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Radiative electron capture to the continuum in U89+ + N2 collisions: Experiment and theory
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For U89+ projectiles colliding at a beam energy of 75.91 MeV/u with a N2 target, we present a coincidence
measurement between the cusp electrons emitted under an angle of 0◦ with respect to the projectile beam and the
photons emitted under a polar angle of 90◦. This radiative-electron-capture-to-continuum cusp directly probes the
theory of electron-nucleus bremsstrahlung up to the high-energy endpoint in inverse kinematics. In the present
study, significant improvement with respect to the experimental accuracy has been achieved, resulting in a finer
agreement between experimental and theoretical results.
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I. INTRODUCTION

Electron-nucleus bremsstrahlung is one of the fundamental
collision processes that lead to the emission of x rays. In this
process, the electron transfers a part of its initial energy Ei

to the emitted photon Eγ , such that the final energy of the
scattered electron is E f = Ei − Eγ . The high-energy endpoint
of electron-nucleus bremsstrahlung is the case where the
photon carries away the highest possible energy, Eγ ≈ Ei, and
the outgoing electron populates a low-energy continuum state
of the corresponding ion, E f ≈ 0. The high-energy endpoint
has a finite cross section only for the case of an electron
scattering off a bare nucleus or highly charged ion, while
for electrons scattering off neutral atoms, the cross section
converges to zero as Eγ approaches Ei [1,2].

From a theoretical side the high-energy endpoint of
electron-nucleus bremsstrahlung is of particular fundamental
interest due to its relation to the capture process of a free
electron into a bound state of the ion under emission of a
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photon, termed radiative recombination, as pointed out al-
ready by Fano et al. [3–7] and Pratt et al. [8–10]. For nuclei
with a large atomic number, an accurate theoretical descrip-
tion requires a fully relativistic representation of the initial and
final continuum wave functions for the electron in the field of
the nucleus, and an all-order treatment for the coupling of the
electron with the radiation field of the emitted photon. First
accurate numerical results were obtained in a comprehensive
series of studies by Tseng and Pratt [1,2,11–14]. This method
has been refined by Yerokhin et al. to calculate various
combinations of differential cross sections and polarization
correlations [15–17]. Corresponding experiments performed
for high-energy electrons impinging on neutral atomic targets
focused on the polarization of the emitted x rays, providing
a good agreement with the theoretical calculations [18,19].
Recently, the next level of complexity has been reached
by calculating electron-nucleus bremsstrahlung for incoming
twisted electrons [20].

From an experimental side, the study of electron-nucleus
bremsstrahlung in coincidence measurements of emitted elec-
trons and photons for the case of energetic electrons imping-
ing on bare nuclei at rest exceeds current technical capa-
bilities. Most important, the high-energy endpoint cannot be
studied in coincidence measurements of electrons impinging
on an atomic target, as the scattered electron would reside
at the target. A viable approach to study electron-nucleus
bremsstrahlung at the high-energy endpoint is to use inverse
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kinematics: A projectile beam of heavy bare ions collides
with a target of quasifree electrons. The observables are the
energy and the angle of the scattered electron and the emitted
photon. This process is termed radiative electron capture
to continuum (RECC), in analogy to the radiative electron
capture (REC), which is the capture of a quasifree target
electron into a bound state of the projectile ion under emission
of a photon [21]. RECC was first investigated theoretically by
Jakubassa-Amundsen [22–26], and first coincidence measure-
ments were pioneered by Nofal et al. [27]. In Refs. [28,29],
refined measurements were first compared to calculations
of RECC based on the fully relativistic theory of Yerokhin
et al. [15–17].

In the present study, we report new results for the RECC in
collisions of

U89+ + N2 → U89+ + [N+
2 ]∗ + e−(E f , ϑ f ) + γ (Eγ , ϑγ )

at a projectile beam energy of 75.91 MeV/u. Here, N2 serves
as a target of quasifree electrons, since the molecular bind-
ing energies and the electron binding energies in the atom
are negligible compared to the collision energy. The energy
distribution of cusp electrons E f , emitted under a laboratory
polar angle of ϑ f ≈ 0◦ with respect to the projectile beam
was measured in coincidence with the photon emitted under
ϑγ = 90◦ with an energy of Eγ . The Li-like U89+ projectile
ions are used in such experiments for the first time and thus
the results are additive to those for U88+ projectile ions in
similar collision energies reported in Ref. [28]. Moreover,
few-electron ions allow for detecting the energy spectrum of
the electron-loss-to-continuum (ELC) cusp, that serves as a
diagnostic tool for the measurements. Detailed calculations
for the RECC of the measured system were performed ap-
plying the fully relativistic approach mentioned above and
compared to the measurements. The results of this paper rep-
resent a considerable improvement of the agreement between
theory and experiment as compared to the results reported in
Refs. [28,29]. Thus, the results can be considered as an im-
portant step towards an in-depth understanding of the RECC
process.

The rest of this paper is organized as follows: In Sec. II
the experimental method is presented. The theoretical Sec. III
focuses on the relevant kinematics and transformations. The
results are presented and discussed in Sec. IV. Throughout
the rest of the paper, primed variables refer to projectile frame
centered around the U89+ ion, while unprimed variables refer
to the target frame centered around the N2.

II. EXPERIMENT

A. Measurement

The experiment was performed at the experimental storage
ring (ESR), which is part of the heavy-ion accelerator complex
of the GSI Helmholtzzentrum für Schwerionenforschung in
Darmstadt, Germany. Uranium ions were accelerated by the
linear accelerator UNILAC and the synchrotron SIS18 to
the desired beam energy. Before injection into the ESR, the
beam passed a carbon stripper foil with a specific thickness
of 29 mg/cm2 in order to produce the charge state of U89+.
In the ESR, electron cooling was applied for a reduction of
the ion beam momentum spread. The beam velocity of the

stored U89+ beam was defined by the space-charge corrected
electron cooler voltage of E0 = 41.64 keV. While this is the
kinetic energy of the electrons in the electron cooler defining
the ion beam velocity, it is also the energy cusp electrons have
at the continuum threshold, when their velocity is identical
to the projectile velocity, ve = vp. The corresponding projec-
tile kinetic energy was 75.91 MeV/u, the projectile velocity
in units of speed of light was β = vp/c = 0.3808, and the
Lorentz factor was γ = 1.081.

After the initial electron cooling period, the U89+ beam was
intersected with a supersonic gas-jet target of N2. Electrons
emitted from the interaction point under a polar angle of
ϑ f = 0◦ − ϑmax and an azimuthal angle of ϕ f = 0◦ − 360◦
with respect to the projectile beam were measured by the
electron spectrometer, as described in Sec. II B. Photons emit-
ted under a polar angle of ϑγ = 90◦ were measured with a
standard high-purity germanium detector. Furthermore, U90+
and U88+ projectiles, that had lost or captured one elec-
tron, respectively, were measured in corresponding particle
detectors located downstream of the target. Further details
of the experimental arrangement have been described in
Refs. [28,30].

B. Electron spectrometer

The electron spectrometer is built up of two 60◦ dipole
magnets, each with a bending radius of 229 mm, and an
iron-free quadrupole triplet in between the two dipole mag-
nets. The optics is arranged as double-bend achromat, where
undesired nonlinear effects partially cancel out. The dipole
magnets are focusing in the horizontal and the vertical plane,
and the difference in the focal length of both planes is de-
signed to be compensated by the quadrupole triplet. After the
second dipole, slits are used to limit the horizontal aperture in
the image plane of the interaction point, in order to suppress
background on the subsequent electron detector. The electron
detector, a combination of two microchannel plates (MCP)
and a position sensitive delay-line anode, has an active diame-
ter of 75 mm, and is sufficiently large to collect all transported
electrons.

The optics of the electron spectrometer has been simulated
using first-order transport matrices. These simulations were
used to optimize the distances between the optical elements
as well as the settings of the quadrupole triplet. Full three-
dimensional tracking simulations have been outside of the
scope of the present project.

The aperture of the spectrometer is limited by the radius
of the beam pipe, which is at least 50 mm along the entire
electron path. To first order, the angular acceptance is given by
the distance from the interaction point to the optical entrance
of the first dipole magnet, which is 790 mm. This results in
a geometric polar acceptance angle of ϑ

geo
max = 3.6◦. However,

the effective aperture may be smaller due to uncompensated
nonlinear effects in the electron optics, which originate mainly
from the fringe fields of the dipole magnets. Additionally,
nonideal settings of the quadrupole triplet and slight mis-
alignments may reduce the effective aperture. Furthermore,
the horizontal and vertical acceptance, ϑx

max and ϑ
y
max, respec-

tively, might differ slightly, resulting in an effective angular
acceptance of ϑeff

max = √
ϑx

max × ϑ
y
max. Based on the above,
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we adopted the value of ϑmax = 3.3◦ ± 0.3◦ in the following
analysis.

For completeness purposes we discuss the possibility for
field ionization of electrons from Rydberg states of the projec-
tile ion, as this has been an issue for electrostatic zero-degree
electron spectrometers [31,32]. We consider that the magnetic
field of the first spectrometer dipole magnet may lead to field
ionization of U88+(1s22snl ) projectile ions, that have captured
a target electron into a highly excited nl state, as discussed
in Ref. [27]. For E f = E0, the dipole magnets were operated
at a field strength of 3.1 mT. At these conditions, Rydberg
electrons with binding energies En � 0.44 eV were field ion-
ized, corresponding to Rydberg states n � 495. Considering
the energy range of emitted electrons relevant here, we have
no reason to argue that field ionization perturbs the measured
electron distribution in the present experiment.

C. Data analysis

In order to measure the triple-differential cross section
d3σ/dE f d� f d�γ as a function of the electron kinetic energy
E f , the number of background-corrected events for electrons
detected in coincidence with a bremsstrahlung photon, Ne∧γ ,
was normalized to the integrated luminosity Lint at each
electron spectrometer setting of E f . The value of Lint was
determined on a relative scale by the number of ionized
U90+ ions detected with full efficiency in a particle detector
downstream from the interaction point.

For each measured value of E f , the experimentally derived
cross section is given by [28]

d3σ RECC

dE f d� f d�γ

∣∣∣∣
ϑ f =0◦

= Ne∧γ

Lint

1

εe	�e

1

εγ 	�γ

× E f + mec2

E2
f + 2E f mec2

1

	pe/pe
. (1)

The electron detection efficiency of the MCP detector εe was
assumed to be energy independent within the relevant energy
range. The energy dependency in the efficiency of the x-ray
detector, εγ (Eγ ), was measured with calibrated radioactive
sources. The solid angle of the x-ray detector mounted at
ϑγ = 90◦ was 	�γ = 0.34% × 4π , and the solid angle for
the electrons was 	�e = πϑ2

max with ϑmax as discussed in
Sec. II B. The relative momentum acceptance of the spectrom-
eter, 	pe/pe = 2%, was constant across the measured mo-
mentum range. The energy factor with the electron rest energy
mec2 includes both the conversion of momentum-differential
to energy-differential cross sections, d pe/dE f , and the dis-
persion correction, 1/pe(	pe/pe), i.e., the increasing absolute
momentum acceptance with increasing momentum.

In the present analysis, the cross sections were evaluated
according to Eq. (1) on a relative scale, due to large uncer-
tainties in the absolute value of the detection efficiencies, and
normalized to theory by multiplication with a fitted constant.
Statistical error bars were calculated from Ne∧γ taking into
account the statistical error of the background correction.

At each setting of the electron spectrometer, the magnetic
fields of the dipole magnets were measured by hall probes.
These magnetic fields are proportional to the momentum of
transmitted electrons. The momentum axis was converted into

z

x

•
e−incoming U89+(E0) outgoing U89+

e−(Ef)

ϑf

γ(Eγ)

ϑγ

z

x

•
U89+incoming

(a)

(b)

e−(E ′
i)

outgoing e−(E ′
f)

ϑ′
f

γ(E ′
γ)

ϑ′
γ

FIG. 1. The kinematics of the reaction as described in Sec. III A.

an energy axis. Then the energy axis was calibrated using the
reaction,

U89+(1s22s) + N2 → U90+(1s2) + [N2]∗ + e−,

which was measured in parallel through a coincidence de-
tection of the zero-degree electron and the ionized U90+
projectile. For this collision system, the energy distribution of
this ELC cusp is symmetric with respect to E0 for energies E f

close to E0 [30]. According to the width of the symmetric ELC
cusp, the energy calibration was determined on an accuracy
level of |	E f /E f | < 1%.

III. THEORY

A. Kinematics

The kinematics of the reaction is schematically illustrated
in Fig. 1. The energy balance of the reaction in the projectile
frame is given by

E ′
f + E ′

γ = E ′
i − γ vpqz. (2)

The initial collision energy is E ′
i = E0. The energy of the

scattered electron E ′
f and the energy of the emitted photon

E ′
γ in the projectile frame are connected to the corresponding

observables in the target frame by Lorentz transformation:

E ′
f (E f , ϑ f ) = E0 + γ E f − γ vp p f cos ϑ f ,

E ′
γ (Eγ , ϑγ ) = γ Eγ (1 − β cos ϑγ ). (3)

The initial binding energy of the target electron is taken
into account through the Compton profile J (qz ), which is
the projection of the momentum distribution of the target
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electron onto the beam axis z. In the present experiment, we
measure the electron distribution as a function of E f . The
Compton profile then leads to a broadening of the photon
energy distribution Eγ , and for each measured E f we integrate
over the full distribution of Eγ .

Furthermore, the projectile-frame angles ϑ ′
f and ϑ ′

γ and
the observation angles ϑ f and ϑγ in the target frame are
connected by

ϑ ′
f ,γ = π − arctan

[
sin ϑ f ,γ

γ (cos ϑ f ,γ − β/β f ,γ )

]
, (4)

where β f = p f /γ mec and βγ = 1. The values of β and γ

are given in Sec. II A. Note that the transformation includes
a rotation by 180◦, or equivalently, the reversal of the beam
direction. Therefore, electrons observed in the target frame at
energies E f < E0 correspond to forward scattered electrons in
the projectile frame, while electrons with E f > E0 correspond
to backward scattered electrons.

B. Triple-differential cross sections

In the projectile frame, triple-differential cross sections
d3σ BS/dE ′

f d�′
f d�′

γ as a function of ϑ ′
f and E ′

f were calcu-
lated using the fully relativistic approach for electron-nucleus
bremsstrahlung presented in Refs. [15–17], which comprises
the interaction of the electron with the radiation field of the
emitted photon in all orders. Furthermore, the cross sections
were averaged over the azimuthal angle ϕ′

f = ϕ f . In the
calculations, an effective charge of Zeff = 89 was used for the
Coulomb field of the nucleus.

The distribution of electrons measured within a polar angle
of ϑ f = 0◦ − ϑmax and an azimuthal angle of ϕ f = 0◦ − 360◦
as a function of the emission energy E f is given by [28]

d3σ RECC

dE f d� f d�γ

∣∣∣∣
ϑ f =0◦

= Zt

γ 2

1

πϑ2
max

∫ ϑmax

0
sin ϑ ′

f dϑ f

×
∫ 2π

0
dϕ f

d3σ BS(E ′
f , ϑ

′
f )

dE ′
f d�′

f d�′
γ

. (5)

Here, E ′
f (E f , ϑ f ) and ϑ ′

f (E f , ϑ f ) were calculated through
Eqs. (3) and (4), respectively. The factor Zt = 7 reflects the
number of electrons per nitrogen target atom. The factor
1/γ 2 = d�′

γ /d�γ is the solid angle transformation for pho-
tons emitted under ϑγ = 90◦. The factor πϑ2

max provides the
normalization for the solid angle integration of the electron.
The value of ϑmax is discussed in Sec. II B.

The accuracy for the evaluation of Eq. (5) critically de-
pends on the point density of the two-dimensional grid for
d3σ BS/dE ′

f d�′
f d�′

γ . In the present calculation, the angular
distribution was calculated for ϑ ′

f = 0◦–180◦ in steps of 3.6◦.
The energy distribution was calculated for E ′

f = 1 eV, and for
E ′

f = 1–20 keV in steps of 1 keV. A subset of the theoretical
results is shown in Fig. 2. In all these calculations, the photon
emission angle based on Eq. (4) was ϑ ′

γ = 67.6◦. A linear in-
terpolation was applied to the calculated two-dimensional grid
of point for E ′

f and ϑ ′
f in order to perform the transformation

of Eq. (5).
The convolution of the electron spectrum with the momen-

tum resolution of the spectrometer, 	pe/pe = 2%, was found

FIG. 2. Electron angular distribution in the projectile frame cal-
culated in the fully relativistic approach [15–17] for incoming elec-
trons of E ′

i = 41.64 keV, which undergo a bremsstrahlung process
with emission of a photon at a polar angle of ϑ ′

γ = 67.6◦. The energy
of the scattered electron E ′

f was chosen to be 1 eV (solid red line),
1 keV (dashed green line), 10 keV (dotted blue line), and 20 keV
(dot-dashed purple line). Shown is the polar angular distribution of
ϑ ′

f , while the distribution is averaged over the azimuthal angle ϕ′
f .

to be negligible for the shape of electron energy distribution
on the level of accuracy relevant here, and was therefore
omitted in the present analysis.

IV. RESULTS

A. X-ray spectrum

The x-ray spectrum measured at ϑγ = 90◦ is shown in
Fig. 3. The plotted spectrum was corrected for the energy
dependency in the x-ray detection efficiency ε(Eγ ). The x-ray

FIG. 3. X-ray energy spectra observed under ϑγ = 90◦ without
coincidence condition (upper blue line) and in coincidence with an
electron emitted under ϑ f = 0◦ (lower red line). The two spectra
were recorded separately, triggered by the x-ray signal and the
electron signal, respectively. The coincidence spectrum triggered by
the electron signal was summed over all measured values of Ef . See
Sec. IV A for labels of peaks.
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FIG. 4. Electron energy spectrum measured in coincidence with
the bremsstrahlung photon (blue data points with statistical error
bars). Theory was calculated for different values of ϑmax: 3.0◦ (upper
gray line), 3.3◦ (middle red line), and 3.6◦ (lower gray line). The
measurements were normalized to theory by multiplication with a
fitted constant.

detector was optimized for a large solid angle 	�γ , which
resulted in a large Doppler broadening of the measured photon
energies and a reduced energy resolution.

The spectrum without coincidence conditions is dominated
by peaks from radiative electron capture (REC) into the
partially unoccupied L shell, into the empty M shell, and into
Rydberg states (∞) of the U89+ projectile [21]. Furthermore,
the characteristic Kα transition lines originating dominantly
from relaxation following the 1s22s-1s2s2p excitation of U89+
can be seen. (The 133Ba -γ line originates from a calibration
source present near the detector.)

The photon energy spectrum measured in coincidence with
the detected electron is summed over all energy settings
of the electron spectrometer. The plot illustrates, that the
electron-photon coincidence condition has an unambiguous
selectivity on events from the high-energy endpoint of the
bremsstrahlung spectrum.

B. Electron spectrum

In Fig. 4, the electron energy spectrum measured for the
RECC is shown. Based on Eq. (5), the triple-differential
cross section is given per nitrogen atom. For the theoretical
evaluation of Eq. (5), the electron angular distribution was
varied with ϑmax = 3.0◦ ± 0.3◦, as motivated in Sec. II B.
The maximum of the electron distribution for ϑmax = 3.0◦
and ϑmax = 3.6◦ are 10.3% higher and 8.6% lower than the
maximum for ϑmax = 3.3◦, respectively.

The target frame electron energy ranges within E f = 20–
120 keV as shown in Fig. 4. The projectile frame energy
ranges from the high-energy endpoint of electron-nucleus
bremsstrahlung with E ′

f = 0 keV and E ′
γ = E ′

i signifying full
energy transfer from the incoming electron to the emitted
photon, to E ′

f = 19 keV and E ′
γ = 0.45 × E ′

i signifying a
partial energy transfer.

It should be noted that the maximum of the electron
distribution is at an energy slightly above E0. The fact that the
probability for electrons being emitted with E f < E0 is almost
negligible has to be attributed to the angular distribution
of electron in the underlying bremsstrahlung process in the
projectile frame, where forward emission angles ϑ ′

f < 90◦ are
highly suppressed at low emission energies E ′

f , as shown in
Fig. 2.

C. Discussion

The collision system of this paper is directly comparable
to the system studied by Nofal et al. [27] and Hillenbrand
et al. [28], which was U88+ colliding with a N2 target at a
projectile energy of 90 MeV/u. At the high-energy endpoint,
the bremsstrahlung cross section used in Eq. (5) scales with
the effective charge of the nucleus approximately as Z3

eff , and
with the incoming electron energy approximately as E ′−2

i [2].
Thus, the current collision system offers about 1.5 times larger
projectile-frame cross section.

In an attempt to compare the data shown in Fig. 4 with the
data of the two previous studies, the current result presents
a clear improvement of the agreement between experiment
and theory. This improvement originates both from theoretical
and experimental aspects. On the theoretical side, the number
of grid points calculated for the evaluation of Eq. (5) was
significantly increased from 5 values of E ′

f used in Ref. [28]
to 21 values of E ′

f in the present calculation as described in
Sec. III. The importance of choosing appropriate grid points
can be seen by comparing the values given in Sec. III with the
top axis of E ′

f in Fig. 4. This aspect previously emphasized
by Jakubassa-Amundsen [29] results in a higher numerical
accuracy of the theoretical calculations.

On the experimental side, significant improvements on
the accuracy of operating the spectrometer were achieved.
More specifically, accurately scanning the electron energy
was challenging due to the fact that dipole magnets experi-
ence hysteresis effects while the iron-free quadrupole triplet
does not. Taking the whole data set within one scan from
low to high electron energies led to a better stability of
the transmission and efficiency across the scanned energy
range, minimizing the relative systematic error: In the analysis
of Ref. [28] a relative systematic error of 20% was given,
while the error bars shown in Fig. 4 are purely statistical.
Furthermore, the electron angular acceptance determined by
the setting of the quadrupole triplet has been increased and
characterized more accurately in the present study, changing
from ϑmax = 2.4◦ used in Ref. [28] to ϑmax = 3.3◦ ± 0.3◦ in
this work. Reanalysis of the data of Ref. [28] showed that a
possible underestimation of ϑmax in the former work would
only partially reduce the discrepancy between experiment and
theory.

Finally, it is worth mentioning, that the observed asymme-
try of the electron cusp is opposite to that of the nonradiative
electron-capture-to-continuum (ECC) cusp: For the case of
target electrons captured into the low-energy continuum of
the projectile with emission of a photon, the electron cusp is
dominated by electrons E f > E0, i.e., faster than the projec-
tile, while for target electrons captured into the low-energy
continuum of the projectile without emission of a photon,

022708-5



P.-M. HILLENBRAND et al. PHYSICAL REVIEW A 101, 022708 (2020)

the electron cusp is dominated by electrons E f < E0, i.e.,
slower than the projectile [33]. As has been first discussed in
Ref. [34] for the ECC, a cusp shape dominated by electrons
with E f < E0 leads to a behavior, where the maximum of the
electron distribution is at an energy below E0. Analogously,
our experimental and theoretical electron distributions of the
RECC shown in Fig. 4 have their maximum at an energy
slightly above E0.

V. SUMMARY AND OUTLOOK

In this paper we have presented a measurement of the
RECC cusp in collisions of U89+ with a N2 target at a
collision energy of 75.91 MeV/u. Compared to previous stud-
ies, we find an improved agreement of our experimental
data with the fully relativistic theory of electron-nucleus
bremsstrahlung up to the high-energy endpoint. This im-
provement is mainly attributed to the reduction of the ex-
perimental systematic uncertainties as well as the increase
of the numerical accuracy of theory. Based on the presented
experimental and theoretical data and their uncertainties, the
shape of the RECC cusp now appears to be well under-
stood, at least for the studied and similar collision systems.
Future experimental studies may include the absolute scale
of the RECC process, which would probe the value of Zeff

for bremsstrahlung of electrons on partially stripped ions,

i.e., the partial screening of the Coulomb potential of the
ion.

Bearing in mind the shape of the RECC cusp, it can be
used as an independent diagnostic tool for further electron
cusp studies. For example, the electron energy axis can be
calibrated by fitting the measured RECC spectrum to the
fully relativistic theory. Here, the large slope in the electron
energy distribution around E0 would lead to in increased
accuracy in the energy calibration in comparison to using
the rather broad—usually symmetric—ELC cusp for calibra-
tion [30]. This is particularly important in collision systems,
where asymmetries of the ECC cusp [33] or special cases
of collision systems with an asymmetric ELC cusp [35,36]
measured in parallel to the RECC are to be studied with high
accuracy.
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