so we may
assume that V() = () from now on. We do, however,
take into account the correlated energy spread due to
the chirp of the electron beam, which is modeled by
n=—-u(@—80,)—Y(0). Thus, u is a linear chirp coeffi-
cient and —Y () represents the contribution of a possible
nonlinear chirp component.

Substituting Eq. (6) into the right-hand side (rhs) of
Eq. (5) and making use of the expression for f leads to a
single, self-consistent equation for the radiation amplitude
A(0, z). In this study, we are only concerned with the case
of SASE (self-amplified spontaneous emission), which
corresponds to startup from shot noise. As a result, the
process of deriving the required amplitude equation also
involves making use of the representation F(6,5,0) —
(k/ng) >-;6(60 —0;)6(n —n;), where ; are the random
initial phases of the electrons—i.e., the phases at z = 0—
and »; are the corresponding energies (the summation over
the discrete index j extends over all electrons of the bunch).
The final result of this manipulation is

<§Z ia;z+k, 889)21(9, 2)
= —0ok, Zexp(—iej)
x exp(zz]'kuz{y(ej —0,,)+Y(0,)})8(0—6;) —8ip’k;
<x(6) [ dsA(6.5)(s = 2)expl-2ik, (1(0 - 6)

+Y(0)}(s =2, (7)

where A(6,z) = A(0, z) exp(ia;z%/2) and p is the FEL
(or Pierce) parameter, introduced here through the relation
{inly = dhap?

B. Green’s function

To solve an integral-differential equation like Eq. (7), we
typically make use of a Laplace transform technique. In our
case, we introduce an auxiliary amplitude quantity A(6, A)
via

A7) = / dzexp(2ik,Az)A(6, z) (8)
0

and substitute Eq. (8) back into Eq. (7). This results in a
partial differential equation for A(6, 1), namely

DA(0.2) _ 0A(0.4) . - 2ip>y(0)A(0.2)
0 o 20A0 D)+ =0, 1Y (0) 1)
exp(—if;)5(6-0;)

2k2 Zle 0,—0,)+iY(0;)

where @, = a,/(2k2). For the SASE case under consid-
eration, the initial electric field amplitude is zero so

A(6,0) = 0. Taking this into account, we find that the
solution to Eq. (9) can be written as

A(6,2) = Lok, / dé' exp|AQ (6,6, 1)]

2ik>
exp(—i0;)5(6' —0)

X , 10
Zi+a19+u(9 =0,,)+Y(0;)—-a,0; 19)
where
AQ(0,0',2) ==2il(0' —0)+ia, (0 —6)?
9/
i / _ déy(£) .
o [A+a,0+u(é-0,)+Y(E)—a
(11)
The inverse Laplace transform is given by
- k “+oo+iy R
A0,2) = / dexp(=2ik,J)A0,2),  (12)
T J—cotiy

where the path of the integration is parallel to the real
axis and above all singularities of the integrand. Combining
Egs. (10), (11), and (12), we obtain the following
expression for the original field amplitude A(6,z) =

A(0,z) exp(—ia,7%/2):

k, ,
A(ev,z):_‘flz< Y exp(i6;)G(6.0;. 2),
u ]

(13)
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where G(0,0;,z) is the Green’s function given by

_expli¥5(6.6;.2)]

G(0.0;,2) = P
X /_Jrifiy ﬁexp <—2i/l[k,,z —(0-0;)] -2ip’
5 / 0 déy(¢) )
o, [A+(u—a))(E—0;)+Y(&)-Y(0,)]
(14)

and the phase term ¥, is given by

¥,(0.0,.2) = —a,[0 —k,z+6;](0 -0, —k,z)
+2{ub,, — (u—a,)0;—Y(0;)}(0 -0, —k,z).
(15)
It is worth noting that (0/0z + k,0/06)¥,(0.6,.z) =0
since ¥, depends on # and z through the combination
0 — k,z. The field Green’s function G(0.6;,z) is the
principal result of our analysis. Multiplied by the factor
exp(—i6);), it represents the contribution of the jth electron
to the radiation amplitude. Moreover, it is only nonzero for
0<0-0; <k,z, as one could infer from causality argu-
ments. In the case of zero nonlinear chirp (¥(0) = 0) and
zero undulator taper (a; = 0), Eq. (14) is equivalent to the
result of [10] regarding the Green’s function for a pure
linear chirp. Another important remark concerns the case
with y, a; # 0 and ¢ = a; (still in the absence of nonlinear
chirp), for which |G| is identical to what it would be when
u = a; = 0. Since—as will be shown below—the absolute
value of G determines the power profile of the radiation,
this observation corresponds to the well-known fact that
the power-degrading effects of linear beam chirp can be
removed by the appropriate linear taper [14]. In fact, the
condition ¢ = a, readily reproduces the chirp-taper match-
ing condition postulated (but not proven) in Ref. [6].
Knowledge of the Green’s function allows us to deter-
mine the basic properties of the radiation and the electron
beam in the linear regime. To begin with, we consider the
shot-averaged radiation power P, (6, z) defined by
Pr(e’ Z) = 2zgoc<|A|2>shot’ (16)
where the symbol (), denotes average over many differ-
ent ensembles of random initial phases 6;. In view of
Eq. (13), we obtain the result

K\ 2
AP = (2) S 600,000
u J

+ ) exp(—i(0; — 6,))G(0.0;.2)G*(60.6,.2) |.
k#j

In the absence of density gradient-related coherent effects
[8,9], the second term in the equation given above can be
disregarded. This is a reasonable assumption for 4, < [,,.
The remaining sum can be converted to an integral via the
substitution Y ; — (ng/k,) [ d0;x(6;). The end result of

this manipulation is the relation

P,(0.2) = 4romc*kop? [ d0,2(6)(6(6.0,2)F  (17)

for the radiation power. The above equation can be used
to obtain the shot-averaged power profile of the FEL
radiation.

A similar result can be obtained for the local bunching
factor b(0,z) =|(exp(—i6;)) »|, which expresses the degree
to which the electron beam is bunched due to the FEL
effect. Here, the A-average takes into account only those
electron phases 6, for which 6, € (6,0 + 2z). In terms of
the beam distribution function f, we have

_ _Jgrmae [dnf (0. n.z)exp(—ib))
(exp(—=if))), = f99+27z 46’ [dnf(&.n.2)

Recalling that f is given by f = fo + f, (with |f;| < fo,
fi1=F+c.c.and F = Fexp(i)), the denominator becomes
[ do’ [ dnfy = 2my(0) while the numerator is equal to
[ do’ [ dnf exp(—i@') = 2mexp(—if) [ dnF, where we
have also made use of the fact that fy~ y(0)V(y) and
J dnV(n) = 1.Inview of the above observations and Eq. (5),
Eq. (18) becomes

b(0,2) zﬁ’/d’ﬁ‘ :m

which, when combined with Eq. (13), leads to

(18)

or oA
0z " 00

’

k, ,
b(e, Z) :m ZCXP(—[QJ-)GI)<9, Gj,Z)
J

. (19)

where G,(0.,0;,z) = (0/0z + k,0/00)G(0.0,,z) is a
derivative Green’s function. An inspection of Eq. (14) shows
that G is a function of 6 — k,z for 6 > 6,, in which case
G, = 0. Thus, unlike G, the derivative (or bunching) Green’s
function G,, is nonzero only within the limits of the electron
bunch. A procedure entirely analogous to the one we
followed for the radiation power yields a result for the
shot-averaged bunching factor, namely

k,
<b2>sh0t =

Ok (20)

/ d0,7(0,)G,(0.0,.2) "

Though a product of a linearized analysis, Eq. (20) can be
used to estimate the saturation length by finding the
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z-position for which (h?)y,., ~ 1 for the various positions
within the electron beam.

III. NUMERICAL RESULTS

In our treatment so far, we have assumed that the current
and nonlinear chirp profiles are arbitrary. For the purpose of
numerical illustration, we now select a truncated parabolic
current profile of the form y(0) = 1 — (60 —6,,)?/62 and a
nonlinear chirp profile given by Y(0) = us(6 —6,,)>
where p5 is a cubic chirp coefficient, these relations being
valid for 0 <0 < 0, = 26,,. The logic of this particular
selection can be justified in the following way: since the
chirp profile of the beam is actually shaped by space charge
effects before the amplification process, it can be modeled
by the @-derivative of the current profile, which can be
approximated by a Gaussian [15]. Thus, we have

n=—u®-0,)—u0-0,)>

d (e_gm)2
L exp( -, 21
“dee"p< 263 > 1)

up to third order terms in 6 —8@,,. This motivates the
selection of a cubic chirp profile and also correlates ps
with u via the relation pz = —u/(203). As far as oy is
concerned, we can either choose it in an ad-hoc way or
derive it by matching the parabolic and Gaussian current
profiles up to second order in 8 — @,,. Apart from justifying
the use of a parabolic profile, this manipulation yields
69 =0,,/v/2. Though not entirely self-consistent, this
strategy allows us to adequately model the space charge-
induced chirp while preserving some degree of analyticity
as far as the Green’s function is concerned. This is so
because, for the case of parabolic current/cubic chirp, the
£-integral in Eq. (14) can be determined analytically, a
feature which enhances computational efficiency.
Additionally, it is essential to introduce an appropriate
scaling in order to facilitate our numerical calculations.
Specifically, the Green’s function can be written as

G exp(i¥,) /+°°+iﬁ d)

= —exp <—i/1[2 -(0-0))]

co+iy

] dE»
_l/ - _ _ ,\5(,)\,\ I 2>’ (22)
o [A+D0(E—0;) +Y(E) —Y(0))]
where the following dimensionless variables and constants
have been introduced: A= 21/p, &=2p&, 7 =2pk,z,
0= 2p0, 0, = 2p9j’)?(%) =1- (é - ém)2/9%19 and ?(2) =
/:23(;:% - 9m)39 with 9m = Zpem’ b3 = /13/(8P4), and A0 =
(u—a,)/(2p?) = ft— a,. The main advantage of this
scaling is that the new dimensionless quantities are of

the order of unity. This property can be utilized in order to
elucidate and justify some of the approximations that where

introduced in the theory section. Specifically, the gain
length [, can be roughly estimated through the condition
z=2pk,z~1, which yields I,~(2pk,)™" =,/ (47p)>A,.
In a similar way, the cooperation length /. may be
obtained from 6 = 2p0 = 2pk,z, ~ 1, i.e., I, ~ (2pk,)™" =
A./(4mp) > A,. We also recall that, in disregarding the
z-dependence of the background distribution f(), we made
use of the approximation 0 > 2k, nz. Taking 1 ~ u6, this
requirement is equivalent to 2uk,z < 1 or pj1z7 < 1 (valid
since p < 1). Similar arguments may be invoked in order to
validate the remaining assumptions.

From a practical point of view, the numerical calculation
of the Green’s function G via the contour integral of
Eq. (22) is facilitated by the stationary phase approxima-
tion. As a reminder, this technique approximates an integral
of the form [diP(1)exp(iE(1)) with the expression

P(3y) exp(iE(Ay))r/27i/E" (Jo), where 1 is a stationary

point of E(3) (E'(dy) = 0) and |E(4y)| > 1. In our case,
this approximation is sufficiently accurate in the latter (or
high-gain) stage of the linear regime. Finally, we note that,
in terms of our scaling, Egs. (17) and (20) become

P.(0,7) :270mc3kr,02/déj)?(éj”G(évéj?Z”z (23)
and
0.2 i =7, 7 / d0;7(0,)1Gy(8.0,.2)F/32(0). (24)

respectively, where G, = (0/9z 4+ 8/90)G (G, is calcu-
lated through numerical differentiation of G). Along with
Eq. (22), these relations complete the array of tools
necessary for carrying out the numerical study presented
below.

A. Comparison with 1D simulation

To start with, we select a parameter set that roughly
approximates a plausible configuration of the X-LEAP
eSASE experiment at SLAC [16]. This involves the
generation of 800 eV photons (1, = 1.55 nm) with a
standard LCLS undulator (4, =3 cm, Ky =3.5) and a
4.24 GeV beam with a peak current of 4.5 kA. The average
beta function f, is about 10 m, which corresponds to a rms
beam size o, = /€, & 25 um (for a transverse normal-
ized emittance yye, = 0.5 um). The p parameter is about
2 x 1073, while we also assume zero uncorrelated energy
spread. The latter is not actually true in the experimental
setup but this discrepancy is balanced by choosing a lower
peak current for the beam (4.5 kA instead of 67 kA). As
far as the other parameters are concerned, we take 7z =
11.45 m (corresponding to zZ =9.2) and consider two
different cases for the bunch length: case A with a bunch
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no cubic chirp

add cubic chirp ----- current

0

FIG. 1. Generic schematic that illustrates the chirp profile of the
electron beam vs the current profile.

length of 500 nm (91, = 7.8, so that 9,, < Z7) and case B
with a longer bunch length of 750 nm (for which 91, =11.7
and ), > 7). For both of these cases, u is given by
u=—(Ay/v0)/0,, where Ay = AE/mc*> and AE =
30 MeV is the total energy variation due to the linear
chirp. Moreover, we choose ¢ = oy/k, = 160 nm. This
leads to a negative linear chirp, which is compensated by
the appropriate (reverse) taper, leaving only the cubic
component contribution (see the schematic of Fig. 1).

In Figs. 2 and 3, we plot the (shot-averaged) radiation
power and bunching factor (the latter defined as \/ (h?) y,.,)
as functions of the position z;, along the bunch. The
theoretical values are calculated by Egs. (23) and (24)
while the simulation values are obtained from a 1D FEL
simulation code (some details for the latter are given in [9]).
Reasonable agreement is observed between the two
approaches, which enables us to build confidence in our
analysis.

B. Parameter study

Having verified our formalism, we use it in a simple
parameter study that is relevant for an eSASE-based FEL
configuration. In particular, we scan the electron pulse
duration t, = 1,/c = 0,/ (ck,) while keeping constant both
the peak current /,, and the product u x 7,. According to our
previous discussion, the latter is proportional to the total
energy variation AE, which is kept fixed at 35 MeV. Using
the Green’s function method, we obtain the shot-averaged
power profiles for the pure, matched linear chirp case (red
data in Figs. 4-6) and for the case with the added nonlinear
chirp component (blue data in the same figures). This
particular scan was performed assuming u3 = —u/(203)

and 6y = 0,,/\/2. In Fig. 4, we plot the two contrasting
power profiles for a bunch length of 1.5 fs. A power
suppression due to the addition of the cubic chirp is
immediately evident. Moreover, we find that the radiation
full-width-at-half-maximum (FWHM) is also reduced.
These observations are confirmed in Fig. 5, where the

T T T T

b - theory

b simulation ]
04F B 3
0.3Ff J Y ]

0.2} / ' ]

power (GW)

0.0 bmpmmmeer? o —
0.1 0.2 0.3 0.4 05 0.6
2, (um)

a) radiation power
p

0.20

T T T T

- theory

0.15h simulation A

bunching

0.05[ A

0-00 1 1 1 1 1
015 020 025 030 035 040 045

2 (pm)
(b) bunching factor

FIG. 2. Shot-averaged radiation power and bunching factor
along the e-beam (case A: z = 11.45 m, 0.50 ym bunch length,
oc=0y/k,=160nm, AE=30MeV, 400 shot average, matched
linear chirp). The blue/brown curves represent theory/simulation
data.

peak radiation power and the FWHM are plotted as
functions of ¢,. A marked linear dependence of the
FWHM with ¢, is observed, along with what appears to
be a constant vertical shift (reduction) due to the cubic
chirp. Moreover, Fig. 6 verifies that, even for the same peak
power level, the radiation pulse length is reduced when the
nonlinear chirp is added. This effect can probably be
attributed to the reduction of the effective electron bunch
length due to the introduction of a chirp component that is
not compensated by the undulator taper.

The observed linear character of the FWHM plot (red
curve) can be reproduced in a heuristic fashion through the
following argument: since the p parameter scales according
top~ n(l)/ ST },/ 3, we can define a 0-dependent, effective
FEL parameter po = p(y(60))'/3 by plugging in the scaled
current profile y(0) =1—(0—86,,)%/02 [we recall that
I = I,%(0)]. Combining this with the power growth rela-
tion P, = Pyexp(z/L,), where L, ~ pat is the local power
gain length, we find a Gaussian power profile of the form
exp[—(2/Lo) (60 = 60,,)*/ (36},)], where Lo = 4,/ (47V/3p)
is the basic (minimum) value for the power gain length
(which is about 0.70 m for our parameters). This predicts
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FIG. 3. Shot-averaged radiation power and bunching factor FIG. 5. Radiation peak power and FWHM vs the electron

along the e-beam (case B: z = 11.45 m, 0.75 pym bunch length,
o =o0y/k, =160 nm, AE =30 MeV, 400 shot average,
matched linear chirp). The blue/brown curves represent theory/
simulation data.

maximization of the radiation power in the middle of the
electron bunch, which is not very accurate (in fact, it
happens closer to the head of the beam, see Fig. 4). On the

other hand, the FWHM is simply 7, x v/31log2/(z/Ly), a

no cubic chirp

add cubic chirp

FIG. 4. Shot-averaged radiation power profiles for a matched
linear chirp with or without the cubic chirp component (blue and
red curves, respectively). The bunch length is 1.5 fs and we assume
z = 12.3 m. The dashed line denotes the scaled current profile.

bunch length (same color convention as in Fig. 4).

result which exhibits linear dependence with respect to
t, with a slope of about 0.35. This is very close to the
value calculated from the Green’s function data (0.32),
even though the simple model under study does not take
into account detuning effects etc. In any event, the scaling
predicted by the above formula may be of interest
when doing back-of-the-envelope calculations involving
attosecond-style pulses.

We would also like to point out that, besides elucidating
the underlying physics, the Green’s function formalism

35F T
3.0 et is 1
= 25F Lo 3
< 20t -t ]
5 -
=z 15F * . ]
9] .
= 1.0¢ ’ 1
. y « add cubic chirp
0.5F . . . ]
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0.0"' L0 L L L N q
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rad — FWHM (fs)
FIG. 6. Radiation peak power vs FWHM (using the data of

Fig. 5).
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allows us to get a sense of what the optimum setup of the
FEL configuration is. Apart from determining the proper
matching strategy involving the linear chirp and taper, we
can study the interplay between power suppression and
FWHM reduction due to nonlinear chirp in order to find a
suitable working point, even for realistic, machine-relevant
scenarios. Moreover, even though our theoretical results are
based on a one-dimensional model, the essential conclu-
sions remain valid in a more complicated (3D) setup. To
demonstrate this, in Figs. 7 and 8, we show the results of a
GENESIS-based [17] 3D FEL simulation involving a
chirped drive beam. Specifically, Fig. 7 shows the chirp
profiles for the two cases considered (i.e., pure linear chirp
and linear chirp plus cubic component) while Fig. 8
presents the output of the FEL simulation in terms of
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(b) adding a cubic chirp component

FIG. 7. Chirp profiles of the electron beam used in GENESIS
simulations. The upper graph shows the case of a pure linear
chirp, while the lower figure shows the phase-space profile after
the addition of a cubic chirp component at the head of the beam
(left-hand side of the graph). This example is pretty close to the
matched case in terms of linear chirp-taper compensation.

25
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= .
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s 151 .
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Position (m)
(b) bunching factor
FIG. 8. Shot-averaged radiation power and bunching factor

along the undulator for the drive beam of Fig. 7 (the average
involves ten SASE shots). A power reduction/pulse shortening
effect due to nonlinear chirp is evident in the high-gain stage of
the linear region. The output radiation FWHM is about a third of
the bunch length of the electron beam.

the radiation power and bunching factor along the undu-
lator. The simulation parameters we used are as follows:
500 eV photon energy, LCLS-like initial undulator param-
eter (K, = 3.5, increasing linearly to 3.85 over the undu-
lator length of 27 m), flattop current profile with a 2 fs
bunch length and a 4.5 kA current and 0.4 ym transverse
normalized emittance. The beam is considered matched to
a standard LCLS Ilattice, which translates into a roughly
constant transverse beam size ~20 ym. As in the case of 1D
theory, Fig. 8 shows that adding a nonlinear (cubic) chirp to
the longitudinal profile of the beam clearly suppresses the
output power in the presaturation region but also reduces
the effective pulse length of the radiation.

IV. CONCLUSIONS

We have developed a one-dimensional, time-dependent
theoretical formalism that can adequately model the ampli-
fication portion of an eSASE-based FEL configuration. Our
formalism includes startup from noise, radiation slippage,
short-pulse effects, electron beam chirp (linear and non-
linear) and linear undulator taper. Working in the context of
a self-consistent, linearized Maxwell-Vlasov analysis, we
derived a Green’s function for the amplitude of the FEL
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radiation, which allows us to determine the basic properties
of the radiation pulse prior to the onset of saturation.
As part of our derivation, we provide a rigorous proof of
the well-known compensation condition between linear
chirp and taper and generalize previous analytical results
for the Green’s function. Reasonable agreement is observed
between our formalism and the output of a 1D FEL
simulation code, while our technique is robust enough to
enable us to perform fast parameter scans. In the course of
such a parameter study, we explored the variation of the
radiation FWHM with respect to the electron bunch length
(establishing a linear dependence between the two) and also
observed an interesting pulse-shortening effect due to the
presence of a nonlinear chirp component in the e-beam.
This effect may have some practical applications in terms
of offering a scheme for further pushing the attainable
radiation pulse length well into the attosecond region.
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