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Originally formulated for macroscopic machines, the laws of thermodynamics were recently shown to
hold for quantum systems coupled to ideal sources of work (external classical fields) and heat (systems at
equilibrium). Ongoing efforts have been focusing on extending the validity of thermodynamic laws to more
realistic, nonideal energy sources. Here, we go beyond these extensions and show that energy exchanges
between arbitrary quantum systems are structured by the laws of thermodynamics. We first generalize
the second law and identify the associated work and heat exchanges. After recovering known results from
ideal work and heat sources, we analyze some consequences of hybrid work and heat sources. We illustrate
our general laws with microscopic machines realizing thermodynamic tasks in which elementary quantum
systems play the role of simultaneous source of heat and work. Our results open perspectives to understand
and optimize the energetic performances of realistic quantum devices, at any scale.
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L. INTRODUCTION

The laws of thermodynamics have been formalized
centuries ago to predict the performances of macro-
scopic machines, composed of large systems exchang-
ing work and heat. While the first law of thermody-
namics defines the splitting of the energy exchanges
between heat and work, the second law states their dif-
ferent nature by expressing the fundamental constraints
they obey due to the arrow of time. In the last two
decades, the application domain of these concepts has
been dramatically expanded, as similar laws were found
to rule the average energy flows received by a single
nanoscopic classical [1-4], or quantum system [5—12],
far from equilibrium and from the so-called thermody-
namic limit. Importantly, the second law was shown to
emerge universally from the Schrédinger equation ruling
the dynamics of a quantum system of interest coupled,
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on the one hand, to a heat bath—a quantum system ini-
tially at thermal equilibrium and identified with a pure
source of heat—and, on the other hand, to a pure source
of work [8]—modeled as a time dependence in the sys-
tem’s Hamiltonian. Recent advances in the analysis of
quantum effects in heat engines has, however, motivated to
look further into the full quantum description of sources of
heat and work [12—22]. Indeed, time-dependent Hamilto-
nians can be considered as effective semiclassical models.
One could expect that work exchanges should emerge
from a fully autonomous scenario, where the system, the
sources of work, and the sources of heat are described by
a global time-independent Hamiltonian. In such scenar-
i0s, the division between heat and work becomes fuzzy,
rising doubt whether a consistent thermodynamic frame-
work can be built at this level. Some noticeable pro-
gresses in that direction include the introduction of the
notion of ergotropy [23,24] as work contribution in fully
autonomous systems [13,19,25-29] and extensions of the
traditional frameworks to nonthermal baths [20,30-34].
In parallel to these developments, it has been noticed
that energy exchanges with a large quantum system ini-
tially at thermal equilibrium, which would traditionally
be regarded as the heat source, can also contain coher-
ent, deterministic contributions, exhibiting the properties
of work [28,35,36]. As a matter of fact, in several imple-
mentations of quantum heat engines, the very same phys-
ical devices can often be used to provide either work
or heat (e.g., a microwave transmission line can both
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FIG. 1.

(a) Recent formulations of the laws of thermodynamics apply to a system A (which can be microscopic and/or quantum),

coupled to ideal (macroscopic) sources of heat Q and of work . (b) We demonstrate the laws of thermodynamics for two or more
quantum systems, that can be of any scale and initialized in any arbitrary uncorrelated state. Each system can, in general, behave as
both a source of work and heat to the other system. Note that the heat (respectively, work) provided by system A4 does not necessarily
equal the heat (work) received by system B as some energy Ej, can be stored in the coupling between the systems and as one kind of

energy can be consumed to the profit of the other one.

induce thermalization or convey a driving field perform-
ing work on a superconducting qubit [37]), reinforcing
the need to describe hybrid quantum energy sources pro-
viding both worklike and heatlike energy. All the above
efforts contributed to build fundamental definitions of work
and heat in the quantum regime, which do not presup-
pose the role of work or heat sources for each device, but
relate directly to the properties of the exchanged energy
[38—40].

Our motivation here is to go beyond the dichotomy of
pure heat and work sources used in many frameworks
[8,12,14,17,41,42], and rather describe each quantum sys-
tem on an equal footing as a hybrid source of heat and work
(see illustrative picture in Fig. 1). Building on the above
studies, we introduce an expression of the second law of
thermodynamics valid for an arbitrary set of interacting
quantum systems, which leads us to identify consistent
definitions for heat and work. We show that the emerging
notion of work corresponds to a generalization of the con-
cept of ergotropy, the latter being, in general, insufficient
to fully quantify energetic resources that can be consumed
to decrease entropy, as we show on specific examples.
On the other hand, the notion of heat, which naturally
emerges, is the variation of complete passivity [20,33,43],
which, interestingly, sets an intrinsic notion of temperature
as developed in Refs. [20,33,34].

As an illustrative application of the suggested frame-
work, we show that sets of quantum systems as small as
two interacting qubits can behave as autonomous thermal
machines, where work is consumed to cool down one of
the qubits (refrigerator), or conversely, where work is pro-
duced out of initial temperature gradient between the two
qubits (engine). We show that the efficiencies of both oper-
ations are limited by the same upper bounds as classical
macroscopic thermal machines, namely the Carnot bounds.
Finally, we explain how to use this framework to analyze
more complex autonomous machines, including N inter-
acting systems, with autonomous switching of coupling
Hamiltonians.

II. BACKGROUND: SECOND LAW FOR A
QUANTUM SYSTEM COUPLED TO IDEAL HEAT
AND WORK SOURCES

Before stating our results, we recall one of the most gen-
eral settings demonstrating the emergence of the second
law from unitary global evolution. We consider a quantum
system A that is externally driven and interacts with a heat
bath, modeled by a global Hamiltonian of the form H (¥) =
H,(t) + V(¢) + Hg, where V(f) contains the system-bath
interaction terms. The action of the drive is captured semi-
classically by the time variation of H (f). We assume that
at time ¢t = 0, the system 4 and the bath B are in a fac-
torized state p5(0) ® wz[Bg], where wg[Bg] = e #8118 / Z;
denotes the thermal equilibrium state at inverse temper-
ature B, Zp being the partition function. At times ¢ > 0,
the joint dynamics of the two systems generates a corre-
lated state of both systems p,p(f), exhibiting in general
a nonzero mutual information, which can be associated
with a production of entropy. More precisely, the following
equality is derived [8]:

oo(t) = AS,(1) + BpAER(?)
= Isp(?) + D(ps(t) | pp). (1)

Here, AX(f) = X (¢) — X (0) for any quantity X. More-
over, Sy = S[p4(#)] denotes the von Neumann entropy
of system A, with S[p] = —Tr{p log p}, and D(p;||p2) =
Tr{p;(log p; — log p;)} denotes the relative entropy of
states p; and p,. Throughout the paper, we use natural
units such that k3 = h = 1. We also introduce the partial
states of the system p4 = Trp{po4p(¢)} and the bath pp =
Tra{pap(®}. In addition Lsp(?) = D(pas(®)lp4(H) ® pp(1))
is the mutual information of 4 and B that build up during
their joint evolution (/453(0) = 0). As the mutual informa-
tion and the relative entropy are positive quantities, so
is the right-hand side of Eq. (1). As a consequence, o
is often interpreted as the second law of thermodynam-
ics for quantum systems [3,44—47], and the energy change
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of the reservoir is usually categorized as heat (interpret-
ing — B AEp as the entropy exchanged with the reservoir).
Introducing the work performed by the external drive as
the change of energy of the total system A4 4+ B, namely
Wy (t) = fot dfTr{H () p4p(?)}, and defining the nonequi-
librium free energy of system A4, namely F,(f) = E4(t) —
S4(%)/ B, one can also rewrite Eq. (1) as

Wa(t) = AF4 + AEin, )

with Ej(f) = (V(¢)) the energy stored in the coupling. We
recover in this way a usual statement of the second law for
an isothermal transformation leading to a change of free
energy AF 4, which takes into account the role of the inter-
action energy when the latter cannot be neglected (as it is
often the case for nanoscale systems). Finally, we stress
that in this paradigm, the irreversibility of an evolution, as
quantified by the entropy production, is ultimately related
to lack or loss of information occurring when tracing out
the bath B.

ITII. SECOND LAW FOR TWO ARBITRARY
QUANTUM SYSTEMS

We now present our framework allowing to extend the
second law to two arbitrary quantum systems A4 and B ini-
tially in arbitrary local states [i.e., an arbitrary uncorrelated
state 04(0) ® pp(0) of the joint system], and which can
then be sources of both work and heat. The difference with
the above setup is therefore that we now allow the state of
B to be initially not in a thermal state. For the sake of com-
pleteness and pedagogy, we still allow for the Hamiltonian
of system A to be explicitly time dependant in Secs. III
and IV, but our final goal is to consider time-independent
Hamiltonians, and show the autonomous emergence of the
notion of work. Moreover, we wish to separate the energy
exchanges between the systems into heatlike contributions
that will be related to entropy and a worklike part that
can be considered as a resource, for instance, to decrease
entropy, consistently with the expression of the second law
(see illustration in Fig. 1).

This splitting can be introduced by comparing the state
() of system B at any time ¢ to the thermal state
wg[Bg(1)] = e PBOHB / 7,(1), which is chosen to have the
same entropy as pz(f). Here Zp(f) = Tr{e P83} is the
associated partition function. Namely, the effective inverse
temperature Bg(¢) is defined via the equation:

Swg[Bs(®)]] = S[ps (D], €)

where the left-hand term is a function of Bp(f) only
Stwg[Bs®]] = Bs()Tr{Hpwp[Bs(D]} + log Zp(?).  As
S[wg[Bs(®)] is a monotonously decreasing function of
B (?) spanning the interval [0,logdg] of all the possible
values taken by S[pp(®)] (dp € [2; +00) is the dimension

of the Hilbert space of B), this equation always admits
a unique solution, defining uniquely the thermal state
wg[Bs(?)]. Note that this appealing intrinsic notion of tem-
perature was extensively analyzed in Refs. [20,33,34]. We
now introduce the quantity [20,34]:

ER (1) = Tr{Hsws[Bs(1)]}, “)

that we refer to in the following as the thermal energy of
B, so as to state our central result:

o4 = ASy(1) — Bp(0)0p(1)
= Li() + Dwa[BsO]lwa[B(D)]) = 0,  (5)

with

Op(t) = —AEN (). (6)

Proof. Using that the unitary evolution of 4 and B pre-
serves the total von Neumann entropy, we can write

ASy = Iup(t) — ASp. (7)
Adding on both sides B3(0) AE! and using that

Bs(0O)AET — ASp
= —Tr{(wg[Bs(H)] — wa[Bs(0)]) log wa[Bp(0)]}
— S[wa[Bs(D]] + STws[Bz(0)]]
= D(wg[Bs(D)]llws[Bs(0)]]), (3)

where to go to the second line we use that by definition
S[wg[Bs(®)]] = Sg(f), we finally obtain Eq. (5) |

We interpret Eq. (5) as the second law of thermody-
namics for a transformation of system A caused by the
interaction with system B. By comparing with Eq. (1), we
identify Qp(f) as the heat provided by system B during
the transformation of 4 (with positive sign when the heat
exits system B). In addition, we observe the emergence of
an effective inverse temperature f(0) associated with the
initial entropy of system B, which sets constraints on this
heat flow via Eq. (5). We stress that system B itself is not
in thermal equilibrium (and a consequence will be that it
can also provide work), but the definition of heat com-
patible with Eq. (5) is the energy difference between the
two “thermal backgrounds” wg[ B3 (#)] and wg[B5(0)] asso-
ciated with pg(#) and pg(0). Thus, Qp(#) corresponds to
an energy exchange intrinsically linked to entropy change,
verifying notably

Sp(t) = —B(t) Op(1). ©)

We note that the second law for system 4, Eq. (5), involves
the initial effective temperature of B. As it can be inferred
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from Eq. (9), this effective temperature will change, in
general, during the process. We show in Sec. X that a
tighter bound on AS, can be found when keeping track
of this time dependence.

IV. PROPERTIES OF WORK

Simultaneously to behaving as a heat source, system B
also behaves as a source of work for 4. The quantity,
Wp=—AEp — Os, (10)
plays the role of the work performed by system B.
This can be illustrated by introducing the nonequilibrium
free energy of system A4 at temperature Bz(0), namely
F4[Bs(0)] = E4(¥) — S4/B5(0), to obtain from Eq. (5)
War () + W = AF4[Bp(0)] + AEin (). (11)
We see that Wp and the external driving work W, (f) appear
on an equal footing in Eq. (11) as resources that can be
consumed to vary the system’s free energy. Moreover, in
the absence of external driving (i.e., a fully autonomous
machine described by a time-independent Hamiltonian),
one can identify the work Wj spent by system B without
resorting to a semiclassical description. In what follows,
we always assume a time-independent total Hamiltonian
such that Wy = 0. We also stress that during a trans-
formation where ASz = 0, Wjp corresponds to the whole
energy variation of system B, as expected. This justifies
the intuition that work is the isoentropic part of the energy
exchange.

Finally, we emphasize that the quantities Qp and Wp
depend only on the initial and final states of system B,
not on its whole trajectory. Nevertheless, these quantities
depend on the trajectory of A. Indeed, in an autonomous
scenario where the total Hamiltonian is time independent,
the trajectory of 4 can be varied only by selecting different
parameters for B (varying Hp, V, or pp(0)), which, in gen-
eral, will affect the final state of B and therecfore the value
of Qg and Wp. We therefore retrieve the expected proper-
ties from standard nonautonomous machines, namely that
the heat and work provided by the sources depend on
the trajectory of 4. An infamous consequence is that less
work can be extracted in a stroke if the transformation is
performed faster. This point is illustrated within our for-
malism on the case of a two-qubit engine (see Sec. VIII C).

V. WORKLIKE RESOURCES BEYOND
EROGTROPY

It is interesting to note that the definition of work
Wg, which emerges from our formalism is connected to
the concept of ergotropy, often considered as the ade-
quate notion of work when energy sources are described
quantum mechanically [13,19,23-25,32]. The ergotropy

Ep of system B with Hamiltonian Hp is defined as the
maximum amount of energy that can be extracted via a
unitary transformation on B. There is an extended notion
of ergotropy, defined as £3° = Ep — EW', which is intro-
duced as the maximal amount of energy, which can be
extracted from an infinite number of copies of the sys-
tem via global unitary operations on all the copies [43]
(see Ref. [33] for an alternative extraction protocol). The
notion of work emerging from the second law Eq. (5) is
precisely the variation of £3°. This quantity £5° also bears
two other important physical interpretations [20]: (i) it is
the minimum amount of work one needs to pay to prepare
the nonequilibrium state of B from thermal equilibrium,
with the help of a thermal bath (see Appendix A) and (ii)
it is the maximum amount of energy that can be extracted
during a transformation preserving the entropy.

The inequality £° > £ [43] implies that there exist
other resources than the ergotropy, which can be consumed
to obtain effects similar to a work expense (that is, e.g.,
inducing a heat flow from a cold to a hot system, or reduc-
ing a system’s entropy). This result can be made intuitive
by noting that a state with zero ergotropy—a so-called
passive state—is diagonal in the energy eigenbasis, with
populations decreasing as a function of energy. When this
state is not a thermal state, the ratio of these populations
takes the form pyy 1 /px = e P Ext17E) a5 a function of the
energies Ej with positive numbers 8, which depend on £.
These numbers can be interpreted as local temperatures,
whose biases can be exploited to perform work, provided
one can access such state locally in energy, i.e., cou-
ple selectively to its level transitions exhibiting different
values of g;. This mechanism is illustrated in Sec. VIII D.

Reciprocally, using the variation of ergotropy instead
of the variation of £5° would lead to breaking down the
positivity of the entropy production in some cases. In
Appendix B, we show a concrete example based of two
qutrits, demonstrating the need to identify the variation of

»° as work rather than the variation of £z. A necessary
condition to obtain such a positivity violation is to choose
an initial state verifying £3° # &, which is possible only
in dimension greater than 2.

VI. GENERAL CONSEQUENCES OF EQ. (6)
A. A tighter bound for a bath starting at equilibrium

First, we consider the case where system B is initially in
a thermal state wp[B5(0)] [which is when Eq. (1) applies].
In this case, o4 still differs from oy as our approach identi-
fies a work contribution to the variation of the energy of B
when its final state is out of equilibrium. As Eg(f) > Eg‘ (0,
we have o4 < 0y, meaning that Egs. (5) and (11) corre-
spond to tighter constraints than Eqs. (1) and (2) on the
entropy variation of 4 and on the work cost required to
perform a given transformation (associated with a given
free energy variation).
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B. A fully symmetric description

A second important consequence of our formulation is
that system 4 and B can be treated on an equal footing.
We define the entropy production o from the point of
view of system B by swapping the roles of 4 and B in
Eq. (5). In general o4 # o3, reflecting the fact that trac-
ing over one or the other system does not lead to the same
information loss. We can yet obtain an expression empha-
sizing the symmetric roles of the two systems by rewriting
in Eq. (5) the entropy variation of system A4 as ASy =
—B4(0)04(®) — Dw4[B4(O]Ilwa[B4(0)]), leading to (see
Appendix C)

—Br(0)0p(1) — B4(0)04(1) = 0. (12)
Equation (12) holds even though each system may also
provide an amount of work W;(f) = —AE;(f) + AEM(p).
It therefore expresses a universal constraint on the ther-
mal part of the energy exchanges between systems A4 and
B, which is especially precious to express the limitations
on nanoscale machine performances (see, e.g., Sec. VIII).
Equation (12) bears similarities with the results presented
in Ref. [32], obtained by focusing on the dynamics of the
system only, and for the special case where B is a bath
initially in a state unitarily related to a thermal state. By
including explicitly the system playing the role of heat
and work source, we are able to reach a more general law
applicable at any scale.

C. Accessing the effective temperature

The price to pay to encompass any initial state of the
systems and quantify any worklike resource is that more
details about the reduced dynamics must be tracked to
express Eq. (5) than Eq. (1). Specifically, the initial and
final effective temperatures of system B need to be known,
which requires the ability to either determine its von Neu-
mann entropy (e.g., from a tomography protocol) or to
simulate its evolution. While this may be challenging for
large systems, it is possible with some theoretical methods
[48] or experimental setups [49], e.g., allowing to track the
Husimi function of a bath and therefore reconstruct its state
[50,51].

We mention that a different notion of nonequilibrium
temperature has been proposed, based on the thermal
state, which shares the same energy as pp(f); explicitly,
it corresponds to the inverse temperature Sj;(f) verify-
ing Tr{Hpws[B5()]} = Tr{Hpps(H)} [12]. Contrary to the
entropy-based temperature we employ here, 85(f) can be
negative for finite systems in nonpassive states. Note also
that the entropy-based inverse temperature Sz(¢) is always
smaller than |85(¢)|. Instead of identifying resources able
to produce work in the state of B, the energy-based
temperature treats all its energy changes as heat. On an
operational level, the energy-based temperature suggested

in Ref. [12] assumes that one has absolutely no control on
systems B and that the systems interacting with it will not
be sensitive to the nonthermal features of B. Going beyond
this assumption to investigate how nonequilibrium proper-
ties in B can be used as resources is precisely a motivation
of our approach.

Finally, one can actually consider intermediate situa-
tions where the experimentalist (or other external systems)
can only access some of the nonequilibrium resources
stored in the state of B (e.g., it can only extract work by
inducing coherent displacements of a bosonic system B
[40]). In Appendix D, we derive an effective second law
consistent with treating only those accessible resources as
work, which holds provided the initial state of B does not
contain any of the other (inaccessible) resources. This for-
mulation has the operational advantage to need to track
only the variation of the accessible resources, not the full
state of B.

VII. RETRIEVING IDEAL SOURCES OF WORK
AND HEAT

Our formalism defines work and heat exchanges
between two arbitrary systems, and allows us to derive
consistent expressions of the laws of thermodynamics.
We finally show which limits leads to retrieve the usual
cases where one of the systems is an ideal heat or work
source. We first assume that system B is at any time in
a thermal state, namely pp(f) = wg[Bg(#)] (With a possi-
bly time-dependent temperature). Then, by our definitions
Wg = 0, meaning that B is a source of heat only. Note that
this condition implies Ep(t) = —,B(t)S(t), which is con-
sistent with a definition of ideal heat source emerging in
the context of repeated interaction with units [52]. In this
case, the heat can be computed from the energy varia-
tion of B, namely Qg = —AEp as proposed in Ref. [8].
Conversely, a perfect work source is obtained when assum-
ing that system B does not become correlated with system
A, i.e., Lip(t) = 0 at any time ¢ or equivalently p,p(f) =
p4(1) @ pp(t). It is then easy to show that system B follows
a unitary evolution, along which neither its entropy nor its
effective temperature Bg(f) vary, leading to Qp(¢#) = 0 and
Wg(t) = —AEg(¢) (see Appendix E). Moreover, system A
evolves under the action of effective Hamiltonian Hjﬁ(t) =
Hy + Tr{pp(?)V'}, and the work can be computed according
to the broadly used formula Wy = Tr { 0403/ 8tHij(t)}.
The internal dynamics of B is then responsible for the
emergence of a time-dependent Hamiltonian for 4, often
considered to model a work source.

One motivation of our formalism is precisely to inter-
polate between these two extreme situations and consider
deviations from ideality that naturally emerge in realistic
setups.
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VIII. BIPARTITE MACHINES
A. Carnot bounds

We now turn to more specific scenarios. If we first con-
sider that we put in contact two systems, which have ini-
tially the same effective temperature, i.e., 84(0) = B5(0) =
B. Then, by energy conservation AE, + AEp + AEjy =
0, Eq. (12) implies

Wi+ Wp — AEin(t) <0, (13)
namely, the total amount of nonthermal energy in the sys-
tems, which as seen earlier can be treated as a reserve of
work, tends to decrease (up to the energy — A FEjy, which is
paid when decoupling the two systems), preventing us, as
expected, from building a heat engine working with a sin-
gle temperature. On the other hand, if 84 # Bg, one can
examine the conditions to build an autonomous, micro-
scopic engine. Let us focus on the case of a refrigerator
aiming at cooling down system 4, i.e., B4 > Bz and Q4 >
0. Equation (12) implies

0 < (B4(0) — Bp(0)Q4 < Br(0) (W4 + Wp — AE (D)) .
(14)

In the line of macroscopic thermodynamics, we see that
such a process is only possible if some resource is con-
sumed: either system 4 or B provides work by reducing
their energy of nonthermal nature, either energy is pro-
vided by a decrease of the coupling energy, which in
turn will require an amount of work —AFj, () > 0 to
couple and then decouple the systems. The efficiency of
conversion of those resources into cooling power O, is
upper bounded by the Carnot coefficient of performance
nEOP = Br(0)/(B4(0) — Bp(0)). The striking novelty is
that the macroscopic principles ruling the performances of
a refrigerator are here extended for two arbitrary quantum
systems, in the absence of macroscopic thermal bath and
of external work source. This is exemplified below on the
case of two qubits, where it is shown that the role of the
hot bath (the entropy sink) and the work source can be
both played by one of the two qubits so as to cool down
the other. Conversely, one can also consider elementary
engines, where work is generated within 4 or B out of a
temperature gradient between the thermal backgrounds of
A and B. The efficiency of the engine is upper bounded
by the Carnot efficiency (84(0) — B5(0))/84(0) <1 for
B.4(0) = Bp(0) (see plots in examples below).

B. Example: a refrigerator composed of two qubits

We consider two qubits of Hamiltonians H; =
(wj/2)0!, with j = A4,B and oy, . are the Pauli matrices
in the Hilbert space of ;. Initially, the qubit 4 is in a ther-
mal state p4(0) = wy[B4(0)] at smaller temperature than
B, ie., B4(0) > Bp(0). The goal of the refrigerator is to

extract heat from qubit 4 and reject it into qubit B. While in
a traditional refrigerator this would be obtained by spend-
ing work from an external drive, it can be seen from
Eq. (14) that one can also consume nonthermal energy ini-
tially present in qubit B. The latter then plays the role of
both the hot bath and the work source needed to build a
generic heat engine. To be specific, we assume that the
initial state of qubit B is pp(0) = e~ %% w[Bp(0)]e°r
i.e., depending on the value of ¢, a state with coherences
and/or inverted population in the energy eigenbasis. We
also consider that the two qubits are coupled via the Hamil-
tonian V' = god ® 68/2 + h.c., where oy := 0, * io, are
the raising and lowering qubit operators. From the solution
of the Schrédinger equation for the two qubits, we com-
pute analytically the heat flow Q4(¢) provided by qubit
A, the work Wp(f) provided by qubit B, and the varia-
tion of the internal energy. Their expressions are given
in Appendix F and are plotted in Fig. 2(a), showing that
refrigeration indeed occurs at all times except for ¢ equal
to a multiple of 277 //g* + (wp — w4)?. Note that for the
chosen parameters, the energy of A is almost constant
since work is stored within 4 simultaneously with heat
being released to B. The refrigeration is thus character-
ized by a net decrease of the entropy of 4. We also plot
on (b) the coefficient of performance of the refrigerator
n () together with Carnot’s bound. The relative low perfor-
mance of the refrigerator observed in Fig. 2(b) is due to the
generation of correlations between 4 and B as well as the
increase of the thermal distances D(wg[Bz(®)]llwg[B5(0)])
and D(w4[B4(®]Ilw4[B4(0)]), that is a consequence of the
extreme smallness of the heat sources.

C. Example: an engine composed of two qubits

The complementary operation consists in converting
heat from the hotter system into work or coupling energy.
To achieve this we consider the same two qubits 4 and B,
but this time initialized in thermal states at temperatures
B4(0) > Bp(0). The qubits are now coupled via Hamil-
tonian ¥ = g,0{'0%/2 + g,0,'07 /2. As shown in Fig. 3,
we found parameters allowing such engine to store work
only in one of the two qubits (namely qubit 4). How-
ever, part of the thermal bias is used to generate interaction
energy. The efficiency of the process is plotted in Fig. 3(b).
Note that the expected trade-off between work extraction
and efficiency can also be retrieved in such a machine: by
changing the coupling strength, one can control the speed
of the work extraction stroke [i.e., move the time at which
the first peak of efficiency in Fig. 3(b) occurs]. As numeri-
cally shown in Appendix G, a faster stroke results in lower
efficiency of conversion.

D. Example: exploiting passive nonthermal states

The two-qubit engine above can be extended to demon-
strate the possibility to extract work from the nonthermal
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FIG. 2. Performances of the two-qubit refrigerator. (a) Heat flow Q4(#) from qubit 4 (blue curve), heat flow Qp(#) from qubit B
(red curve), work W4 (¢) provided by qubit 4 (purple curve), work W () provided by qubit B (orange curve), and coupling energy Eiy(f)
(green curve) in units of w, after the qubits interacted for a duration 7. Time is given in units of the frequency Q = /g2 + (wp — wy)?

characterizing the effective strength of the coupling. (b) Coefficient of performance of the refrigerator n°°F(¢) = Q(1)/[W,(£) +
Wg(t) — AEin ()] as a function of the interaction time ¢ (blue solid line). Carnot’s upper bound nggn‘;m = B5(0)/(B4(0) — Bp(0))
defined above is indicated by the dashed line. Parameters: B4(0)wy = 2, Bpwy = 1.8, wg/wy = 1.25, g/w4 = 0.5, ¢ = 0.0557.

energy of passive states (i.e., states with zero ergotropy).
To do so, we replace qubit B with a (d + 2)-level qudit
chosen to have the following properties: (i) the ground and
first-excited levels are separated by the frequency wp, and
are coupled to qubit 4 with the same coupling Hamilto-
nian as in Sec. VIII C; (ii) the other d levels are assumed
for simplicity to have all the same energy w, > wp and
to be uncoupled with qubit 4; (iii) the qudit is initially
in a passive state pp(0) = ZZ:0Pk|Ek)B<Ek|a with py/po =
e PBO98 for B5(0) < B4(0), and pi/py = e F222 Yk > 2,
for some inverse temperature 8, > 0 chosen such that the
total effective initial temperature of qudit B is equal to
B.4(0). We denote |Ey) g the eigenstates of Hp. For the same
values of B45(0) and w4 p as in Fig. 4, these three condi-
tions ensure that the joint dynamics of qudit B and qubit

@)
~  0.041
3 0.02

<
>’; _

20
2 _0.02+

84|
~0.04

FIG. 3.

ENLE

A will consume the only available resource, i.e., nonther-
mal energy in the qudit, to store work in the qubit (see
Appendix H for further details).

IX. DESCRIBING FULLY AUTONOMOUS
MACHINES

The examples treated in Secs. VIIIB and VIIIC are
not fully autonomous as the coupling between the systems
must be switched on or off externally to start and stop the
operation of the machines. However, the present frame-
work is well suited to analyze autonomous machines as we
sketch below.

(b) 7
1.0+
0.8

Or 067

Qr

1 23456 78 910 =«

Performances of the two-qubit engine. (a) Work W, (¢) provided by 4 (purple curve), heat Qp(#) provided by B (red curve),

and variation of the coupling energy AEiy(¢) (green curve) in units of w, after the qubits interacted during a time z. Time is given
in units of the frequency Q = \/ g+ gy2 + (wp — wy4)?. Note that Wp(#) is equal to 0 for the considered time interval, and thus does

not appear in the plot. (b) Efficiency of the engine n(t) = [-W4 — Wp + AEin]/Op®O(—W,4 — W + AEiy), with ® the Heaviside
step function (blue curve) and Carnot’s efficiency 1 — 8z(0)/B4(0) (brown straight line). Parameters: B4(0)wy = 2, Bp(0)w, = 0.1,
wp/wy =1.63, g /w4 =2,g,/w4 =038
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A. Steady-state engines

One first possible kind of autonomous machines stems
from a nonequilibrium steady state between different reser-
voirs and work sources continuously performing a given
task (e.g., conversion of heat into work) [13,29,53-58].
Treating such situations requires to consider large (or infi-
nite) systems for 4 and B. In this spirit, it has already
been suggested that infinite baths in squeezed and/or dis-
placed states behaves as the source of work [30,59—61].
When combined with (exact or approximate) methods to
express the systems’ dynamics, our results provide a uni-
fied framework to analyze such engines and investigate
resource conversion mechanisms [36].

B. Autonomous piston

Another class of autonomous machines involves addi-
tional degrees of freedom whose dynamics will impose
the targeted engine schedule (which can be referred to
as a clock or a piston) [15,62,63]. In principle, any
nonautonomous setup involving a time-dependent Hamil-
tonian can be mimicked this way [17,41]. We provide in
Appendix I an example of an ideal clock model, based on
the motion of massive particle, able to induce autonomous
switching of the interaction between two systems, and,
e.g., make the machines of Sec. VIII fully autonomous.
The ideal clock turns out to be an ideal work source (as
defined in Sec. VII) and the work it provides matches
the energy variation associated with switching on and
off the interaction between systems A4 and B. Such a
quantum clock is closely related to ideal work storage
models used in resource-theoretic formulations of quan-
tum thermodynamics [17,41]. More realistic autonomous
thermodynamic transformations of finite duration can also
be investigated from quantum scattering models [21,22].

C. Second law for N systems

It is likely that any useful autonomous machine will be
made of more than two interacting systems. This is the
case, for instance, when the driving protocol controlling
the interaction between two sources is ruled by the dynam-
ics of a clock, as proposed in the previous Sec. IX B, or
when a working medium is coupled to multiple baths. We
prove in Appendix J that our main results Egs. (5) and (12)
can be extended to a set of more than two systems initially
uncorrelated and put in contact at a time ¢ = 0, leading to

AS; =B (00 (1) = 0
i#f

(15)

and

> B0 =0, (16)
J

where Q;(¢) = —AE}h(t) and B;(¢) are defined analogously
as before for each system i. Equations (15) and (16) can
be used to investigate realistic setups of quantum heat
engines, where some systems play the role of nonideal
hybrid work and heat sources, while others play the role
of working media.

X. GENERALIZATIONS

A. Initial correlations

The violation of Egs. (15) and (16) means (i) that the
systems S; are not evolving unitarily, which can be useful,
for instance, to detect the presence of noise in the setup
[27]; or (ii) the systems are initially correlated. Building up
on this last possibility, it is a known fact that the consump-
tion of initial correlations is a resource to extract work or
invert the sign of natural heat flows [64,65] (e.g., it cap-
tures the case of Maxwell demons). We can therefore refine
the inequalities to include such situations, obtaining

= B0 (1) = Aliw(d), (17)
J

where [o(f) = D(pwoi(D || ®§v:1 p; (1)) quantifies correla-
tions between the N systems at time t, and Al (?) is the
variation of correlations, not necessarily positive. Another
approach to take into account these initial correlations was
proposed in Refs. [27,28].

B. Bounds involving the time-dependent temperatures

Finally, it can be noticed that as the effective tem-
peratures S;(¢) of the systems generally depend on time,
their thermal part can be seen as finite-size heat baths.
In particular, from Egs. (15) and (16) one can derive
tighter inequalities using the instantaneous temperatures to
quantify the entropy flows:

a5 - Y [atpiron = o
i 0

and —/ dr " B (1) () = 0, (18)
0 -
J

where Qj N = —E}h(t) is the heat current associated to
O; (0.

Note that inequalities of the same form have been
derived in Refs. [12,66], but from a different approach
treating asymetrically small systems and bath. In particu-
lar, different notions of nonequilibrium bath temperature
(computed from the bath’s energy) and of heat (identi-
fied with the whole change of energy of systems treated
as baths) are used (see also discussion in Sec. VI C); this
leads to expressions of entropy production, which are pos-
itive only for some class of initial bath states. In contrast,
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we here provide a symmetric description, quantifying all
nonequilibrium resources in the systems, therefore leading
to a positive entropy production whatever the initial states
of the system. A subsequent generalization of the Carnot
bound is given in Appendix K.

XI. CONCLUSION AND OUTLOOK

We have demonstrated a version of the second law
of thermodynamics valid for any set of quantum sys-
tems, initially in arbitrary uncorrelated states, and evolving
autonomously under their joint unitary evolution.

The initial entropy of each system leads to the emer-
gence of an effective temperature and an amount of thermal
energy, the variation of which plays the role of heat. The
energy beyond the thermal energy can be instead used as a
resource to decrease entropy, and its variation is therefore
assimilated to work. Moreover, this quantity is reminis-
cent of the notion of ergotropy, already considered as a
promising candidate to extend the notion of work to the
quantum domain. We also showed that these notions of
heat and work become equivalent to earlier well-accepted
expressions in the case of systems behaving as ideal work
and heat sources. We illustrated the reach of our results
by demonstrating the possibility to design refrigerators and
heat engines based on microscopic quantum systems each
able to combine simultaneously the role of work and heat
sources. With our universally valid notions of work and
heat, these microscopic engines then follow laws similar to
macroscopic thermodynamics, with efficiencies complying
with Carnot’s bounds.

The consequences of our results are multifaceted and
yet to be explored. On one hand, they ground recent
attempts to refine the splitting between work and heat
in a fully quantum description. On the other hand, they
allow one to understand the performances of realistic quan-
tum devices, in which no such things as perfect heat
sources or work sources exist, and determine which micro-
scopic properties lead to devices, which are close to, or
conversely deviate from, these ideal models. While our
results hold in principle at any scale, a practical limita-
tion comes from the challenge to quantify and access all
the nonequilibrium resources (the generalized ergotropy)
stored in a large quantum system. This difficulty can be
addressed within our formalism by defining easily acces-
sible resources, and treating the others as part of the
heat, which leads to an effectively coarse-grained descrip-
tion, still finer than the paradigm of pure heat and work
sources (see Sec. VIC and Appendix D). This modular
methodology can directly be combined with the theoretical
frameworks [48,67] and experiments [49,68], which pro-
vide promising partial access to quantum baths’ dynamics.
When instead focusing on machines made of elemen-
tary systems, our formalism opens an avenue towards

the design of extremely compact quantum engines, whose
performances constitutes a largely uncharted territory.
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APPENDIX A: INTERPRETATION OF £ AS THE
PREPARATION WORK COST

We are interested in this section in the minimum amount
of work ones needs to prepare an arbitrary nonequilibrium
state p of a system A. For reference, the same conclusion
as the one derived below was obtained in Ref. [20].

We assume that the system A of Hamiltonian
H, is initially in an equilibrium state wy[B, H4] :=
e P4 Tr{ePH4} with a bath at inverse temperature f.
Assuming we can perform arbitrary driving and quenches,
one reversible protocol to reach p§ is as follows.

(a) Perform an isothermal reversible quasistatic driving
H, — H, such that the final state is our target state,
walB, Hi] = ,02. This can always be done, at least in
theory, for arbitrary initial state pJ. It can be shown
as follows. One expresses ,02 in its diagonal form,

L
ph =Y _rlr)rl, (A1)
=1
and
K
Hy =" elex)exl, (A2)

k=1

with 1 <L <K < 4o00. For [ € [1;L], we intro-
duce pseudoenergies E; as

1
E, = —E(lnrl + ¢),

where c is a free constant one can use to choose the
energy origin. Then, if p§ is full rank, meaning if
L = K, we define H, as

(A3)

L
Hy =Y Erlr){nl.

=1

(A4)

However, if ,02 is not full rank L < K, we define
I:IA as
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K
Y Eledel,  (AS)

L
Hy =Y Eln){nl+
=1 I=L+1

where E; = Ey > 1/B forall [,/ > L + 1. With this
choice, one can verify that

walB, Hyl := e P/ Te[e P] = pf,  (A6)
for the full-rank situation. This identity becomes
only approximate in the non-full-rank situation, but
the approximation is exponentially good for large
E;, | > L. The work involved in this reversible
quasistatic driving is given by the variation of
equilibrium free energy F[w[B,H]] := Tr[pH] —
1/BS[p],

unasistatic = F[WA [:3’ I:IA]] - F[WA [,3, HA]] (A7)

(b) Switch off the bath interaction.
(c) Perform a quench Hy — H4 to come back to the ini-
tial Hamiltonian. The work involved in the quench is
Wowenn = Ttlpf(Hy — Hp],  (A8)

since the quench does not change the state of A4
for occurring on a timescale much smaller than the
system evolution time.

Then, the total work invested to prepare p{, is
W,B = unasistatic + unench
= Fp,lpa] = FlwalB, Hall,

where Fpp, [09] = Tr[p%H,] — 1/BS[p4] denotes the
nonequilibrium free energy. Interestingly, one can show
that the overall work W is related to the relative entropy
between ,02 and wy[B, H,],

(A9)

Ws = %D(pﬁllwA[ﬁ,HAl),
which is always positive, as expected: one always has to
spend work to prepare a nonequilibrium state. Since the
above protocol is reversible, it guarantees to be the one
with the smallest amount of work to invest, for fixed 8.
Then, what is the value of B that minimizes Wjz? The
answer is given by taking the derivative of g with respect
to 8. We obtain

(A10)

1 1 » 1
%Wﬁ = @F[WA[I&HA]] - %F[WA[,BaHA]]
1 0
= 53 (SToi1 = Shvalb. Hall} (Al1)

Since S[w4[B, H4]] is a monotonic decreasing function of
B, we deduce that g is a monotonic decreasing function

of B on [0;8°] and a monotonic increasing function of
[BY; +oo[, where B° denotes the inverse temperature such
that S[w4[B°, H4]] = S[,og]. Consequently, the minimum
amount of work to prepare p§ is Wgo. By noticing that
Wgo = Tr[,oSHA] — Tr[wy[B°, HylH4] = £, the “gener-
alized” ergotropy [43] introduced in the main text, one
concludes that £7° represents the minimal amount of work
needed to prepare the state pJ out of a thermal bath.

APPENDIX B: NEGATIVITY OF THE ENTROPY
PRODUCTION DEFINED FROM THE SPLITTING
ERGOTROPY—PASSIVE ENERGY

One natural choice widely used for autonomous systems
is to identify the variation of ergotropy of a system as
work. If one assumes that the variation of ergotropy cor-
responds to the whole exchange of work, the second law
of thermodynamics should take the form,

O4erg(t) := ASy+ Bp(0) (AEp — Afp) > 0. (Bl)
From Eq. (1), one finds that
O gerg(t) = Lyp(t) + D[mp()|wp[B5(0)]]
— D[7(0)[wp[Bz(0)]]. (B2)

We now show that the quantity on the right-hand side can
become negative, or equivalently that the free energy of
system A4 can be increased by more than the ergotropy
consumed. We first note that in the case where system B
is a qubit, £ — Wy = Eg‘, such that 0 ¢y = 04 > 0. Our
counterexample must therefore involve a system of dimen-
sion at least 3. We consider the case where systems 4 and
B are two identical qutrits of Hamiltonians

2

Hy =" xlk); k|, j =A.B
k=0

(B3)

initialized in state p45(0) = p4(0) ® pg(0), with p4(0) =
wy4[Bp(0)] a thermal state at temperature 8(0) and pp(0) =
Zi:oPB,k|k)B<k|B- We further assume that pzy < pp; <
pao [that is pp(0) is a passive state and W;p(0) = 0],
but nonthermal, that is, there is no positive real number
B such that pg;/pp; = e P@=%) for all couples (i,j) €
[0,2]°. Such a nonthermal passive state can be simply
built by choosing pg; o< e #1°pg o and pps ox e 22pp
with two different positive numbers 8; # B,. These condi-
tions imply that E5(0) — E}gh (0) #£ 0. As before, we denote
Bs(0) the inverse temperature of the thermal state, which
has the same entropy as pg(0). Finally, we choose a cou-
pling Hamiltonian implementing a swap of the two qutrit
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states, namely

V=g Ik)s(lkl.
k£l

(B4)

It is straightforward to show that for ¢ = rqwap verify-
ing gfswap = /2, we have pyp(tswar) = pp(0) ® 04(0),
that is the states of qutrits 4 and B are swapped. This
means that the state of qutrit B is replaced with a ther-
mal state, which has the same entropy, and therefore still
no ergotropy W;g(0), however its energy has decreased by
Ep(tswap) — Eg(0) = EP(0) — Ez(0) < 0. Moreover, the
entropy of qubit 4 did not change:

S4(t) = S[p4(tswapr)] = S[pp(0)]

= S[wa[Bp(0)]] = S4(0). (B3)

Finally, we have o4 < 0. The qutrit swap allows for a spon-
taneous diminution of the passive amount of energy Ep —
Ws in qubit B. Similarly, the variation of the free energy
of system A is equal to its variation of internal energy as
AS, =0, that is AE,(tswap) = —AEg(tswap) > 0: the
free energy of qubit 4 is increased without consuming any
ergotropy.

Consequently, identifying work with the variation of
ergotropy may lead to underestimation of entropy produc-
tion. More generally, as the present example allows for
a spontaneous decrease of the passive amount of energy
Ep — Wjg of B without any entropy variation of the entropy
of A4, it also demonstrates that there is no other choice
of effective temperature that one could inject in Eq. (B1)
to ensure its positivity: this demonstrates that the notion
of ergotropy is insufficient to capture all the energy that
can be assimilated as work. One can note however that
under special assumptions, e.g., restricting the possible ini-
tial state of system B to unitary-transformed thermal states,
ie., pg(0) = UOWB[,BB(O)]Ug, one obtains

AS (1) + Bs(MAE4 (1) = 0, (B6)

in agreement with the results of Refs. [27,32]. Note that the
inequality is less tight than Eq. (5), in general, as system B
can still end up in a state that contains more nonthermal
energy than ergotropy.

APPENDIX C: SYMMETRIC FORMULATION OF
THE SECOND LAW

To go from Eq. (5) to inequality (12) of the main text,
we use the definitions of wy[B4(9)]:

ASy = S[walBa(D]] — S[walBa(0)]]
= SwalBa(O]] + Tr{w4[Ba(H)]log wa[B4(0)]}
— Tr{wa[B4(O]log wa[B; (0)]} — S[w4[B4(0)]]
— Tr{wa[B4(0)]log w; [B4(0)]}
+ Tr{w4[B4(0)]logw; [B4(0)]}
= —Dwa[B4® Ilwa[B4(0)])
— Tr{w4[Ba(D)]logw4[B4(0)]}

+ Tr{w4[B4(0)] log w4[B4(0)]}. (C1)
This finally leads to the identity:
ASy = =DWaB4DIIwa[B4(0)]) — B4(0)04(1), (C2)

valid for any quantum system.

APPENDIX D: PARTIAL CONTROL AND
EXTRACTABLE WORK

In this section, we focus for simplicity on the case of two
systems A4 and B, while the results below can straightfor-
wardly be extended for N systems. To formalize the idea
of partial access to the degree of freedom of B introduced
in the main text VI C, we assume that we can act on B only
via a family of unitaries U[«], which consume one type
of resource that is considered accessible. For instance, for
a bosonic bath, U] could be displacement operators, as
energy stored in a coherent displacement can be efficiently
reused as work by driving a system quasiresonantly [35].
We then assume that the initial state of B has the form
p5(0) = U'[ao]ws[B(0)]Uao] to show that

0o = ASy — B(0)Q%
= Lip(t) + D(Ule)ps (O UM ] ws[ B(0)]) > 0. (D1)

Above,

Q% = —Tr{Hg (Ul ]ps () U'[at] — Ulatg1op(0)U'[er]) }
= —Tr{Hg (Ula)pp()U'[ot,] — ws[B(O)])}  (D2)

gathers the heat Op provided by system B (as defined in
main text) and all the nonthermal energy that cannot be
extracted by one of the unitaries UJa]. U] is the unitary
of the family that allows one to extract work from the final
state of B. Conversely,

Wi = Tr{Hjz (pp(0) — Ula]ps(0) UT[O‘O])}

— Tr{Hz (ps(t) — Ul pp(®U'[et,])},  (D3)

is the work provided by B via a variation of the accessible
resources only.
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Proof. Defining pz(t) = Ul 1pp(H) U'[;], we write

D(pr (0)llwr [BO)]) = Tr{pr () log pr (O}

— Tr{pr (1) log wy [B(O)]}
= Tr{py (t) log pr (1)}

— Tr{pr (1) log wy [B(O)]}
= Tr{pr (1) log por (1)}

— Tr{ps (0) log pr (0)}

+ Tr{pr (0) log pr (0)}

— Tr{pr (1) log wy [B(0)]}
= —ASy +Tr{wr [8(0)]log wr [B(0)]}

— Tr{py (1) log wy [B(0)]}
=—AS

— BO)Tr{Hg (wy [BO)] — f7 (D)}.
(D4)

We then inject this equation for ASp into the identity
AS, + ASp = 1,5 to derive o,.

Note that Eq. (D1) is less tight than Eq. (5). However,
o, can become negative if the initial state of B contains
resources, which are not accessible via U(x). Nevertheless,
the coarse-grained description associated with o, does not
require access to the entropy of B, while still constituting a
finer description of the energy exchanged than Eq. (1). W

APPENDIX E: IDEAL WORK SOURCE

We assume that the unitary evolution of 4 and B is such
that at any time, I45(f) = 0 and p4p() = p4() ® pp(?).
The Liouville-von Neumann evolution equation reads

04(H) = —i[Hy + V+ Hp, p4(t) ® pp(®)]. (ED)

Taking partial trace over one or the other system, we obtain

pa(t) = —i[H (@), pa(D)],

pp(t) = —i[HE (0, pp(0)], (E2)

where Hjﬁ(t) = Hy + Trg{Vpp(t)} (respectively, H gﬁ(t) =
Hpg + Try{Vp4(®)}) is an effective Hamiltonian acting on
system A (respectively, B), where Tr; denotes the partial
trace over the operator space of system i. We can see
that both systems undergo a unitary evolution due to their
interaction. As a consequence, the entropy of B, and there-
fore its effective inverse temperatures Sz (¢) are conserved.
This leads to Qp(¥) = 0 and Wx(f) = —AER(f). We now
use Eq. (E2) to express the work provided by system B.

We have

W) = - /0 AT Hy (—THST0). 5 (1))
i fo 'l Te{[Hy Hy + Tea(Vos 01108 (0}
—i /0 AT [Hy, Tea Vo (0105 1)
=i /0 tdt’Tr{[Hgff(t),Tl‘A{V,OA(f)}]PB(Z)}
_; /0 ATHHST @), V1pa() ® pa(d)

t
=i [ arTe{ T . a0 a0
0

[ AHST(p)
_/OdfTr{ L pA(t)}. (E3)

We finally note that in the case of only two subsystems,
the condition that B is an ideal work source for 4 implies
automatically that 4 is also an ideal work source for B,
such that the entropy of both systems is constant. As soon
as three or more systems are coupled however, the entropy
of system 4 may vary due to interactions with other energy
sources, which are not ideal work sources, even though the
entropy of B remains constant.

APPENDIX F: AUTONOMOUS TWO-QUBIT
REFRIGERATOR

For a qubit system characterized by state p; (¢), the von
Neumann entropy depends only of the parameter 7; (¢) =

JTrlo! 0012 + Trlod pi(0)? + Tr{o? pi (), namely

Stey (0] = —— :

1 —7ri(0) 1 =70
— > 10g< 7 ) (F1)

147 () log(l +r_/(t)>

Comparison with the entropy of a qubit thermal state
wiBil=eP wjoz /2 /Z; allows one to identify the effective
temperature f; (1) = log((1 +r;(#))/(1 —r;(#))/w;. Con-
sequently, we can compute the thermal energy E]‘-h(t) =
—71;()w; /2, and therefore the work and heat provided by
qubit i between ¢t = 0 and #:

0; = wiAr; (/2 (F2)
VVj = —(,(),'(Al"j (t) + AZ] (t))/za (FB)
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where z; (1) = Tr{o! p; (f)}. Assuming the initial states p4(0) = w4[B4(0)] and pp = e it wB[,BB(O)]e@"f , wWe can
propagate the two-qubit state according to p4p(f) = e~ 48" p,(0) ® pp(0) U48" and compute

0 0 t . Q
x4() = 25 cos ¢ sin g tanh 21D (o @8P2O) (@at @p)t g St (F4)
Q 2 2 2
0 0 t . Qt
() = 28 cos ¢ sin ¢ tanh ©4P4(0) tanh zPs(0) sin (@4 + @) sin — (F5)
Q 2 2 2
1 0 0
z4() = Yo%) {—[2g2(1 + cos Q) + 4(wy — wB)Z] tanh % — 2g2(1 — cos 2f) cos 2¢ tanh %} (Fo)
2 0 t Qt t Qt
xg(f) = g 0 ¢ sin ¢ tanh wB'BzB( ) |:—(a)A — wg) cos (@4 + wp)t sin - + Qsin (w4 + wp)t cos 7] (F7)
2 0 t Qt t Qt
yg(t) = — cos ¢ sin ¢ tanh M (wy — wp) sin M sin — + 2 cos M cos — (F8)
Q 2 2 2 2 2
1 0 0
25(0) = 13 {_2g2(1 — cos Q1) tanh % —[2%(1 + cos ) + 4wy — wp)?] cos 2¢ tanh %} . (F9)
Moreover,
AE(f) = _gz(a)A — wp)(1 — cos Qf) (e?4P4O — o@8P8(0)) cog? ¢ 4 (e24P1O+wsPBO0) _ 1) gin? ¢ (F10)
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In the above lines, the parameter

Q=g+ (w4 — wp)? (F11)

was introduced.

APPENDIX G: TRADE-OFF VELOCITY VERSUS
EFFICIENCY

In this section we aim to briefly illustrate that the heat
(and potentially the work) provided by system B does
depend on the “trajectory” of 4. One general consequence
is that faster processes are usually more dissipative and
irreversible and less efficient. In Fig. 4, we plot the effi-
ciency of the autonomous two-qubit engine considered
in Sec. VIIIC against the time evolution (in units of
w,) for increasing coupling strength. The lighter curve
corresponds to g,/w4 = 2, while the darker curve corre-
sponds to g,/w4 = 3. Each curve inbetween corresponds
to an increment of g, /w4 = 0.1 with respect to its lighter
neighbor. We observe the expected behavior: faster pro-
cesses are less efficient. This illustrates, in particular, that
the heat provided by B does depend on the trajectory of 4,
as announced.

APPENDIX H: EXTRACTING WORK FROM A
NONTHERMAL PASSIVE STATE

1. Conditions to reproduce the two-qubit work
extraction

We consider a bipartite machine made up of a qubit 4
and a (d + 2)-level qudit B. A4 is initially in a thermal state

(e©4Pa©® 1 1)(ewsP® 1 1)

(

wy4[B4(0)], while B is initially in a nonthermal passive state
p5(0) = >, pilEx)s(Ekl, where {|E;)p} is the eigenbasis
of Hp, with an effective temperature matching that of qubit
A, i.e., B4(0). As qudit B is not initially in a thermal state,
the matching temperatures do not imply equilibrium and
the nonthermal energy of qudit B can be consumed to gen-
erate heat and work flows between the systems. We wish to
choose qudit B such that its two lower levels behave as the
second qubit of the two-qubit engine presented in the main

n
0.12-
0.10-
0.08~
0.06~
0.04+
0.02

t

wA

0.0 04 0.8 12

FIG. 4. Trade-off velocity of the work production versus
efficiency. Plots of the efficiency of the autonomous two-qubit
engine against the time (in unit of wy), for coupling strength
varying from g./w4 = 2 (lighter curve) to g./w4 =3 (darker
curve). The other parameters are the same as in the previous
figure, namely S4(0)wy = 2, Bgroy = 0.1, wg/wy = 1.63, and
gy/wg =0.8.
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text. We therefore choose an energy splitting wp between
these two levels, and a population ratio p; /py = e #8Oes
with B3(0) < B4(0). Moreover, we couple these two lev-
els of the qudit to qubit 4 with the same coupling as for the
two-qubit engine. We further assume that the other states
of qudit B are not coupled to qubit 4.

When this conditions are fulfilled, the joint dynam-
ics of the qubit and of the two first levels of the qudit
exactly match that of the two-qubit engine presented in
the main text. To prove this statement, we write the qudit
Hamiltonian as a block matrix:

_ wl, ® 1, 0
HB‘( 0 w3112®(1+oz)/2>' (HD)

Here 1, denotes the identity in dimension » and tensor
products are always denoted with the space of qubit 4 on
the left. We assume that only qubit B’ is coupled to qubit A:

0 0
7= V)

with V= g./20, ® 0, + g,/20, ® 0,. Denoting H, =
(wyg/2)0, @ 14,5 and H = H, + Hp + V', the total unitary

(H2)

J

evolution is

7iw2t
U = ( Lol 0 ) (H3)

0 Usro

with Uy, = e~ 22! the two-qubit reduced evolution ruled
by Hyo = (w4/2)0, @ 15 + (wp/2)1, ® o, + V, which is
exactly the dynamics considered in Sec. VIII C.

2. Initial state of qudit B

We now examine the condition of existence of an admis-
sible initial passive state of B whose effective temperature
matches that of qubit 4 while fulfilling p /py = e85
with B5(0) < B4(0). The desired initial state of B is

1 [ehre2q 0
pp(0) = N ( 0 ¢ eﬁBwB(lJraz)/z) : (H4)

We first note that Sz(0) is a decreasing function of 8, and
reaches its minimum value ﬂLim Sp(0) = S (0), i.e., the
H — 00

initial entropy of the qubit B’ encoded in the two lower
level of B. Therefore, a necessary condition for the exis-
tence of an inverse temperature 3, such that the effective
temperature of B is B84(0) is that S (0) = S[wg[B5(0)]] <
SwalB4(0)]].

To have an inverse effective temperature 8,(0), the qudit initial entropy must be equal to

e P10en] log(e P12 N3 0
Stwg[B4(0)]] = —Tr ./\_[ 0 e BaO)wp 10g(e—5A(0)wB/A/'3) 0
’ 0 log(1/N3)
N N3 — N, N
= RSt O + 20 o 45w (7 ) )

with Ny=1+ de P1©w 4 e*ﬁA(O)wB’ No =1+
e P1®es and Sg,(x) = —xlogx — (1 —x)log(1 — x) the
Shannon entropy. We see that S[wg[B4(0)]] is constituted
of the average of S[wp/[B4(0)] < S[wpe/[Bz]] and log(d),
plus a positive term given by a Shannon entropy asso-
ciated with the binary distribution {N,/N3,1 — N,/Ns}.
When de %22 « 1 (small values of d or of B4w,), then
S[wg[B4(0)]] is close to S[wg[B4(0)], which is smaller
than S[wg [Bp(0)] and therefore the equality cannot be
satisfied. This result let us to foresee the existence of con-
straints beyond Eq. (5) on the practical ability to consume
passive nonthermal energy as a resource. On the other
hand, for sufficiently large values of d, S[wg[B4(0)] >
Slwp [Bp(0)]]. This is for instance clearly true when

d — oo such that S[wg[B4(0)] — logd while Sy (0) <
log?2. Thus, by increasing enough the dimension of the
qudit, one can always find a passive nonthermal state
reproducing the two-qubit engine.

To reproduce the engine of Sec. VIIIC, d =5, w, =
1.7w,4, and B, = 75.97 are sufficient.

APPENDIX I: CLOCK MODEL FOR
AUTONOMOUS DRIVING

In this section, we present one idealized model show-
ing the possibility to generate any effective time-dependent
Hamiltonian from the interaction with an auxiliary system
initialized out of equilibrium.
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Specifically, we consider that the interaction Hamilto-
nian between systems A4 and B is controlled by another
degree of freedom, denoted C, and hereafter called
“clock.” For instance, 4 and B could be the internal degrees
of freedom of two particles, interacting via a distance-
dependent coupling, while C is the motional degree of one
of the particles. Then, one can prepare C in a state local-
ized around a large distance to the other particle (ensuring
vanishing initial interaction between 4 and B), but with
an average initial velocity ensuring that the subsequent
dynamics will bring the two particles close enough to reach
significative interaction for some duration t.

In an ideal setup [17,69], the clock is described by a
Hamiltonian Hc = vpc (analogous to a free photon), with
Pc the momentum operator of C, and initialized in a eigen-
state of the position §clgo)c = golqo)c. The Hamiltonian
of the total autonomous system read

H=Hy+Hp+Hc+ Vypc (I1)
Vage = G(Gc)Vas, (12)

where V45 is a Hamiltonian coupling systems 4 and B only,
and G(g) is a continuous function with finite support (typ-
ically a gate function). The coupling between systems A
and B is switched on when the clock’s spaial wavepacket
has an overlap with the region verifying G(g) # 0, that we
assume to be centered around ¢ = 0 without loss of gener-
ality. We assume that go < 0 lies outside this region. One
can understand the autonomous switching of the coupling
in the interaction picture with respect to the free clock’s
Hamiltonian, where dynamics is governed by Hamiltonian:

H'(H) = Hy + Hg + G(qc + vO) V. (13)

Finally, the reduced dynamics of system 4 and B is
effectively ruled by an effective Hamiltonian with time-
dependant coupling autonomously switching on and off
provided the wavepacket of the clock remain much local-
ized in position space with respect to the typical scale of
variation G(gq). This typically coincides with the scatter-
ing limit ensured by a large initial mean energy and energy
uncertainty of the clock [21,22,70]

Taking into account the initial state of the clock, the full
system dynamics obeys

pasc(t) = e (043(0) ® |q0) (qol) €™ (14)
= e T R H O (5,15(0) ® |90)(qo])
% (T o—ifodiH! (/))T it (15)

. ) ¥
— T 5 d/Hgg (/)pAB (0) (Te_’ I d/H;gf(/)>

®e 1’| g0) (ol ™" (16)

®lgo + vr){go + vi| (17)
where

H;(ff(t) = Hy+ Hp + G(qo + v))V4p (I8)

is the effective time-dependent Hamiltonian controlling the
reduced dynamics of system 4 and B. We note that system
C is always in a factorized state with system 4 and B. To
go from the second to the third line, we use that the inter-
action picture Hamiltonian Eq. (I3) preserves the clock’s
state |¢o){(qol-

From Sec. VII of the main text and Appendix G, we see
that the clock behaves as an ideal work source and the work
it provides verifies

t aH (¢
We(t) = / dtTr{%m(t’)}
0

! / J ett -/ /
- fo df T | Helpan)] 19)

= G(go + vO)Tr{Vpp4p(D)}
— G(qo)Tr{V43045(0)}

AE, + AEp. (110)
That is, any difference between the total energy of system
A + B between initial and final time, including the interac-
tion energy, corresponds to work performed by the clock.
Additionally, the entropy of the clock remains constant and
it does not provide any heat.

The case of autonomous switching of the coupling
corresponds to G(qo) = G(go +v) =0 and G(g) ~ 1
approximately constant over the interval (q;, g) where it
is nonzero. The rise of G(g) from 0 to 1 is assumed to
be fast with respect to the dynamics of 4 and B. More-
over, we assume that the energies of 4 and B are each
conserved when the two systems do not interact, i.e., out-
side the time interval /' € (¢1, %), with t; = q; — go/v and
ty = q2 — qo/v. From these assumptions, we obtain

i dHET (¢
Welt) = f_' di'Tr {%m(m}
4

5 AHT (¢
+/2 dt’Tr{q—o/()pAB(l/)}
t; at

= (Vas(t))) = (Vas(1)). (I11)
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Thus, the energy required to switch on and off the coupling
corresponds to the work provided by the clock.

While preparing a particle in an infinite energy state
such as a position eigenstate is obviously unrealistic, the
situation above is well approximated by considering a
finite wavepacket of small position (large momentum)
variance. The Hamiltonian Hc = vpc can be approximated
by a free massive particle of large mean initial impulsion
po such that any variation of its kinetic energy caused by
the interaction can be linearized, i.e.,

A2 2 A
Pc Py  PcTPo

2m 2m

+O0Gpe—po?,  (112)

where m is the particle’s mass. We finally note that such
an ideal clock model is similar to the work storage model
used in Ref. [17].

APPENDIX J: AUTONOMOUS SECOND LAW FOR
N SYSTEMS

We here extend the formulation of the second law to the
case of N quantum systems initially in a factorized state
Prot(0) = ®f\;1 0;(0). The total Hamiltonian reads H,; =
> ,H;+V, where V contains all the coupling terms. We
introduce

N
Lat(®) = D(pa )| ) pi(0)) = 0,

i=1

an

which verifies /;,(0) = 0. We can then express the vari-
ation of the von Neumann entropy of system j € [1,N]|
between time r = 0 and ¢:

AS; = L(t) = Y AS;.
i#]

(J2)

Analogously to the case of two systems, we define for each
system i:

e*ﬁi(’)Hi
wilBi(®)] = 70 J3)
Zi(t) = Tr{e Pi0H:y, (J4)
E™ (1) = Tr{Hw,[B:(D]}
0i(t) = —EM () + E™(0), J5)
where ;(0) is the solution of
S[wil Bi()]] = S[pi(0)]. (J6)

We then add on both sides of Eq. (J2) the quantity
— 21 Bi(0)Qi(¢) and use that

— Bi(0)Qi()) — (S[p:i(D)] — S[pi(0)])
= —Tr{(w;[Bi(H)] — wi[ B:(0)]) log w;[ B:(0)]}
= S[wil Bi(D]] + S[wil B:(0)]]

= D[ B(01IW[B(0)]), (7
to finally get
AS; =Y BO0i(0)
i#]
= La() + Y DWBO]IwilB(0)],  (I8)

i#f

which implies inequality (15) of the main text. To demon-
strate inequality (16) of the main text, we rewrite the vari-
ation the entropy of system j using the identity Eq. (C2)
and inject it into Eq. (J8) to get

~ 3" BO00) = Lot + > DOvIBOIIWLB O,
1 1 (J9)

which in turn implies inequality (16) of the main text.

APPENDIX K: INEQUALITIES INVOLVING THE
TIME-DEPENDENT TEMPERATURE

The first line of Eq. (18) in the main text can be seen
as a tighter entropy production from which one can derive
tighter upper bounds for the efficiency of engines or refrig-
erators. An intuitive way to see that is by introducing
“average inverse temperatures” for each system ;j as

pag! = [ g wiP. (K1)
0

which verifies

min[g; (0, (0] < B < max[B;(0). ;). (K2)
The above property can be shown as follows. Firstly, let us
assume, for now only, that E}h(u) 1s monotonic from 0 to
t. Then, one can make a change of variable u — E}h in the
integral of Eq. (K1). This leads to

t E]‘.h(t)
/ du; () E}" (u) = / dE}" B, [E"]. (K3)
0 E

h
11(0)
By continuity of the function f; (E;h), and since

B; is a monotonic function of E}h, there exists
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B € [BLEM O BE"®]], if E'u) is increasing on
[0;7] (or B; € [BLEMD]; B EMO)]] if E () is decreas-
ing on [0; £]), such that ‘

E;h(t) th h Q th
1l
/E dER B, [EM = B [ER (o)

X — E0)].
} )

(K4)

If now E‘h(u) is not monotonic on [0; #], one can decom-
pose the’ 1nterval in smaller intervals [#,;7,+1] on which
E}h (u) is monotonic. Then, applying the above transforma-
tion of each interval [#,; t,,1] we have,

! Int1 .
i =3 [ it
n Y

EM(ty41) N o
SN INCUIY

(1)

E}h(t) h h
1] t!
= /E dE" B, [EM.

h
71 (0)

(K5)

Then, repeating the same argument of continuity and
monoticity of j; [E]Fh], we obtain,

Adwww@Wm:@ﬂﬁm—EﬂmL (K6)

with B in [E(0);E["(#)] or [E["(1); E{"(0)] depending
whether Eth(t) < Eth(O) or Eth(t) > Eth(O) This corre-
sponds to the statement (K2).

Furthermore, coming back to the two-body refrigerator
introduced in Sec. VIII B of the main text, the use of the
first line of Eq. (18) implies

COP(py — 04(1)
Wa@t) + Wp(t) — AEin(2)
. COP Ps
< Namot ‘= = —. (K7)
cumet T By — By
Additionally, one can show
B5(0)
nSS&n..nﬁﬁin—-25;5;;75;53. (K8)

In Fig. 5(a) we plot the efficiency of the refrigerator as

in Fig. 2 of the main text, but adding the refined upper

COP .. .
Camot- L D€ remaining distance between the actual

efficiency 7" and ngggot is solely due to the generation

of correlation /45(f) between 4 and B.

bound n

(@
nCOP
8- . \
6r S . .
4 L
2 L
! ! u
(b) 1 2 n
n
1.0t . ‘
0‘ 8 L “ ,' -1_‘ ', | -,_' "‘- " ‘I ', «{I -'_l ‘_‘- -'A:
0.6- 10 wio il i
0.4+
0.2F
1 Qr
1 23 45 6 7 8 910 Vi
FIG. 5. (a) Performances of the two-qubit refrigerator. Plot

of the efficiency of the refrigerator presented in Fig. 2(b) of the

main text, with the additional refined upper bound nEOP  intro-
duced in (K7) in dotted-dashed line. (b) Performances of the
two-qubit engine. Plot of the efficiency of the refrigerator pre-
sented in Fig. 3(b) of the main text, with the additional refined
upper bound 7camet introduced in Eq. (K9) in the dotted-dashed
line.

Similarly, for the two-body engine introduced in
Sec. VIII C, we have

—W4() — W) + AEin(2)

o= 05()
0
< Ncamot := 1 — % < Ncamot = 1 — ZEOi . (K9)
A

The corresponding plot is presented in Fig. 5(b).
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