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Intense laser-matter interactions are at the center of interest in research and technology since the devel-
opment of high-power lasers. They have been widely used for fundamental studies in atomic, molecular,
and optical physics, and they are at the core of attosecond physics and ultrafast optoelectronics. Although
the majority of these studies have been successfully described using classical electromagnetic fields, recent
investigations based on fully quantized approaches have shown that intense laser-atom interactions can be
used for the generation of controllable high-photon-number entangled coherent states and coherent state
superpositions. In this tutorial, we provide a comprehensive fully quantized description of intense laser-
atom interactions. We elaborate on the processes of high-harmonic generation, above-threshold ionization,
and we discuss new phenomena that cannot be revealed within the context of semiclassical theories. We
provide the description for conditioning the light field on different electronic processes, and their conse-
quences for quantum state engineering of light. Finally, we discuss the extension of the approach to more
complex materials, and the impact to quantum technologies for a new photonic platform composed of the
symbiosis of attosecond physics and quantum information science.
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I. INTRODUCTION

A. Quantum optics and superintense laser-atom
interaction physics

There were two instances that gave rise to the birth
of quantum optics: the invention of the laser (and earlier
maser) (cf. Ref. [1] and the references therein), and the
formulation of the quantum theory of optical coherence
by Roy Glauber and George Sudarshan (cf. Refs. [2–4]).
At the time of its infancy, and also much later, quantum
optics was considered to be “an applied quantum elec-
trodynamics (QED)” (see, for instance, Ref. [5]). From
the perspective of atomic molecular and optical physics,
QED concerns itself with very advanced, and precise per-
turbation theory calculations of various quantities relevant
for spectroscopic measurements (cf. Refs. [6–8]). Quan-
tum optics, on the other hand, focused for many years on
single- or few-body phenomena, trying to understand non-
perturbative aspects of atom-light interaction (for a recent
overview, see Ref. [9]).

One of the areas of quantum optics that aimed at explor-
ing nonperturbative effects was the so-called strong laser
field physics, sometimes termed superintense laser-atom
interaction physics (SILAP). The history of this area is
well illustrated in the collection of essays on the rele-
vant subjects in the Handbook [10]. At the beginning there
was light, but then there were photons. The lasers were
strong, but not strong enough, so they were mainly used to
generate multiphoton resonant, and then nonresonant pro-
cesses such as absorption, ionization, or very sophisticated
high-order perturbation theory.

With the advent of stronger and stronger lasers came
the revolution. The multiphoton processes became nonac-
cessible to even very high-order perturbation theory. The
key strong-field nonperturbative processes are depicted in
Fig. 1, which includes above-threshold ionization (ATI),
also termed strong-field ionization; high-harmonic gener-
ation (HHG), where the photoelectron laser-driven recom-
bination leads to the emission of a high-energy photon; and
nonsequential double ionization (NSDI), in which the pho-
toelectron laser-driven recollision leads to the ionization
of a second electron. The history of these events is well
described in the recent review on the strong-field approxi-
mation (SFA) [12], and in several reviews on the subject,
which started with the observations of nonperturbative
plateaus in ATI [13–15], together with nonperturbative
plateaus and cutoff in HHG [16–18], or multielectron ion-
ization, in particular NSDI (cf. Refs. [19–23]). Nowadays,
this physics extends from atomic targets [18] to molecules
(cf. Refs. [24–27]), atomic clusters (cf. Refs. [28–30]),
solids (cf. Ref. [31]), two-dimensional (topological) mate-
rials (cf. Refs. [32,33]), and much more. The theoreti-
cal methods of this era forgot about QED, and describe
the strong laser fields entirely classically. Independently
of the process of interest, various theoretical approaches
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FIG. 1. Depiction of the key quasiclassical strong-field processes, along with the quantum states of light and matter. (a)
High-harmonic generation (HHG), (b) low-order above-threshold ionization (LATI) without rescattering events, (c) high-order above-
threshold ionization (HATI) including rescattering events, (d) nonsequential double ionization (NSDI). The states of the driving field
mode before and after interaction are given by |αL〉 and |αL + χL〉, respectively. High-order harmonic modes, due to HHG, are given
by

∣
∣χq

〉

. The initial and final electronic states are given by |gα〉 and |vα〉. To emphasize that the electrons in NSDI may be entangled
[11], we have written them as a two-particle state. The quantum optical degrees of freedom may also be entangled with each other and
the electronic states; however, for clearer labeling, we have written these separately.

may be used, but all of them assume only the classical
nature of the driving laser fields and neglect their quantum
fluctuations [34].

B. SILAP—theoretical approaches

Below we list the most important theory approaches to
the three most relevant processes of SILAP, each of which
is pictorially represented in Fig. 1.

(a) High-harmonic generation—simple atoms. For sim-
ple atoms, that is, for instance, hydrogen or noble
gases, the single-atom response may be calculated
using the time-dependent Schrödinger equation in
the single active electron (SAE) approximation;
it usually works perfectly. Going beyond SAE is
rarely necessary, but may be achieved using the
time-dependent Hartree-Fock approach [35,36], the
time-dependent density functional method [37,38],
or quantum chemistry methods such as the
time-dependent configuration-interaction method
[39,40]. Unfortunately, the full description of the
HHG process also requires taking into account prop-
agation effects (cf. Ref. [18]). That often makes
the use of the time-dependent Schrödinger equation
(TDSE) too demanding, leaving as the reasonable
alternative the SFA [12]. The SFA, combined with
propagation codes solving classical Maxwell equa-
tions, usually gives very satisfactory results. Of
course, there are more approaches one can use at
the single-atom level: (i) for longer pulses, one
can use Floquet or R-matrix theory (cf. Ref. [41]);

(ii) for short, intense pulses, the ultimate descrip-
tion belongs to the TDSE; (iii) in some regimes of
parameters, even more “brutal” than the SFA, clas-
sical (truncated Wigner) methods can be useful (cf.
Refs. [42–44]).

(b) High-harmonic generation—complex targets. For
more complex atoms (with non-negligible electronic
correlations) or molecules, the SFA seems to be the
only method, although Floquet methods and the R
matrix work reasonable well for long laser pulses.
The situation changes when we go to solids and truly
many-body systems. In the weakly correlated cases
one can apply the semiconductor Bloch equations
[31,45], or the little more flexible Wannier-Bloch
approach [46]. But, in the case of strongly correlated
systems, more sophisticated approaches must be
used: from density functional theory, through exact
diagonalization for small systems (cf. Refs. [47–
49]) to more advanced mean field theories like
the generalized time-dependent pairing theory (cf.
Ref. [50]), dynamical mean field theory [51–53],
or slave boson theories [54] in a time-dependent
version.

(c) Above-threshold ionization—simple atoms. For sin-
gle targets, the same methods as mentioned above
can be used [55,56]. While propagation effects are
not relevant here as the outputs in this case are
photoelectrons, ponderomotive effects and averag-
ing over the spatial intensity profile of the laser pulse
are, however, extremely relevant.

(d) Above-threshold ionization—complex targets. Obvi-
ously, this is particularly challenging, even if
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the multielectron effects play no role. The high-
energy parts of ATI spectra come from rescat-
tering processes that are possible, but technically
hard, to describe with the SFA [57–61]. Again, the
ponderomotive effect and averaging over the spatial
intensity profile of the laser pulse should be taken
into account [62].

(e) Sequential and nonsequential double ionization.
For simple two-electron systems (helium [63–66]),
one-dimensional (1D) two-electron models [67–
70], or quasi-3D models [71,72]), one can use the
TDSE approach in various “flavors.” The quasi-3D
approach can even be generalized to three-electron
systems [73]. Otherwise, we can only apply approx-
imate methods, such as the SFA; see, e.g., Ref. [74].

C. SILAP and QED

All of these approaches are amazingly impressive and
have led to a tremendous amount of important results,
but all of them neglect the genuine QED nature of light.
Recently, this orthodox paradigm seems to be questioned
more and more often. For instance, some of the early
papers with “QED” flavor treated the laser field in a QED
manner to develop a frequency domain theory for HHG,
ATI, and NSDI, which later they used to describe an x-ray
pulse in assisted HHG and NSDI [75–78].

More recently, a new line of research was initiated by P.
Tzallas and his collaborators, combining quantum optics
methods with SILAP. In their two pioneering papers, they
observed quantum optical signatures in strong-field laser
physics by looking at the infrared photon counting in HHG
[79]. In the subsequent paper [80], high-order harmon-
ics were measured by the photon statistics of the infrared
driving field exiting the atomic medium. These ideas stim-
ulated other groups to look on QED aspects of SILAP
in a more detailed way. I. Kaminer with his collabora-
tors discussed the quantum optical nature of HHG [81]
(see also Ref. [82]). They presented a fully quantum the-
ory of extreme nonlinear optics, predicting quantum effects
that alter both the spectrum and photon statistics of HHG.
In particular, they predicted the emission of shifted fre-
quency combs and identified spectral features arising from
the breakdown of the dipole approximation for the emis-
sion. Each frequency component of HHG can be bunched
and squeezed, and each emitted photon is a superposition
of all frequencies in the spectrum, i.e., each photon is a
comb. G. Paulus et al. looked at the photon counting of
extreme ultraviolet high harmonics using a superconduct-
ing nanowire single-photon detector [83]. Triggered by
recent developments on radiation sources of high-power
pulsed squeezed light [84,85], Gorlach et al. [86] initiated
investigations towards the generation of high harmon-
ics driven by intense squeezed light sources. In a series
of papers, S. Varro’s group studied the quantum optical

aspects of HHG [87], developing quantum optical models
[88], and a quantum optical description of photon statistics
and cross-correlation [89].

Our approach followed the earlier ideas of the Crete
group, and focused on the experiments in which quantum
electrodynamical properties of the driving laser field were
observed upon (a) conditioning on HHG, and (b) coherent
diminution of the amplitudes of the light field, allowing for
the final reconstruction of the Wigner function of the laser
mode using quantum tomography. Our results, and their
possible implications for applications in quantum informa-
tion and quantum technologies, were described in a series
of papers [90–95]. The culmination of this approach was
the observation of a massive optical Schrödinger “cat”
state of the fundamental laser mode, conditioned on the
HHG process.

D. Motivation and goals of this paper

The main motivation and goals of the present
manuscript are as follows.

(a) We provide a full detailed theoretical quantum elec-
trodynamical (QED) formulation of the quantum
optics of intense laser-atom interactions. In particu-
lar, we describe the processes of HHG and ATI, and
characterize their backaction on the coherent state of
the driving laser field. Furthermore, we show how
quantum operations (conditioning measurements)
on HHG and ATI can lead to coherent state super-
positions with controllable quantum features. Such
Schrödinger “catlike” or “kittenlike” states offer, in
principle, fascinating possibilities for applications in
quantum technologies.

(b) We discuss what are the experimental conditions
needed to control the quantum features of the light
state after HHG and ATI. In particular, we show
how it is possible to switch the quantum character of
the generated Schrödinger optical “catlike” states to
“kittenlike” states, and how new observables, e.g.,
the photon number, inherit information about the
quantum nature of the laser-matter interaction pro-
cesses. Finally, we show the conditions under which
the generation of high-photon-number optical “cat”
states is possible.

All of this material will be presented in a didactic form. We
believe that our tutorial will contribute to the more com-
plete understanding of the strong-field matter processes
from a full quantum electrodynamical viewpoint, and to
the development of new methods that naturally lead to the
creation of massive superpositions and massive entangled
states, such as high-photon-number coherent state super-
positions with controllable quantum features. Generating,
certifying, and applying such states could greatly advance
quantum technology.
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We attempt, toutes proportiones gardées, to shape our
tutorial inspired by the best of the best: Cohen-Tannoudji’s
books [96,97], or the reference paper on quantum optics
of dielectric media [98]. Therefore, we first formulate
a complete QED theory, including a general descrip-
tion of dynamics, starting from the minimal coupling p ·
A (“velocity gauge”) Hamiltonian, and discussing cutoff
issues. We then carefully discuss going to the d · E (“length
gauge”) description, also considering the divergent role of
the x2 term, and introducing the dipole approximation for
one atom.

We formulate the problem by assuming as an initial state
the coherent state of the modes, contributing to the fun-
damental laser pulse, and vacuum otherwise. We employ
various unitary transformations by going to the interaction
picture with respect to the free-field Hamiltonian, shifting
away the initial coherent state of the driving laser, and
finally moving to the interaction picture with respect to
the semiclassical Hamiltonian. We pay a lot of attention
to the conditioning idea and its “advantages”: condition-
ing is here the basic, natural tool that allows generation of
quantum correlated states.

The presentation is therefore quite technical, but we
hope it will indeed be useful for newcomers to the area:
it will allow them to understand the basics of the theory
and the known results, and, more importantly, the essence
of the future challenges and questions to be studied and
tackled.

The plan of this tutorial is thus as follows.

(a) Section I is an introduction, discussing the state of
the art, motivations, and objectives.

(b) Section II contains the preliminaries, and in particu-
lar provides a brief introduction to QED.

(c) Section III focuses on laser-matter interactions, and
describes the basic Hamiltonian of a single active
electron in a laser field, both in the “velocity” and
“length” gauges. We then discuss various approxi-
mations used (the dipole approximation, in particu-
lar), and the dynamics of the systems.

(d) Section IV is devoted to the discussion of the condi-
tioning methods, which provide our basic tool for
the engineering of massively quantum correlated
states.

(e) Section V discusses the experimental aspects of the
proposed quantum engineering approach based on
conditioning.

(f) Finally, Secs. VI and VII contain a discussion of
the results and the outlook for future investigations,
respectively.

The paper also contains seven appendices with more tech-
nical aspects of the derivations, calculations, and numeri-
cal simulations.

II. PRELIMINARIES

A. Electromagnetic field operator and Hamiltonian

To derive the microscopic response of the matter to the
optical field, and the respective change of the electromag-
netic (EM) field quantities, we consider the Hamiltonian
[96,97,99]

H = Hf + HA+f , (1)

where the free-field Hamiltonian Hf consists of the trans-
verse part of the electromagnetic field

Hf = 1
2

∫

d3r
{

1
ε0

�2(r)+ 1
μ0

[∇ × A(r)]2
}

. (2)

The dynamical field variables are given by the vector
potential A(r), and the canonical conjugate field momen-
tum �(r) = ε0∂A(r, t)/∂t, with the corresponding com-
mutation relation given by [Am(r),�n(r′)] = i�δ⊥

mn(r −
r′), where δ⊥

mn(r − r′) is the transverse δ function (see
Appendix A for details). We use the common procedure
of expressing the dynamical variables in a plane-wave
expansion

A(r) =
∑

μ

∫

d3k
[
√

�

2ε0ck(2π)3
g(k)εkμakμeik·r + H. c.

]

,

(3)

where εkμ is the polarization vector for the field mode
k = (kx, ky , kz)

T in the polarization mode μ. We intro-
duced here a regularizing factor g(k), describing the cutoff
of the matter-field coupling at high frequencies, i.e. high
momenta (see Remark 1 below). The bosonic creation and
annihilation operators a(†)kμ obey the commutation relation

[akμ, a†
k′ν] = δμνδ(k − k′). (4)

Note that we have used the Coulomb gauge ∇ · A = 0 in
which εkμ ⊥ k. The canonical conjugate momentum field
is given by

�(r) = −i
∑

μ

∫

d3k

√

�ε0ck
2(2π)3

g(k)εkμakμeik·r + H. c.,

(5)

such that we can express the free-field Hamiltonian (2) in
the form

Hf =
∑

μ

∫

d3k �ωk

(

a†
kμakμ + 1

2

)

(6)

with frequency ωk = c|k| of mode k.
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B. Coherent states of light and their superposition

From a classical perspective, the EM field generated by
a laser source is often described as a single-mode wave
with a well-defined amplitude and phase. However, in the
quantum theory of radiation the amplitude and the phase
are conjugate variables, and therefore cannot be deter-
mined with arbitrary accuracy in the same experiment. The
state for which the product of the variances of those two
quantities reaches the lower limit, and therefore provides
the optimal description of the classical field, is given by
coherent states of light

|α〉 = e−|α|2/2
∞

∑

n=0

αn

√
n!

|n〉 , (7)

which is a coherent superposition of Fock states |n〉 of
a single mode, with α ∈ C the coherent state amplitude.
Coherent states of light are said to be classical states of
light, and their properties can be described by classical EM
theory.

In order to provide physical intuition on how coherent
states are generated, we consider the most basic example of
a light source, which is that of a classical charge described
by the current J(r, t) ∈ R3 [100]. The charge current cou-
ples to the EM field (now for the general multimode case)
via the vector potential, given by the operator A(r, t) in
Eq. (3). The Schrödinger equation describing the dynamics
of the state of the EM field is

i�
d
dt

|φ(t)〉 =
∫

d3r J(r, t) · A(r, t) |φ(t)〉 (8)

with the solution given by

|φ(t)〉 = T exp
{

− i
�

∫ t

t0
dt′

∫

d3rJ(r, t′) · A(r, t′)
}

|φ(t0)〉

=
∏

kμ

eiϕkμexp[αk,μ(t)a
†
kμ−α∗

k,μ(t)akμ] |φ(t0)〉 ,

(9)

where we have used the definition of the vector potential in
Eq. (3), and the initial state of the EM field |φ(t0)〉. Thus,
the coupling of the charge current to the EM field induces
a shift of the initial state via the displacement operator

D(αkμ) = exp[αkμa†
kμ−α∗

kμakμ]. (10)

This operator shifts each mode of the initial state by a
quantity αk,μ(t) given by

αk,μ(t) = i
�

g̃(k)
∫ t

t0
dt′

∫

d3rJ(r, t) · εk,μe−iωkt+ik·r, (11)

which corresponds to the Fourier transform of the clas-
sical charge current. Thus, up to a global phase, we can

define the coherent state of light in mode {k,μ} when the
displacement operator is acting on the initial vacuum state

∣
∣αkμ

〉 = exp[αk,μ(t)a
†
kμ−α∗

k,μ(t)akμ]
∣
∣0kμ

〉

, (12)

which are eigenstates of the annihilation operator
akμ

∣
∣αkμ

〉 = αkμ
∣
∣αkμ

〉

. Hence, the oscillation of a classi-
cal charge current generates states of light that satisfy the
lower bound in the uncertainty relation between the field
amplitude and phase. Furthermore, this uncertainty keeps
saturated during their free-field evolution, that is, these
states remain coherent states when they freely propagate.

For the reasons stated before, coherent states are said
to be classical states, since their properties can be recov-
ered by classical EM theory. However, despite the fact that
coherent states are classical states of light, the superposi-
tion of two different coherent states can exhibit genuine
quantum features without a classical counterpart [101].
The generic form of a coherent state superposition (CSS)
in a single field mode reads

|φ〉 =
∑

i

ai |αi〉 . (13)

One of the most well-known examples of CSS are the
so-called Schrödinger cat states [101], which consist of
the superposition of two macroscopically distinguishable
coherent states. The superposition of coherent states can
lead to highly nonclassical features that can be witnessed
in different ways, e.g., by means of negativities in their
Wigner function representation [102,103]. Furthermore,
these states can be combined with linear optical ele-
ments such as beam splitters [104] to generate entangled
coherent states [105], which are useful in many different
applications of quantum information science [106] such
as quantum communications [107], quantum computation
[108,109], and quantum metrology [110].

In the context of the present paper, we are mainly
interested in generating nonclassical field states in the fun-
damental driving laser mode, and therefore compute the
backaction on this mode due to the interaction with a gas
medium. To measure the change of the driving laser mode,
we consider the photon-number probability distribution of
coherent states and their superposition. The probability
distribution of finding n photons in a single-mode coherent
state with amplitude α is Poissonian

P(n) = |〈n|α〉|2 = e−|α|2 |α|2n

n!
, (14)

where the mean 〈n〉 = 〈α| a†a |α〉 = |α|2 and the variance
(n)2 = |α|2 are equal. Photon distributions are shown in
Fig. 2(a) for α = 7.95 (red dashed curve) and 8.73 (black
solid curve). Both distributions show a maximum peak
at the mean photon value of the distribution, 〈n〉 ≈ 63.2
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(a) (b)

FIG. 2. Photon-number probability distributions for (a) two
coherent states with α = 7.95 (red dashed curve) and α =
8.73 (black solid curve), and (b) a superposition of three
coherent states of the form |φ〉 = a1 |7〉 + a2 |9〉 + a3 |10〉
with (a1, a2, a3) = (1.0, −1.0, 0.75) (red dashed curve) and
(a1, a2, a3) = (1.0, 1.0, 0.75) (black solid curve). The coefficients
in the superposition are shown up to a normalization that,
nonetheless, has been taken into account when doing the plots.
In both plots, the mean photon number is 〈n〉 ≈ 63.2 for the
red dashed curve probability distribution and 〈n〉 ≈ 76.2 for the
black solid line.

and 〈n〉 ≈ 76.2, respectively. On the other hand, for the
coherent state superposition presented in Eq. (13), the
photon-number probability distribution is given by

P(n) =
∣
∣
∣
∣

∑

i

aie−|αi|2/2 (αi)
n

√
n!

∣
∣
∣
∣

2

, (15)

which is not a Poissonian distribution anymore due to the
interference between the different coherent states |αi〉. In
Fig. 2(b), we show the obtained probability distribution of
a superposition of three coherent states of the form |φ〉 =
a1 |7〉 + a2 |9〉 + a3 |10〉, when considering different rela-
tive phases of the corresponding probability amplitudes ai.
In particular, the mean photon numbers of the two dis-
tributions that are shown coincide with those considered
for the coherent states in Fig. 2(a). Yet, the distributions
are very different for the coherent state superposition, and
we observe a multipeak structure. The main difference
between the black solid line and the red dashed curve in
(b) lies in the relative phase of the |9〉 coherent state as it
differs by π from one case to the other. Depending on this
relative phase, we either get a multipeak probability distri-
bution, or a situation where two of the peaks are very close
to each other and are indistinguishable.

III. INTENSE LASER-MATTER INTERACTION

A. Minimal coupling Hamiltonian—the velocity gauge

The primary goal of the present tutorial is to describe
the dynamics of many particles in the gas phase in strong

laser fields, taking into account the full quantum electrody-
namic nature of the intense driving laser field. We consider
N atoms or molecules located at Rα , α = 1, . . . , N , in the
SAE approximation. Readers familiar with fully quantized
light-matter interaction in the p · A and r · E gauges can
skip the next subsections, and start with Sec. III C directly.

Hamiltonian HA+f in Eq. (1) describes the coupling of
the collection of charges in the SAE approximation with
the EM field. It is given by the minimal-coupling Hamil-
tonian describing the interaction of an electron of mass m
and charge q = −e with the EM field [96,97,99]

HA+f =
∑

α

[pα − qA(rα)]2

2m
+ Vat(rα , Rα), (16)

where pα = mṙα + qA(rα) is the canonical conjugate
momentum of the electron with coordinate rα , which
obeys [riα , pj α′] = i�δαα′δij , and Vat(rα , Rα) is the effective
potential felt by the single active electron (see Remark 2
below).

The total Hamiltonian is then of the form

H = 1
2

∫

d3r
{

1
ε0

�2(r)+ 1
μ0

[∇ × A(r)]2
}

+
∑

α

[
[pα + eA(rα)]2

2m
+ Vat(rα , Rα)

]

, (17)

and will be used for the transformation to the length gauge.
Furthermore, at this point we present some remarks that
need to be taken into account in the present description.
Remark 1: Note that we are considering here a nonrel-
ativistic theory of electrons interacting with the quantum
EM field. Moreover, we consider the dipole approxima-
tion. Obviously, the considered model is ultraviolet diver-
gent. This divergence has no physical meaning, and is
related partially to the incorrect treatment of large wave
vectors in the dipole approximation. It cannot be removed
by a satisfactory renormalization procedure, which leads
to nonphysical run-away solutions [111,112]. Instead,
we introduce a form factor tempering the coupling for
high frequencies, just as the eik·r term does. Following
Refs. [113,114], we take the form factor

g(k) = �√
�2 + k2

, (18)

where the cutoff parameter � is much larger than the
laser frequency, and is of the order of � � d−1, where
d is equal to the characteristic amplitude of the elec-
tronic oscillations. With such a choice, the atomic lifetime
remains finite, while the frequency (Lamb) shift is linearly
divergent as � → ∞.
Remark 2: The effective potential Vat(rα , Rα) felt by the
single active electron in a given atom or molecule cen-
tered at Rα , and for neutral atoms, has a long-range tail
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corresponding to the Coulomb interaction between the
charges, related to the parallel component of the electric
field. For any specific atom or molecule, with the excep-
tion of atomic hydrogen, it has to be calculated carefully
using advanced Hartree-Fock methods [115,116].

B. Transformation to the length gauge

In the following we are interested in localized systems,
e.g., atoms or molecules, which are located at a position
Rα . Moreover, for the moment, we only consider systems
within the SAE approximation. Since we are dealing with
localized atomic or molecular systems, in which a single
active bound electron is driven by the intense laser field,
we further use the fact that the induced polarization is due
to the displacement of electrons with charge e, and we can
define the polarization via

∇ · P(r) = e
∑

α

δ(r − rα). (19)

To describe the interaction of intense laser fields with mat-
ter, we transform Hamiltonian (17) into a more convenient
form, in which the dipole moment of the electrons

d =
∑

α

qαrα = −e
∑

α

rα (20)

is coupled to the electric field E(r). We therefore first
obtain a multipolar-coupling Hamiltonian by performing
a unitary transformation followed by the dipole approxi-
mation.

1. Power-Zienau-Woolley transformation

The unitary transformation that turns the minimal-
coupling Hamiltonian (17) into the multipolar coupling is
given by the Power-Zienau-Woolley (PZW) transforma-
tion [96,97,99]

T ≡ exp
{

i
�

∫

d3rP(r) · A(r)
}

, (21)

where the atomic polarization P(r) given by

P(r) = −e
∑

α

∫ 1

0
ds(rα − Rα)δ(r − Rα − s(rα − Rα))

(22)

solves Eq. (19). The PZW transformation obviously leaves
both the vector potential A′(r) = TA(r)T† = A(r) and the
electron coordinates r′

α = TrαT† = rα invariant. However,
the canonical conjugate field momentum �(r) and the

electron canonical momentum pα transform according to

�′(r) = T�(r)T†=�(r)− P⊥(r), (23)

p′
α = TpαT†=pα + eA(rα)

+ e
∫ 1

0
ds s(rα − Rα){∇ × A(Rα + s(rα − Rα))},

(24)

where P⊥(r) is the transverse part of the polarization
P(r). We can now express the minimal-coupling Hamil-
tonian (17) in terms of the new dynamical variables from
Eqs. (23) and (24), and we obtain the multipolar-coupling
Hamiltonian H ′ = THT† (see Appendix B). In this mul-
tipolar Hamiltonian we only consider the term in which
the transverse displacement field �′(r) = −[ε0E⊥(r)+
P⊥(r)] is coupled to the atomic polarization P(r). The
terms describing the interaction of the paramagnetic mag-
netization with the magnetic induction field B(r) = ∇ ×
A(r), and the diamagnetic energy of the system, which is
quadratic in the magnetic induction field, will be neglected
in the following when performing the dipole approxima-
tion.

2. Dipole approximation

Since we are considering electrons that are bound by the
Coulomb potential VC to the atomic core at position Rα ,
we can expand the field variables in powers of rα − Rα .
Within the electric dipole approximation, we only keep
the zeroth-order term, such that the vector potential A(Rα)

and the canonical conjugate momentum field �(Rα) are
evaluated at the atomic position Rα . Therefore, the inter-
action Hamiltonian H ′

int in the multipolar form simplifies
significantly. Since the vector potential loses its spatial
dependence in the electric dipole approximation, the last
two terms in Eq. (B5) in Appendix B vanish due to ∇rα ×
A(Rα) = 0. Furthermore, the canonical momentum field is
evaluated at the atomic position Rα , and we have

H ′
int = −d · E⊥=e

∑

α

rα · E⊥(Rα), (25)

where d = −e
∑

α rα is the electric dipole moment for
global neutral systems. Now, the total Hamiltonian after
the unitary PZW transformation within the dipole approx-
imation has the form

H ′ =
∑

μ

∫

d3k �ωk

(

a†
kμakμ + 1

2

)

+
∑

α

p2
α

2m
+ Vat(rα , Rα)

+ e
∑

α

rα · E⊥(Rα)+ 1
2ε0

∫

d3rP2
⊥(r). (26)
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3. Renormalization of polarization self-energy

The last term of Eq. (26) is, in our nonrelativistic the-
ory, and within the dipole approximation, strictly speaking
infinite. If we use the large momentum cutoff, it becomes
regularized, but gives rise to a nonphysical quadratic con-
tribution to the electronic potential. We thus “renormalize”
this term as above, including it in the effective potential
Ṽat(rα , Rα). The final Hamiltonian in the dipole approxi-
mation (sometimes known as the length gauge) reads

Hdip =
∑

μ

∫

d3k �ωk

(

a†
kμakμ + 1

2

)

+
∑

α

[
p2
α

2m
+ Ṽat(rα , Rα)+ erα · E⊥(Rα)

]

. (27)

This Hamiltonian will provide the starting point for further
discussion.

C. Dynamical evolution

In this section we obtain the dynamical evolution of
the EM field. We therefore solve the time-dependent
Schrödinger equation (TDSE) [90,92]

i�
d
dt

|ψ(t)〉 = Hdip|ψ(t)〉 (28)

with the Hamiltonian in Eq. (27). To describe intense
laser-matter interactions, we assume that the electrons are
initially in the ground state

⊗

α |gα〉 and that the EM field
of the laser pulse is described by multimode coherent states
∣
∣αkμ

〉

. The spectral profile and wave vector of the laser
pulse are centered around ωL and kL, respectively, and
the field is in the polarization mode μ. All higher fre-
quency modes (i.e., in particular high-harmonic modes) are
assumed to be in the vacuum state

∣
∣0kμ

〉

such that the initial
condition is given by

|ψ(t0)〉 =
⊗

α

|gα〉
⊗

k,μ�kLμ

∣
∣αkμ

〉 ⊗

k�kL

∣
∣0kμ

〉

. (29)

We want to emphasize that the coherent state amplitudes
αk,μ of the driving laser source are a function of the field
momentum k and polarization μ, encoding the informa-
tion of the spectral characteristics of the driving laser.
For each frequency mode ωk,μ, with given polarization μ,
the respective amplitude and phase varies. This allows us
to consider arbitrary driving field configurations includ-
ing different frequency or spatial modes, and to include
complex polarization states [101]. The magnitude of each
mode |αk,μ| is proportional to the frequency spectrum of
the considered EM driving field, and is centered around
the driving laser frequency ωkL . In Fig. 3 we illustrate the
magnitude |αk,μ| of the spectral decomposition for a driv-
ing laser with a sinusoidal squared envelope with ncyc = 5

(a)

(b)

(arb. units)

(arb. units)

FIG. 3. In (a) we consider a linearly polarized electromagnetic
field with a sinusoidal squared envelope, central frequency ω =
0.057 a.u., field amplitude E = 0.053 a.u., and ncyc = 5 cycles.
The orange dashed curve shows the electric field while the blue
solid curve the vector potential. In (b) we show the dependence
of |αk,μ| on the frequency mode.

cycles of duration. The spectral amplitude is given by
αk,μ ∝ ∫

dtεk,μ · A(t)e−iωkt.
We now solve the TDSE (28) by transforming into the

interaction picture with respect to the free-field Hamilto-
nian Hf such that |ψ ′(t)〉 = exp

[

iHf t/�
] |ψ(t)〉 solves the

Schrödinger equation

i�
d
dt

|ψ ′(t)〉 =
∑

α

(
p2
α

2mα

+ Ṽat(rα , Rα)

+ erα · EQ(t, Rα)

)

|ψ ′(t)〉, (30)

where the time-dependent electric field operator is now
given by

EQ(t, Rα) = i
∑

μ

∫

d3kg̃(k)εkμ[akμe−iωkt+ik·Rα

− a†
kμeiωkt−ik·Rα ]. (31)

To separate the contribution of the classical electric field
from the quantum corrections associated with it, we per-
form a unitary transformation that shifts the initial coherent
state of the field,

⊗

k,μ�kL,μ

∣
∣αkμ

〉

, to the vacuum state.
This is performed by applying the displacement opera-
tors D†(αk) = D(−αk), such that the new state |ψ̃(t)〉 =
⊗

k,μ�kL,μ
D†(αk,μ)

∣
∣ψ ′(t)

〉

obeys the Schrödinger equation

i�
d
dt

|ψ̃(t)〉 =
∑

α

[
p2
α

2mα

+ Ṽat(rα , Rα)− d · Ecl(t, Rα)

− d · EQ(t, Rα)

]

|ψ̃(t)〉 (32)
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with the new initial condition given by
∣
∣
∣ψ̃(t0)

〉

= D†(αkL) |ψ(t0)〉

=
⊗

α

|gα〉
⊗

k,μ�kLμ

∣
∣0kμ

〉 ⊗

k�kL

∣
∣0kμ

〉

. (33)

The classical part of the electric field is given by

Ecl(t, Rα) = i
∑

μ

∫

d3kg̃(k)εkμ[αk,μ(k)e−iωkt+ik·Rα

− α∗
k,μ(k)e

iωkt−ik·Rα ], (34)

where g̃(k) = g(k)
√

�ck/(2ε0(2π)3) with g(k) from
Eq. (18), and the quantum part EQ(t) is given by Eq. (31).
The dependence of the amplitude αkμ(k) of mode {k,μ}
on the field momentum takes into account the spectral dis-
tribution of the driving laser field, as shown in Fig. 3(b).
By virtue of the separation of the classical and quantum
parts of the electric field, the semiclassical strong-field
Hamiltonian appears in Eq. (32), i.e.,

Hsc(t) =
∑

α

[
p2
α

2m
+ Ṽ(rα , Rα)+ erα · Ecl(t, Rα)

]

. (35)

We therefore transform the atomic variables into the inter-
action picture with respect to the semiclassical Hamilto-
nian Hsc(t) by applying the unitary transformation Usc(t) =
T exp[−i

∫ t
t0

Hsc(t′)dt′] with the time-ordering operator

T such that the state |�(t)〉 ≡ U†
sc(t)|ψ̃(t)〉 solves the

Schrödinger equation

i�
d
dt

|�(t)〉 = e
∑

α

rα(t) · EQ(t, Rα) |�(t)〉 , (36)

where rα(t) = U†
sc(t)rαUsc(t) is the dipole moment opera-

tor in the interaction picture with respect to the semiclassi-
cal Hamiltonian. Note that this expression is still exact and
no approximations have been performed so far [based on
the approximate Hamiltonian in Eq. (27)]. To describe the
different processes in strong-field physics, such as HHG or
ATI, we use the Schrödinger equation of Eq. (36) as the
starting point for the respective discussions, and approx-
imations compatible with the strong-field processes will
be applied from here on. This will serve as the origin
for the light engineering protocols in intense laser-matter
interactions, which will be introduced in the subsequent
sections.

IV. QUANTUM STATE ENGINEERING USING
INTENSE LASER FIELDS

The description of the dynamical evolution of the total
system, formed by many electrons, with the EM field

has, thus far, been exact under the Hamiltonian within
the dipole approximation. This interaction will entangle
the electronic and EM field states [93], and many differ-
ent processes can occur (see the Introduction). To engineer
the photonic degree of freedom for generating nonclassical
states of light, we can now perform specific operations on
the total state. For instance, we can condition the total evo-
lution on certain electronic states, such as the ground state
or a continuum state, which corresponds to the process
of HHG or ATI, respectively. The conditional evolution
of the EM field modes then allows us to apply approxi-
mations based on assumptions in agreement with intense
laser-matter interaction.

For instance, it was shown that the EM field state is in an
entangled state between all the field modes [91,93], which
then further allows us to perform a second stage of con-
ditioning by measuring particular field modes leading to
a quantum operation acting on the remaining modes [93].
This will, for instance, generate high-photon-number opti-
cal “catlike” states in the infrared (IR) [90,92] or extreme
ultraviolet (XUV) regime [91]. Those measurements pro-
vide access to the nonclassical character of the entangled
state.

In the following we introduce these aspects with the
prospect to engineer the quantum state of the EM field.

A. Conditioning on the electronic ground state: HHG

To describe the process of high-harmonic generation in
atomic systems, we consider only those cases in which the
electron is found in its ground state, leading to the emis-
sion of radiation of high-order harmonics of the driving
frequency. We therefore project TDSE (36) onto the elec-
tronic ground state of all atoms

⊗

α |gα〉 in the original
laboratory frame, such that

i�
d
dt

|φ(t)〉 = e
∑

α

EQ(t, Rα) · 〈g · · · g| rα(t) |�(t)〉 ,

(37)

where we have defined the EM field state conditioned
on the electronic ground state |φ(t)〉 = 〈g · · · g| |�(t)〉. To
simplify the right-hand side, we introduce the identity
in the spirit of the SFA by neglecting excited electronic
bound states

I =
⊗

α

(

|gα〉 〈gα| +
∫

d3vα |vα〉 〈vα|
)

, (38)

where we have denoted the continuum states as |vα〉 cor-
responding to an electron with kinetic momentum mv. We
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then obtain

i�
d
dt

|φ(t)〉 = e
∑

α

〈rα(t)〉 · EQ(t, Rα) |φ(t)〉

+ e
∑

α

∫

d3vα 〈gα| rα(t) |vα〉

· EQ(t, Rα) |φα(vα , t)〉 , (39)

where 〈rα(t)〉 = 〈g| rα(t) |g〉 is the time-dependent dipole
moment expectation value in the electronic ground state,
and we have defined the state of the EM field with one
electron conditioned on a continuum state |φα(vα , t)〉 =
〈vαg · · · g| |�(t)〉. For the process of HHG, we neglect
the second term corresponding to the projection of the
total state onto an electronic continuum state, which is
hardly occupied at the end of the pulse since the electron
recombines to its ground state during the process of HHG.
However, note that this approximation neglects the con-
tinuum population at all times, and not only at the end of
the pulse, though this contribution is assumed to be small
compared to the ground-state amplitude [117]. We can thus
proceed and solve

i�
d
dt

|φ(t)〉 = e
∑

α

〈rα(t)〉 · EQ(t, Rα) |φ(t)〉 . (40)

Since the field operator is linear in the creation and anni-
hilation operators, we can solve the TDSE exactly and
obtain, for the propagator,

U(t, t0) = T exp
{

− ie
�

∫ t

t0
dt′

∑

α

〈rα(t′)〉 · EQ(t′, Rα)

}

=
∏

kμ

D[χk,μ(t)]eiϕk,μ(t), (41)

which is equivalent to a multimode displacement operator,
where

ϕk,μ(t) = e2

�2 g̃2(k)
∑

α,α′

∫ t

t0
dt1

∫ t1

t0
dt2εkμ · 〈rα(t1)〉εkμ

· 〈rα′(t2)〉 sin[ωk(t1 − t2)]. (42)

Thus, the initial state of the field, up to a phase factor, after
the interaction is given by

|φ(t)〉 =
∏

k,μ

D[χk,μ(t)] |φ(t0)〉

= D[χ(t)] |φ(t0)〉 , (43)

where D[χ(t)] is shorthand notation for the product of all
displacement operators D[χk,μ(t)] on the field modes, each

of which shifts the initial state of the respective mode by
an amplitude

χk,μ(t) = −e
∑

α

g̃(k)e−ik·Rα
∫ t

t0
dτεkμ · 〈rα(τ )〉eiωkτ .

(44)

To obtain the field state in the original laboratory frame,
we have to undo the transformations in Eqs. (30) and (32),

|�(t)〉 =
∏

k,μ�kL,μ

D(αk,μ)e−(i/�)Hf t |φ(t)〉 , (45)

and we obtain

|�(t)〉 =
⊗

k,μ�kL,μ

eiϕk,μ(t)
∣
∣[αk,μ + χk,μ(t)]e−iωkt〉

⊗

k,μ�kL,μ

∣
∣χk,μ(t)e−iωkt〉 , (46)

where

ϕk,μ(t) = Im[αk,μχ
∗
k,μ(t)]. (47)

To obtain the spectrum of scattered light, i.e., the HHG
spectrum, we note that in our treatment the interatomic
correlations of the dipole moment are neglected [93,118]
and that the spectrum is solely governed by the coher-
ent part due to the classical charge current of the dipole
moment expectation value (see the physical explanation
of the generation of coherent states from classical charge
currents in Sec. II B). It should be noted that, due to this
approximation, e.g., neglecting the continuum contribution
in Eq. (39) that is only valid for a small depletion of the
ground state, the final state of the total EM field is given by
coherent product states in Eq. (46). This can also be seen
from the point of view that only the dipole moment expec-
tation value is coupled to the field [see Eq. (40)], acting as
a classical charge current, and all dipole moment correla-
tions are neglected [93,118]. Terms including higher orders
of EQ(t) would lead, for instance, to squeezing in the field
modes. The coherent contribution to the HHG spectrum is
proportional to (see Appendix C)

S(ωk,μ) ∝ lim
t→∞ |χk,μ(t)|2 = g̃(k)2N 2|εk,μ · 〈d(ωk)〉|2.

(48)

We observe that the HHG spectrum is proportional to the
Fourier components of the time-dependent dipole moment
expectation value, which is in agreement with the results
obtained when neglecting the correlations of the dipole
moment operator [118]. In Fig. 4 we show the HHG spec-
trum given by Eq. (48) for a linearly polarized driving field
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FIG. 4. High-harmonic generation spectrum obtained from the
evaluation of Eq. (48) using the QPROP software [119], when a
hydrogen atom in the ground state (Ip = 0.5 a.u.) interacts with a
linearly polarized electromagnetic field with a sinusoidal squared
envelope that has ten cycles, driving frequency ω = 0.057 a.u.,
and electric field amplitude E = 0.053 a.u. The harmonic yield
extends until the 21st harmonic, which constitutes the cutoff fre-
quency of the spectrum, that is, the maximum energy that can be
gained by the electron when accelerating in the continuum.

with a sinusoidal squared envelope and ncyc = 10 cycles.
We observe the usual features of a HHG spectrum from lin-
early polarized, single color driving fields, namely that the
peaks of the spectrum are located at the odd harmonics of
the fundamental driving frequency, and that the spectrum
exhibits a plateau structure that lasts until the cutoff region,
here located around the 21st harmonic order. This cutoff
frequency corresponds to the maximum kinetic energy that
can be gained by the electron within the field [117]. We
note that, by controlling the properties of the employed
laser field (intensity, polarization, wavelength, etc.) as well
as the atomic species used in the interaction region, the
extension of the harmonic plateau can be further increased.

B. Conditioning on harmonic field modes

Thus far, we have presented the first step of condi-
tioning, in which the postselection was performed on the
electronic degree of freedom, i.e., the electronic ground
state, corresponding to the process of HHG. In the next
conditioning step for quantum state engineering of light,
we perform measurements on the EM field itself. In par-
ticular, we perform a conditioning measurement on the
harmonic field modes, leading to optical “catlike” states
in the fundamental driving laser mode.

As a consequence of the nonlinear interaction with the
electron, the fundamental and harmonic modes get shifted
by a quantity χk,μ, which depends on the time-dependent
dipole moment of the electron and correlates the shift
obtained in each of the modes. In fact, the mode that gets
excited during the HHG process that takes into account all
these correlations is given by the corresponding number
states |ñ〉. Thus, the HHG process corresponds to the case

in which these wavepacket modes get excited, i.e., when-
ever ñ �= 0. This allows us to introduce a set of positive
operator-valued measure (POVM) [120] considering these
two events [93]

Añ = {�0̃,�ñ�=0}, (49)

where �0̃ = ∣
∣0̃

〉〈

0̃
∣
∣ considers the case where no harmonic

radiation is emitted and�ñ�=0 = ∑

ñ�=0 |ñ〉 〈ñ| considers the
case where the wavepacket mode is excited, i.e., harmonic
radiation is generated. Note that the states |ñ〉 are the num-
ber states of the HHG wavepacket mode, and thus, by
definition, all possible excitations sum to the identity, i.e.,
�0̃ +�ñ�=0 = 1. Having in mind that the vacuum state of
this wavepacket mode

∣
∣0̃

〉

state coincides with the state of
the field prior to the interaction, i.e., the quantum state of
the field modes in Eq. (29), the conditioning on the case
where harmonics are generated can be written as �ñ�=0 =
1 −�0̃. Applying this operation to the state in Eq. (46),
we obtain

∣
∣�̃(t)

〉 =
⊗

k,μ�kL,μ

eiϕk,μ(t)
∣
∣[αk,μ + χk,μ(t)]e−iωkt〉

⊗

k,μ�kL,μ

∣
∣χk,μ(t)e−iωkt〉

−
⊗

k,μ�kL,μ

ξIReiϕk,μ(t)
∣
∣αk,μe−iωkt〉

⊗

k,μ�kL,μ

ξHH
∣
∣0k,μ

〉

, (50)

where ξIR and ξHH are the overlaps between the initial state
and the state we condition on, and are given by

ξIR =
∏

k,μ�kL,μ

〈

αk,μe−iωkt
∣
∣[αk,μ + χk,μ(t)]e−iωkt〉 , (51)

ξHH =
∏

k,μ�kL,μ

〈

0k,μ
∣
∣χk,μ(t)e−iωkt〉 . (52)

The final state obtained in Eq. (50) is an entangled state,
heralded by the emission of harmonic radiation, between
all the field modes that get excited during the HHG pro-
cess, and thus includes all the harmonic modes up to the
cutoff frequency given by the harmonic spectrum. The
harmonic cutoff depends on the driving laser field param-
eters, and the atomic species used for the HHG process
[121]. Furthermore, the amount of entanglement in the
obtained state depends on the shift χk,μ [91], which can
be controlled by means of the gas density in the interac-
tion region [92]. In Refs. [90,92], the states in Eq. (50)
were used to generate a coherent state superposition in
the driving laser mode. The implemented scheme intro-
duced a measurement where the radiation obtained in the
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harmonic modes was anticorrelated with the depletion
obtained in the fundamental modes (see Sec. V for further
details). In the present analysis, this measurement corre-
sponds to a projective operation onto the harmonic modes,
i.e., |�̃kL,μ〉 = ∏

k,μ�kL,μ
〈χk,μ|�̃(t)〉, such that the state of

the fundamental mode is given by

|�̃kL,μ〉 =
⊗

k,μ�kL,μ

∣
∣[αk,μ + χk,μ(t)]e−iωkt〉

−
⊗

k,μ�kL,μ

ξIR|ξHH|2 ∣
∣αk,μe−iωkt〉 , (53)

which represents a coherent state superposition (CSS)
between two overlapping coherent states. This superpo-
sition state has the particular form of two overlapping
coherent states, i.e., two coherent states that are not too
much separated in phase space, and can change from
optical “catlike” to “kittenlike” states depending on the
parameter χkL [92]. It is important to note that the dis-
tance between the two states in the superposition cannot
be too large since, for increasing χkL , the overlap ξIR
would decrease [see Eq. (51)], and thus the second term in
the superposition would vanish. However, this also brings
an advantage for practical purposes, since traditional cat
states are much more fragile against decoherence such as
losses for increasing separation of the two states [122]. A
fate the CSS generated from strong laser fields does not
experience. Furthermore, this particular property allows
this catlike state to grow in size by increasing the amplitude
αkL , leading to high-photon-number coherent state super-
positions orders of magnitude higher than current schemes
[91–93]. Those CSS show prominent nonclassical features
in their respective Wigner function (see Sec. V B 4), show-
ing the close analogy to optical cat states. An analysis of
the properties, such as photon statistics and different non-
classicality measures, of a CSS of this form can be found
in Ref. [123].

Similarly, one can instead perform the projective oper-
ation over the driving field mode, and all the harmonic
modes except that in mode (k,μ). This operation allows
one to obtain coherent state superpositions that belong to
the XUV region [91]

|�̃k,μ〉 = ∣
∣ξk,μe−iωkt〉 − ξk,μ

(
∏

k′,μ′ �=k,μ

|ξk′,μ′ |2
)

∣
∣0k,μ

〉

,

(54)

where ξk′,μ′ = 〈

αk′,μ′e−iωk′ t
∣
∣[αk′,μ′ + χk′,μ′(t)]e−iωk′ t

〉

if k′,
μ′ � kL,μ and equal to

〈

0k′,μ′
∣
∣χk′,μ′(t)e−iωk′ t

〉

otherwise. To
relate the formal approach of this subsection to the actual
experiment in which an optical “catlike” CSS of the form
(53) was measured [90], we summarize the conditioning
procedure introduced in this section. We first projected the

evolution of the total system in Eq. (37) onto the elec-
tronic ground state for taking into account the process of
HHG. We then conditioned the shifted optical field state on
the HHG wavepacket modes via projecting state (46) onto
�ñ�=0 = 1 −�0̃. This measurement operation leads to the
entangled field state, e.g., wave function “collapse,” into
state (50). This does not affect the HHG dynamics itself,
but formally conditions the field state onto the process
of HHG. Finally, the harmonic field modes are detected,
and thus the total entangled state is projected onto the
respective coherent states of all harmonic modes that are
shifted by the respective harmonic amplitudes χk·μ. This
leads to the CSS as written in Eq. (53), and which was
reconstructed in Ref. [90]. The actual experimental condi-
tioning on HHG has its formal description by the sequence
of these three measurements, and is derived in terms of a
quantum theory of measurement via POVM in Ref. [93].
In simple terms, the conditioning leads to a projection on
everything that was not in the initial field state

∣
∣αkL

〉

, i.e.,
1 − ∣

∣αkL

〉 〈

αkL

∣
∣, the identity subtracted by the initial state.

C. Conditioning on electronic continuum states: ATI

1. Optical field state conditioned on ATI

In the following we are interested in describing the
process of above-threshold ionization (ATI) in which the
electron is found in the continuum after the end of the
pulse. We therefore project the TDSE (36) onto the elec-
tronic state where one electron is found in a continuum
state |vα〉, and the other atoms are in the ground state

i�
d
dt

|φα(vα , t)〉 = e
∑

α′
EQ(t, Rα′)

· 〈vαg · · · g| rα′(t) |�(t)〉 , (55)

where we have defined |φα(vα , t)〉 = 〈vαg · · · g| |�(t)〉. We
again use the identity (38) to obtain

i�
d
dt

|φα(vα , t)〉
= eEQ(t, Rα) · 〈vα| rα(t) |g〉 |φ(t)〉 + eEQ(t, Rα)

·
∫

d3v′
α 〈vα| rα(t)

∣
∣v′
α

〉 ∣
∣φα(v′

α , t)
〉

+ e
∑

α′ �=α
EQ(t, Rα′) ·

[

〈rα′(t)〉 |φα(vα , t)〉

+
∫

d3v′
α′ 〈g| rα′(t)

∣
∣v′
α′

〉 ∣
∣φα,α′(vα , v′

α′ , t)
〉
]

. (56)

Here, we have defined the field state conditioned on ioniza-
tion of two atoms

∣
∣φα,α′(vα , v′

α′ , t)
〉 = 〈

vαv′
α′g · · · g

∣
∣ |�(t)〉.

In the following, we only take into account the single-
atom response such that we can neglect all terms in which
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α′ �= α, i.e., we neglect the last two terms in Eq. (56). Note
that if one would include the sum over α′ of the remaining
N − 1 atoms, this gives rise to a strongly correlated many-
body system, and should be considered when many-body
phenomena are investigated. We are first interested in the
process of direct ATI such that we neglect the contributions
from scattering events at the ionic potential after ioniza-
tion. The time-dependent continuum-continuum transition
matrix elements 〈vα| rα(t)

∣
∣v′
α

〉

of the electronic degrees of
freedom can be written as (see Appendix D 3)

〈v| r(t)
∣
∣v′〉 �

∫

d3v′′
∫

d3v′′′b∗
v(v

′′, t)bv′(v′′′, t)
〈

v′′∣∣ r
∣
∣v′′′〉,

(57)

where (see Appendix D 1)

bv(v′, t) = exp
{

− i
�

S(v′, t, t0)
}

δ(v − v′) (58)

is the amplitude of a continuum state with momentum v′
when initially having momentum v, and where we have
defined the action

S(v′, t, t0) =
∫ t

t0
dt′

[
1

2m

(

mv′ − e
c

A(t)+ e
c

A(t′)
)2

+ Ip

]

.

(59)

The transition matrix element in Eq. (57) is given by

e
〈

v′′∣∣ r
∣
∣v′′′〉 = ie�∇v′′δ(v′′ − v′′′)− �g(v′′, v′′′), (60)

where the first and second terms contribute to direct and
rescattering ATI, respectively. In the following we only
consider the first term, which is the contribution not influ-
enced by the scattering center, and neglect the rescattering
transition matrix element g(v′′, v′′′). It therefore remains to
solve

i�
d
dt

|φα(vα , t)〉 = eEQ(t, Rα) ·rα(t, vα) |φα(vα , t)〉
+ eEQ(t, Rα) · 〈vα| rα(t) |g〉 |φ(t)〉

(61)

with the total displacement of the electron in terms of the
canonical momentum pα = mvα − eA(t)/c, given by

rα(t, vα) = 1
m

∫ t

t0
dt′

[

pα + e
c

A(t′)
]

. (62)

The right-hand side of Eq. (61) is decomposed into two
terms. The first term is the homogeneous part of the dif-
ferential equation in which the electric field operator is
coupled to the total displacement of the electron during
its propagation in the continuum rα(t, vα). This takes

into account the backaction of the electron’s motion in the
continuum over the EM field. In the second term, the elec-
tric field is coupled to the transition matrix element from
the ground state to the continuum state, which takes into
account the effect of ionization. The solution of Eq. (61) is
given by

|φα(vα , t)〉 = −ie
�

∫ t

t0
dt1T e−(ie/�) ∫ t

t1
dt′EQ(t′,Rα)rα(t′,vα)

× EQ(t1, Rα) 〈vα| rα(t1) |g〉 |φ(t1)〉 , (63)

where we have used the initial condition that the elec-
tron is initially in the ground state, i.e., |φα(vα , t0)〉 =
〈vαg · · · g| |�(t0)〉 = 0. However, the homogeneous part
of the differential equation (63) adds an important contri-
bution to the total solution, namely, the displacement of the
field due to the electron’s propagation in the continuum.
The exponential term in Eq. (63) can be solved analyti-
cally since it is linear in the field operators, and gives rise
to a multimode displacement operator

T exp
{

− ie
�

∫ t

t1
dt′rα(t′, vα) · EQ(t′, Rα)

}

=
∏

k,μ

D[δα(t, t1,ωk, vα)]eiϕkμ(t,t1,vα)

= D[δ(t, t1, vα)], (64)

where D[δ(t, t1, vα)] is a shorthand notation for the
product over all modes with displacement operators
D[δα(t, t1,ωk, vα)] for which we have

δα(t, t1,ωk, vα) = − e
�

g̃(k)e−ik·Rα εkμ ·r̃∗
α(t, t1,ωk, vα),

(65)

ϕkμ(t, t1, vα) = e2

�2 g̃2(k)
∫ t

t1
dτ1

∫ τ1

t1
dτ2εkμ

·rα(τ1, vα)εkμ

×rα(τ2, vα) sin[ωk(τ1 − τ2)], (66)

with the Fourier transform of the electron displacement

r̃α(t, t1,ωk, vα) =
∫ t

t1
dt′eiωkt′rα(t′, vα). (67)

Finally, the state of the EM field conditioned on ATI is
given by

|φα(vα , t)〉 = −ie
�

∫ t

t0
dt1D[δ(t, t1, vα)]EQ(t1, Rα)

· 〈vα| rα(t1) |g〉D[χ(t1)] |φ(t0)〉 . (68)

The time-dependent transition matrix element from the
ground state to the continuum state is given by (see
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Appendix D 2)

〈vα| rα(t1) |g〉 �
〈

pα + e
c

A(t1)
∣
∣
∣ rα |g〉 exp

{
i
�

∫ t1

t0
dt′

×
[

1
2m

(

pα + e
c

A(t′)
)2

+ Ip

]}

. (69)

The state of the EM field (68), conditioned on ATI, has an
illustrative interpretation in terms of the backaction on the
field due to the electron dynamics. The initial state of the
field |φ(t0)〉 is displaced by the oscillation of the electron
in the ground state [124] via D[χkμ] acting until ioniza-
tion time t1, when the electron transitions from the ground
state to the continuum state. These bound state oscillations
have a natural formulation in the Kramers-Henneberger
frame, where their contribution to HHG has been estimated
[124]. The transition matrix element 〈vα| rα(t1) |g〉, which
includes the phase of the semiclassical action, induces a
change of the field due to its coupling to the electric field
operator at ionization time t1. Once the electron is ionized,
it propagates in the continuum under the influence of the
field. The backaction on the EM field due to the electron’s
dynamics in the continuum is reflected in the displacement
D[δα(t, t1,ωk, vα)]. This shift of the individual EM field
modes is proportional to the respective Fourier component
of the electron displacement in the continuum (67). In the
latter contribution, in contrast to the bound state oscilla-
tion, the electron does not only oscillate, but also has a drift
since it can appear in the continuum with a nonvanishing
momentum p. The fact that this induces a displacement in
the optical field can intuitively be understood when recall-
ing that a propagating electron in the continuum is the same
as a classical charge current, and thus, when coupled to the
field operator, induces a coherent displacement. In Fig. 5
we show the behavior of the absolute value of the different
displacements for different modes of the EM field (nharm)
at the end of the pulse t = T for varying ionization time t1.
We can see that the largest contribution to the shift on the
initial field states is due to the electron displacement in the
continuum via δ(T, t1,ωk, p) [see Figs. 5(b) and 5(c)], as
would be expected for the process of ATI. The contribu-
tion from the bound state oscillation prior to ionization is,
at least, 2 orders of magnitude smaller than the continuum
contribution [see Fig. 5 (a)]. Moreover, we observe that the
bound state oscillation prior ionization χk,μ(t1) increases
for later ionization times (increasing ionization time t1),
while the contribution from the continuum propagation
δ(T, t1,ωk, p) decreases. This is consistent with the fact
that, for later ionization times, the more time the electron
is bound, the larger the contribution coming from χk,μ(t1),
and accordingly the electron spends less time propagat-
ing in the continuum, leading to a smaller δ(T, t1,ωk, p).
In Figs. 5(b) and 5(c), we show the contribution from

(arb. units)

(a)

(b)

(c)

FIG. 5. Behavior of the shifts |χ(t1)| [in (a)] and
|δ(T, t1,ωk, p)| [(b) p = 0 and (c) p = 0.93

√

Up ] over ion-
ization time t1. The different curves in each of the plots represent
contributions to different harmonic modes (nharm). In particular,
the blue solid curve corresponds to the fundamental mode
n = 1, the orange dashed curve to the second harmonic n = 2,
and the green dash-dot curve to the third harmonic n = 3. In
general, the displacement from |χ(t1)| is, at least, 2 orders of
magnitude smaller than that coming from |δ(T, t1,ωk, p)|, which
furthermore gets enhanced for increasing values of the canonical
momentum p.

the continuum displacement δ(T, t1,ωk, p) for two dif-
ferent canonical momenta p ∈ {0, 0.93

√

Up}. We observe
that, for large canonical momentum, the shift is in general
larger, and shows pronounced oscillations. The different
oscillation periods in the displacement δ(T, t1,ωk, p) for
different harmonics, which is most pronounced in Fig. 5(c),
originates from the nonlinear motion of the electron in
the continuum. Since the displacement of each field mode
is proportional to the respective Fourier component of
the electron displacement in the continuum, the different
modes are shifted depending on this nonlinear electron
motion after ionization.

In Figs. 6(a) and 6(b) we respectively show the behav-
iors of the real and imaginary parts of the backaction on
the field due to the continuum propagation of the elec-
tron δα(T, t1,ωk, p) for the fundamental mode for positive
(blue solid curve) and negative (orange dashed curve) val-
ues of the initial canonical momentum. The real part shows
similar behavior in both cases with a phase difference of
π between the oscillations. The imaginary part shows the
same phase difference of π , but is positive (negative) for
positive (negative) initial momenta p. The different signs
of the initial electron momentum dictates the propagation
direction of the electron in the continuum. Since the sign
of the displacement amplitude δα(T, t1,ωk, p) determines
the in- or out-of-phase shift of the fundamental mode in
phase space, this leads to an increasing or decreasing in
the coherent state amplitude, respectively. This interfer-
ence then either leads to an enhancement or depletion of
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(a)

(b)

lonization time, (arb. units)

FIG. 6. Real (a) and imaginary (b) parts of the shift of the
fundamental mode δ(T, t1,ωk, p) for values of the canonical
momenta p = 0.93

√

Up (blue solid curve) and p = −0.93
√

Up
(orange dashed curve). The different behaviors obtained for
positive and negative momenta are a consequence of the carrier-
envelope phase (CEP) (which is the phase between the carrier
wave and the pulse envelope) of the employed laser field, such
that a change in π of this phase interchanges the behavior
obtained for positive and negative momenta.

the fundamental driving laser amplitude (see the discus-
sion below). Note that the influence of the positive and
negative momenta depends on the carrier-envelope phase
(CEP) of the driving laser field. A π phase change in the
CEP leads to the same effect as interchanging the positive
and negative electron momenta [125].

However, so far we have only considered a conditioning
on a single final electron momentum. In order to obtain the
EM field state when including all possible final momenta
of the electron, we integrate Eq. (68) over vα and obtain
the corresponding mixed state density matrix

ρATI(t) =
∫

d3vα |φα(vα , t)〉 〈φα(vα , t)| . (70)

The states in Eq. (68) (pure state for single final electron
momentum) and Eq. (70) (mixed state for all possible final
electron momenta) are the final states of the EM field in
intense laser-atom interaction conditioned on the process
of ATI. All relevant quantities of the optical field can be
obtained from here on.

2. Field observables

To obtain further insights into the dynamical behavior
of the optical field during the process of ATI, we com-
pute the corresponding photon-number distribution of the
fundamental mode that drives the ionization process. We
consider the case where the ionization is conditioned on
a particular electron momentum such that we can use
the pure state (68), and evaluate the action of the first
displacement operation

|φATI(t, p)〉 = −ie
�

∫ t

t0
dt′D[δ(t, t1, vα)]EQ(t′, Rα)

· 〈vα| rα(t′) |g〉
⊗

k,μ�kL,μ

∣
∣χk,μ(t′)

〉

⊗

k,μ�kL,μ

∣
∣χk,μ(t′)

〉

. (71)

To compute the observables of the EM field, we first need
to transform back into the original laboratory frame

|�ATI(t, p)〉 = e−iHf tD(αkL) |φATI(t, p)〉 . (72)

In the following, we are interested in the backaction on
the driving field due to the process of ATI. In Fig. 5 we
have seen that the oscillation of the electron in the contin-
uum gives rise to non-negligible contributions to the shift
in the harmonic modes. Thus, in order to eliminate possi-
ble contributions from HHG, we project state (72) onto the
vacuum of harmonic modes |{0}HH〉 = ⊗

k,μ�kLμ

∣
∣0kμ

〉

,
which takes into account only the cases in which no har-
monic photon is emitted. The state of the fundamental
mode, after conditioning on a final electron momentum p,
and on zero harmonic photons |{0}HH〉, is then given by
(see Appendix E for details)

|�kL
ATI(t, p)〉 = 〈{0}HH| |�ATI(t, p)〉 . (73)

We first compute the photon-number distribution of the
driving field (see Appendix E)

PnkL
(t, p) = |〈nkL |�̃ATI(t, p)〉|2. (74)

Having calculated the photon-number distribution Pnkl
(t, p), we further compute the photon-number expectation
value in the fundamental mode

〈nkL(t, p)〉 =
∑

nkL

nkLPnkl
(t, p). (75)

In Fig. 7, we show the mean photon number from Eq. (75)
for values of the canonical momentum ranging from
−0.46

√

Up to 0.46
√

Up , i.e., within a regime where we
can neglect the rescattering effects [126]. On the other
hand, in Fig. 8 we show the photon-number probability
distribution for different values of the canonical momen-
tum. In both cases, we use α = 7i, in agreement with the
form considered for the vector potential (see Appendix G
for more details about the numerical implementation). The
main feature that one can observe in these plots is the
different behaviors that are obtained for the conditioning
over positive and negative momenta. As we see in Fig. 7,
for negative values of the canonical momentum, we find
that the actual mean photon number of the input field gets
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FIG. 7. The mean value of the photon number (75) of the
fundamental mode at the end of the pulse. Here, we use α =
7i to reproduce the form of the considered field. In order to
avoid reaching the numerical limit of the machines used for the
computation, we have multiplied the field constant by 0.2 (see
Appendix G for details). We consider a field with a sinusoidal
squared envelope with ω = 0.057 a.u., five cycles of duration,
and field amplitude E0 = 0.053 a.u.

reduced, in contrast to positive momenta that can increase
the mean value of the photon number in the fundamental
mode.

Since the shift of the amplitude in the fundamental
mode is mostly determined by the displacement due to the
electron propagation in the continuum via δ(T, t1,ωk, p)
(see Fig. 5), the different behaviors for positive and

(a) (b) (c)

(d) (e) (f)

FIG. 8. Photon-number probability distribution (74) for posi-
tive (upper row) and negative (lower row) values of the canon-
ical momentum. Specifically, we use (a) p = 0.05

√

Up , (b)
p = 0.14

√

Up , (c) p = 0.32
√

Up , (d) p = −0.05
√

Up , (e) p =
−0.14

√

Up , and (f) p = −0.32
√

Up . We consider a field with a
sinusoidal squared envelope with ω = 0.057 a.u., five cycles of
duration, and field amplitude E0 = 0.053 a.u. The vertical gray
dashed line shows the location of the maximum photon-number
probability for the initial coherent state used in the numerical
analysis, i.e., α = 7i.

negative momenta crucially depend on the phase of
δ(T, t1,ωk, p) (see Fig. 6). Thus, the depletion (enhance-
ment) of the average photon number in the driving laser
mode is due to the phase of the displacement for the
continuum propagation for negative (positive) initial elec-
tron momenta. The opposite sign comes from the opposite
propagation direction of the electron for opposite initial
momenta, such that the Fourier transform of this displace-
ment leads to the π phase difference in the shift of the field.
This observed behavior of the displacement for opposite
momenta can be summarized as follows: for negative val-
ues of p , the scattered radiation by the electron interferes
out of phase with the input field, leading to a decrease
in the overall mean photon number; for positive values
of p , the interference takes place in phase, and an over-
all enhancement in the mean photon number of the input
field is obtained. For increasing momentum, the enhance-
ment or depletion generally increases. This is an expected
feature as the larger the canonical momentum, the larger
the electron’s excursion and therefore the value of the
displacement |δ(T, t1,ωk, p)|.

Finally, we show the photon-number probability dis-
tribution in Fig. 8, which reveals that the fundamental
mode is in a coherent state superposition when the inter-
action is conditioned on the ATI processes [see Eq. (71)].
This is reflected in the multipeak structure of the photon-
number probability distribution that can be seen in Fig. 8
(cf. Sec. II B). However, especially for large momenta as in
Figs. 8(c) and 8(f) with canonical momenta p = 0.32

√

Up

and p = −0.32
√

Up , respectively, we get a dominant peak.
Even though in this case, and according to Fig. 5, more
peaks are expected as the value of δ(T, t1,ωk, p) has more
pronounced oscillations, the conditioning measurement
over the harmonic modes we considered selects some spe-
cific values of δ(T, t1,ωk, p), leading to a Poissonian-like
behavior for the final probability.

D. Rescattering in ATI

We are now interested in incorporating the rescattering
events in the ATI description given in the previous sub-
section. For that purpose, we start from Eq. (56), and con-
sider only a single atom within the single active electron
approximation (we therefore drop the index α)

i�
d
dt

|ψ(v, t)〉 = eEQ(t, R) · 〈v| r(t) |�(t)〉 , (76)

which, after introducing the SFA version of the identity
(38), leads to

i�
d
dt

|φ(v, t)〉 = eEQ(t, R) · 〈v| r(t) |g〉 |φ(t)〉

+ eEQ(t, R) ·
∫

d3v′ 〈v| r(t)
∣
∣v′〉 ∣∣φ(v′, t)

〉

.

(77)
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In the direct ionization analysis we neglected the effect of the rescattering transition terms, i.e., the g(v, v′) term in
Eq. (60). The reason for this is that we treat them as a first-order perturbation term [12]. However, in order to describe the
rescattering process, these terms need to be taken into account, such that our differential equation now reads

i�
d
dt

|φ(v, t)〉 = eEQ(t, R) · 〈v| r(t) |g〉 |φ(t)〉 + eEQ(t, R) ·r(t, v) |φ(v, t)〉

− �

e

∫

d3v′ exp
[

i
�

S(v, t, t0)
]

EQ(t, R) · g(v, v′) exp
[

− i
�

S(v′, t, t0)
]

∣
∣φα(v′, t)

〉

. (78)

We now perform a perturbative expansion of the quantum optical state when conditioned to ATI up to first order in
perturbation theory, such that we now include the effect of the rescattering terms

|φ(v, t)〉 ≈ |φ(0)(v, t)〉 + |φ(1)(v, t)〉. (79)

Introducing these terms into the Schrödinger equation (78) we get for the first-order perturbation theory term (see
Appendix F for details)

|φ(1)(p, t)〉 = − e
�

∫ t

t0
dt2

∫

d3p ′
∫ t2

t0
dt1D[δ(t, t2, pα)] exp

[
i
�

S(p, t2, t0)
]

× EQ(t2, R) · g
(

p + e
c

A(t), p′ + e
c

A(t)
)

D[δ(t2, t1, p′
α)] exp

[
i
�

S(p′, t2, t1)
]

× EQ(t1, R) ·
〈

p′ − e
c

A(t)|r(t1)|g
〉

D[χ(t1)] |φ(t0)〉 , (80)

where we have expressed the final state in terms of the
canonical momenta p and p′.

The expression above gives the complete quantum elec-
trodynamics of the rescattering process: first the electron
gets ionized at t1, which has associated a displacement in
the photonic quadratures; afterwards, the electron prop-
agates in the continuum until t2, acquiring the usual
semiclassical phase while the electromagnetic field gets
displaced by δ(t2, t1,ωk, p′), a quantity that depends on
the electron displacement from t1 to t2; finally, at time
t2, the electron rescatters with the core potential such
that its velocity changes from p′ to p, and it propa-
gates in the continuum until it is measured. Again, during
this last process, the field gets displaced by δ(t, t2,ωk, p),
i.e., a quantity that depends on the electron displacement
since the rescattering takes place at time t2 until it is
finally measured at time t. From here, and analogously
to the direct ionization case, we can introduce the single-
mode approximations and then proceed to compute the
quantum optical observables, which leads to expressions
where the rescattering terms add incoherently to those
we already obtained in direct ATI. While, for values of
p < 2

√

Up , we do not expect these terms to play a very
important role, similarly to what happens in the semi-
classical analysis [126], the same cannot be said for the
regime 2

√

Up < p < 5
√

Up , and will be part of future
investigations.

V. EXPERIMENTAL APPROACH FOR QUANTUM
STATE ENGINEERING

In this section we provide an approach where the
aforementioned theoretical findings can be experimentally
investigated. Specifically, we describe the operation princi-
ples of an experimental scheme that allows: (a) generation
of the nonclassical light states by implementing condition-
ing approaches on the field modes after the interaction,
(b) the control of the quantum features of the generated
nonclassical light states, and (c) the characterization of the
quantum states of light.

A. General description

A schematic diagram of the experimental configuration
is shown in Fig. 9, with the scheme divided into four units.
Unit 1 concerns the laser beam delivery (LBD). It is used
to control the properties of the driving laser field towards
the laser-atom interaction region. It contains the laser beam
steering, polarization control, beam shaping, pulse char-
acterization, and focusing optics. Unit 2 is the target area
(TA) where the intense femtosecond (fs) infrared (IR) laser
pulse interacts with the gas target, leading to the gener-
ation of ions (that we omit from our present discussion),
ATI photoelectrons, and high-harmonic photons emitted
towards the extreme ultraviolet (XUV) spectral region.
The atomic gas medium is placed at the focus of the IR
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FIG. 9. Schematic illustration of the operation principle of the experimental approach. Unit 1: laser beam delivery (LBD) system.
Unit 2: target area (TA). The intense laser-atom interaction is shown in the context of the electron recollision picture. The ATI
photoelectrons are emitted in the direction of the polarization of the driving IR field, while the generated high harmonic copropagates
with the IR field. Unit 3: IR attenuation and conditioning (A-C) on HHG and/or ATI processes. Here |αL〉 is the initial coherent state
of the driving field and |αL + χL〉, |α + χ〉 are the states of the IR field after the interaction and attenuation, respectively; the

∣
∣χq

〉

correspond to the coherent states of the harmonic modes; |φ(IR)c 〉 and
∣
∣χ

q
c
〉

are the field states conditioned on HHG or ATI processes
for the IR and high-harmonic field states, respectively, which correspond to a coherent state superposition. We note that the detailed
expressions of the light states are given in Sec. IV. Unit 4: a typical scheme of the QT method for the characterization of state |φc〉,
with state |αr〉 of the local oscillator reference field, with a controllable phase shift φ. BS is a beam splitter, the PD are identical IR
photodiodes used from the balanced detector, and iφ is the φ-dependent output photocurrent difference used for the measurement of
the electric field operator and the light state characterization via the reconstruction of the Wigner function.

beam, and the photon or electron detectors are used to
measure the interaction products. Unit 3 contains an opti-
cal arrangement for IR photon-number attenuation, and
a photon (electron) correlation approach is used to con-
dition the field modes exiting the medium on the HHG
(ATI) processes. Unit 4 deals with the quantum state char-
acterization of the field, which can be achieved using the
quantum tomography (QT) approach [127,128]. It is noted
that the degree of IR attenuation in unit 3 is associated
with the limitations of the QT approach to characterize the
optical field states [129], which is typically in the range
of a few photons, and does not originate from the condi-
tioning approach itself, which in principle is applicable for
high-photon-number light states.

B. Experimental procedure

In a typical intense laser-atom interaction experiment
[130, and references therein], a linearly polarized IR fem-
tosecond laser pulse of 〈N0〉 ∼ 1014 photons per pulse is
delivered by unit 1. The pulse is focused with an inten-
sity IIR ∼ 1014 W/cm2 into an atomic ensemble of atomic
density typically of 1018 atoms/cm3 placed in unit 2 (see
Fig. 10). The photon number and the spectrum of the gen-
erated harmonics can be measured by means of calibrated
XUV photodetectors and/or XUV spectrometers, respec-
tively. The charged ions (not shown in Fig. 10) and the
ATI photoelectrons can be measured by means of time-of-
flight (TOF) spectrometers. The two TOF spectrometers

(shown in the upper and lower parts of Fig. 10) can be
used for measuring the ATI spectra, and discriminating
between the electrons with positive and negative momenta.
This arrangement is central when using few-cycle laser
pulses, and has been extensively used as a diagnostic of
the CEP pulse-to-pulse stability of laser systems deliv-
ering few-cycle laser pulses [131]. As an example, in
Fig. 11 we show the calculated HHG and ATI spectra
produced by the interaction of xenon atoms with a multi-
and few-cycle femtosecond IR (λL ≈ 800 nm) laser pulse.
Quantities SXUV and S(pos,neg)

ATI correspond to the current
from the integrated, over a defined region of the spectra
(shown as a gray shaded region in Fig. 11), harmonic inten-
sity and ATI photoelectron signals, respectively. We note
that, when using multicycle driving laser fields, the use
of two TOF spectrometers is not needed as the positive
and negative electron ATI spectra are almost identical, i.e.,
S(pos)

ATI ≈ S(neg)
ATI .

After the harmonic separator, the IR beam enters in unit
3 (Fig. 12). Here, the beam passes through an amplitude
attenuation optical arrangement consisting of neutral den-
sity filters (F), a beam splitter (BS), and a spatial filter
(aperture) placed in the IR beam path. In this way, the
mean photon number of the IR beam after the aperture (A)
(i.e., before entering unit 4) can be reduced to the level
of a few photons per pulse. Separating some portion of
the IR beam via the BS is necessary for implementing the
conditioning procedure, which will be explained in more
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FIG. 10. A more detailed scheme of unit 2. Here L1 is an IR
focusing lens. The arrangement with the TOF spectrometers can
be used for measuring the ATI spectra associated with positive
and negative electron momenta. HS is a harmonic separator that
transmits the IR field and reflects the high harmonics towards the
XUV detectors. Al is a thin aluminum metal filter that transmits
the harmonics with q ≥ 11 (harmonics in the plateau and cutoff
region of the spectrum). In this way we eliminate the contribution
of low-order harmonics that are mainly produced by multipho-
ton processes. Additionally, the presence of a metal filter is an
experimental requirement for blocking any residual part of the
IR beam reflected by the HS. The lens L2 is used to collimate the
IR beam after the interaction. With S(pos,neg)

ATI and SXUV we denote
the integrated, over a defined region of the spectra, ATI and HHG
signals, respectively. When using multicycle driving laser fields,
the use of only one TOF is sufficient as S(pos)

ATI ≈ S(neg)
ATI .

detail below. The photodiode PDIR is used to record the IR
photon-number signal SIR that is reflected by the BS. The
SXUV, S(pos,neg)

ATI , SIR, as well as the photon-number signal
of the driving laser field SIR0 entering in unit 2, need to
be simultaneously recorded for each laser shot in order to
condition the outgoing field modes on the HHG and ATI
processes. The SIR0 is used to trace the energy of the driv-
ing laser field and selects (in case that is needed) only the
shots with the highest possible energy stability, typically at
a level of �1%. It is noted that the electronic noise needs
to be subtracted from all signals.

1. Conditioning in the experiment

The quantum operations described in Sec. IV can be
implemented by means of the quantum spectrometer (QS)
approach [80,132]. The QS is a shot-to-shot photon cor-
relation–based method that provides the probability of
absorbing photons from a driving laser field towards the
generation of intense laser-atom interaction products, such
as HHG photons and ATI electrons. Its operation principle
relies on photon statistics and the shot-to-shot correlation
between the interaction products and the energy conser-
vation, i.e., when the signal of the interaction products
increases, the IR signal SIR decreases. The method has
been described in Refs. [80,90,94,132], and was used for

(a) (b)

(d)(c)

FIG. 11. Calculated HHG and ATI spectra using the QPROP
software [119]. Panels (a) and (b) respectively show the HHG
and ATI spectra produced by the interaction of xenon atoms with
a linearly polarized laserpulse, with a sinusoidal squared enve-
lope, of intensity 8 × 1013 W/cm2 and about 30-fs duration. In
(b) the photoelectron spectra corresponding to direct and rescat-
tered photoelectrons with positive (p > 0) and negative (p < 0)
momenta are shown with different colors. Panels (c) and (d)
respectively show the ATI spectra for negative and positive elec-
tron momenta produced by the interaction of xenon atoms with
a linearly polarized laser pulse of intensity 8 × 1013 W/cm2 and
about 5-fs duration. The CEP effect is depicted in the high-energy
part of the ATI spectra of the negative and positive photoelec-
trons. The ATI spectra corresponding to the direct and rescattered
electrons are shown with different colors. In all graphs the total
ATI spectrum (black solid curve), which includes the contribu-
tion of the direct and rescattered electrons, has been shifted by a
factor of 100 for visualization reasons. The gray shaded areas
depict an example of the controllable (in the width and their
position in the spectra) integrated areas of the S(pos,neg)

ATI and SXUV.

the generation of optical Schrödinger “catlike” and “kit-
tenlike” states [90,92] by conditioning the IR field state on
the HHG process.

Here, as an example, we briefly discuss the QS method
using the HHG process. After the light-matter interaction
takes place in unit 2, the IR and XUV photon numbers
are respectively NIR and NXUV. The NIR is smaller than
the photon number of the IR field before the interaction
(N0) due to IR photon losses associated with all processes
taking place in the interaction region. The IR and XUV
photon numbers reaching the PDIR detector in unit 3 and
the XUV detector in unit 2 are nIR and nXUV, respectively.
These are related with NXUV and NIR through the equations
nXUV = NXUV/AXUV and nIR = NIR/BIR, where AXUV and
BIR are the attenuation factors corresponding to the XUV
and IR photon losses introduced by the optical elements
in the beam paths. The nIR, nXUV, and n0 (where n0 is
the photon number of the attenuated IR field reaching the
detector PD0 in unit 2) signals are recorded for each laser
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FIG. 12. A schematic illustration of unit 3. Here F , BS, and
A respectively represent a neutral density filter, a beam splitter,
and an aperture; PDIR is an IR photodetector; SXUV, S(pos,neg)

ATI , SIR,
and SIR0 are the signals used by the quantum spectrometer (QS)
to condition the |α + χ〉 state on the HHG or ATI processes.

shot by a high dynamic range boxcar integrator, resulting
in photocurrent outputs SIR, SXUV, and SIR0. The SIR0 is
used in order to collect the laser shots that provide energy
stability typically at a level of �1%. Then, and after bal-
ancing the mean value of the SXUV on the mean value of the
SIR, we create the joint distribution (SXUV, SIR) shown in
Fig. 13(a). The distribution is a kind of multidimensional
map that contains information of all processes occurring
during the laser-atom interaction, and provides access to
the correlated XUV-IR signals. Also, taking into account
the fact that the generation of Nq photons of the qth har-
monic corresponds to qANq IR photons lost (where A is the
XUV absorption factor in the HHG medium), information
about the probabilities of absorbing IR photons towards
harmonic generation can be extracted. However, the num-
ber of points at which the IR photons are correlated with
the generated harmonic photons is a small fraction (typi-
cally about 0.1%) compared to the total number of points in
the distribution. To reveal these points, we take advantage
of the energy conservation, and we collect only those lying
along the anticorrelation diagonal of the joint distribution.
These points provide the probability of absorbing IR pho-
tons (PIR) towards the harmonic emission. The PIR depicts
a multipeak structure corresponding to the generated high-
harmonic orders [Fig. 13(b)], with a spacing between
the peaks of (q)ANq = 2ANq, with q = 2 the distance
between two harmonic peaks in the HHG spectrum. The
minimum value of the width (want) of the anticorrelation
diagonal, which defines the resolution of the QS, can be
experimentally obtained by the accuracy to find the peak
of the joint distribution, which is want = Wj /

√
k, where Wj

is the percentage of the width of the joint distribution rel-
ative to its mean value and k is the number of points in
the distribution. Here, it is important to note that the power
of the QS to resolve the multipeak structure of PIR and to
condition the IR state on the HHG process is associated

(a)

(b)

FIG. 13. (a) (SXUV, SIR) photon-number distribution (gray
points). The mean values of SXUV and SIR are normalized to 1.
Here Wj shows the width of the distribution. The red points show
the selected points along the anticorrelation diagonal of width
want. The distribution is created by keeping the energy stability
of the driving field at the level of approximately 1%, and after
subtracting the electronic noise from each laser shot. (b) Proba-
bility of absorbing IR photons (PIR) towards HHG. The arrows
depict the positions of the peaks in the multipeak structure of PIR.
Figure reproduced from Ref. [92].

with the dynamic range of the detection system, the num-
ber of IR photons absorbed towards the harmonic emission
(associated with the conversion efficiency of the HHG pro-
cess), the number of accumulated shots, and the number of
XUV-IR correlated points. Because of this multiparame-
ter dependence of the resolution, there is large space for
further improvement in the QS method.

Additionally, by selecting the points along the anticorre-
lation diagonal, we condition the IR field state exiting the
medium on the HHG process. This is because we select
only those shots that are relevant to the harmonic emis-
sion, and we remove the unwanted background associated
with all residual processes, e.g., electronic excitation or
ionization. This action corresponds to the application of
the �ñ�=0 = 1 −�0̃ operator onto the field state given by
Eq. (46), and its projection onto the harmonic field modes
[see Eq. (53) in Sec. IV B ] [91,93]. This results in the
creation of an IR field coherent state superposition that is
given by Eq. (53).

Hereafter, for the sake of simplicity, we express the con-
ditioned light states by considering only a single mode
for the input IR field (we further omit the oscillation term
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e−iωt). In this case Eq. (53) reads

|φ(IR)c 〉HHG = |α + χ〉 − ξIR |α〉 , (81)

which is a genuine optical Schrödinger “catlike” state in
the IR spectral range. The approach can likewise be used
for creating an optical Schrödinger “catlike” state in the
XUV spectral range [91]. This can be achieved if the SXUV
contains the integrated signal of all high-harmonic orders
except one, let us say the qth. In this case Eq. (54) reads

|χ(q)c 〉HHG = ∣
∣χq

〉 − ξq
∣
∣0q

〉

, (82)

which is a coherent state superposition in the spectral range
of the qth harmonic. In a similar way, the method can be
applied to the ATI process using the photoelectron signal
S(pos,neg)

ATI . After selecting only the shots that are relevant to
the ATI photoelectron emission from the joint distribution
(S(pos,neg)

ATI , SIR), we condition the IR field state on the ATI
process. In the case that the signal S(pos,neg)

ATI is integrated
over all possible outgoing momenta, the resulting IR state
is a mixed state of coherent state superpositions given by
Eq. (70), and is therefore written as

ρ(ATI)
c =

∫

dpC(p)|�kL
ATI(t, p)〉〈�kL

ATI(t, p)|. (83)

When using a multicycle fundamental driving field, where
the ATI spectrum consists of well-defined photoelectron
peaks [Fig. 11(b)], we can approximate the state by

ρ(ATI)
c =

∑

pi

C(pi)|�kL
ATI(t, pi)〉〈�kL

ATI(t, pi)|. (84)

We note that in Eqs. (81)–(84), the factors ξIR, ξq, and
C(p), are complex, and reflect the coupling of the initial
coherent state with the shifted one. Their absolute values
are in the range 0 < |ξIR|, |ξq|, |C(p)| < 1 and they depend
on χ , χq, and p, respectively.

Additionally, the approach can be used for creating
entangled coherent state superpositions between different
driving frequency modes [91,93]. This can be achieved,
for instance, by generating high harmonics using a mul-
timode driving field. Such experiments are typically per-
formed using a two-frequency (ω1 − ω2) field (in the
visible-infrared spectral range), usually consisting of the
fundamental harmonic and its second harmonic [133–135].
In this case, the state of the field before the interac-
tion is

∣
∣αω1

〉 ∣
∣αω2

〉

, which after the interaction and atten-
uation becomes

∣
∣αω1 + χω1

〉 ∣
∣αω2 + χω2

〉

. Following the
correlation measurement-based procedure used to obtain

Eq. (81), the state conditioned on HHG is given by

|φ(ω1,ω2)
c 〉HHG = ∣

∣αω1 + χω1

〉 ∣
∣αω2 + χω2

〉

− ξ(ω1,ω2)

∣
∣αω1

〉 ∣
∣αω2

〉

, (85)

which is an entangled coherent state in the visible-infrared
spectral range. The degree of entanglement for different
shifts χω1,2 of the two driving field modes has been dis-
cussed in Ref. [91] in terms of an entanglement witness
based on the purity of the reduced density matrix.

2. Control of the optical quantum state

The control of quantum features of light states shown in
Eqs. (81)–(84) relies on the control of χ , χq, and p. This
can be achieved by changing the density of atoms in the
interaction region, the intensity of the employed laser field,
the field polarization, the CEP when using a few-cycle
laser system, or the measured interaction products used by
the QS. Evidently, there is a large number of combinations
that can be used as “knobs” for controlling the quantum
features of the coherent state superposition. A represen-
tative example that shows the power of the approach on
controlling the features of the coherent state superposition
can be given using Eq. (81). It can be shown that, when the
shift of the coherent state χ is reduced, the overlap between
the initial coherent state and the shifted one gets higher,
i.e., the value of |ξIR| increases, and in the extreme case
where |ξIR| → 1 the coherent state superposition takes the
form |φ(IR)c 〉HHG ≈ D(α) |1〉, which is an optical “kitten-
like” state [90,92]. This has been confirmed experimentally
[92] by reducing the gas density in the TA of unit 2. On
the other hand, when the shift of the coherent state χ is
increased (which can be done by increasing the gas den-
sity), the overlap between the initial coherent state and the
shifted one decreases, i.e., the value of |ξIR| is reduced,
and in the extreme case where |ξIR| −→ 0 the coherent state
superposition takes the form |φ(IR)c 〉HHG ≈ |α + χ〉, which
is a regular coherent state.

Finally, it is noted that the combination of the afore-
mentioned control “knobs,” together with optical arrange-
ments consisting of passive linear optical elements (such
as phase shifters, beam splitters, fibers, etc.), can provide
an enormous number of combinations [136, and references
therein] for the generation of large optical “catlike” states,
and massively entangled states with controllable quantum
features. We note that beam splitters and phase shifters are
considered to be one of the most important optical ele-
ments in quantum state engineering and, hence, a brief
description of their action on a field state is required.

3. Linear optical elements and “catlike” states from
HHG

Phase shifter. A phase shifter introduces a phase shift
ϕ in the field state. This can be achieved by exploiting the
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refractive index of the materials introduced in the beam
path, or via optical arrangements such as a delay stage. The
unitary operator that describes the action of a phase shifter
on a field state is U(ϕ) = exp[iϕb†b]. When the light field
before the phase shifter is in a coherent state |β〉, the state
of the outgoing field is

U(ϕ) |β〉 = ∣
∣βeiϕ 〉 . (86)

Obviously, if the incoming field is in an optical CSS
state, e.g., |γ 〉 + ξ |β〉, the state of the output field will be
|γ eiϕ〉 + ξ |βeiϕ〉.

Beam splitter. The beam splitter is an optical element
that mixes two incoming spatial field modes into two
outgoing spatial modes, and is characterized by its trans-
mission T and reflection R = 1 − T coefficients. These
coefficients depend on the frequency, and usually on the
polarization of the light field. With b (b†) and c (c†) the
annihilation (creation) operators of the two incoming spa-
tial modes onto the BS, the unitary operator that describes
the action of the beam splitter on the field state is B(θ) =
exp[θ(bc† − b†c)] with θ = arctan(

√
T).

Coherent states on a beam splitter. Assuming that the
incoming field modes are the coherent states |β〉 and |γ 〉,
the outgoing state from the beam splitter is

B(θ) |β〉 |γ 〉 = |β cos (θ)+ γ sin (θ)〉t

⊗ |−γ cos (θ)+ β sin (θ)〉r , (87)

where each of the components in the product state corre-
sponds to one of the outgoing modes of the beam splitter.
Subscripts t and r denote the transmitted and reflected
parts, respectively. Here, it is important to note that in
quantum optics, when only one field mode (let us say
|β〉) enters the beam splitter, the input of the other mode
is described by the vacuum state |0〉. In this case, it
is evident from Eq. (87) that the output field state is
|β cos (θ)〉t |−β sin (θ)〉r.

Optical “cat” states on a beam splitter. Assuming that
the incoming field modes are an optical CSS state |γ 〉 +
ξ |β〉 and the vacuum state |0〉, the outgoing state from the
beam splitter reads

B(θ)(|γ 〉 + ξ |β〉) |0〉 = |γ cos (θ)〉t |−γ sin (θ)〉r

+ ξ |β cos (θ)〉t |−β sin (θ)〉r , (88)

which, for a nonzero transmissivity of the beam splitter,
takes the form of an entangled coherent state between the
two spatial modes, and is of the form

|ψ〉 = 1√
N
(|γr〉r |γt〉t + ξ |βr〉r |βt〉t), (89)

where N is the normalization factor and |γr〉r = γ cos(θ),

FIG. 14. An optical arrangement that leads to the entangled
coherent state |ψf 〉. Here |α0〉 is the initial coherent state of the
driving IR field; |α1,2〉 are the coherent states after the beam split-
ter BS1; |α2eiϕ〉 is the state of the field after the phase shifter that
introduces a phase ϕ in |α2〉; HHG and QS are the HHG areas and
the QS arrangements; |ψf 〉 is the final state after the last beam
splitter (BS2); |φ(1/2)c 〉HHG are the optical “catlike” states created
after conditioning on HHG. State |ψf 〉 can be controlled by the
variables χ1, χ2, and ϕ.

|γt〉t = −γ sin(θ) (similar definitions follows for β). The
entanglement properties of this state are particularly inter-
esting if the distance between the coherent states appearing
in each of the terms in the superposition is large enough,
and the states

∣
∣γr,t

〉

r,t and
∣
∣βr,t

〉

r,t are almost orthonormal.
However, within the HHG approach, the generation of the
coherent state superpositions is conditioned to relatively
small values of the displacement χ , so in this scenario it is
of interest to look for approaches that allow us to enlarge
the distance between the two coherent states [95,137,138].
We can go even further with the entanglement by using
a multibeam splitter arrangement and schemes consisting
of multiple HHG and QS arrangements [95]. For exam-
ple, let us assume that we use the arrangement shown
in Fig. 14, where a single-mode IR coherent state |α0〉
enters the system that contains two beam splitters (BS1
and BS2), a phase shifter (ϕ), two HHG areas (unit 2 in
Fig. 9), and two QS (unit 3 in Fig. 9). In this scheme
the incoming field modes on the last beam splitter (BS2)
are both optical “catlike” states |φ(1)c 〉 = |γ1〉 + ξ1 |β1〉 and
|φ(2)c 〉 = |γ2〉 + ξ2 |β2〉, and thus the outgoing state from
the beam splitter reads

B(θ)(|γ1〉 + ξ1 |β1〉)(|γ2〉 + ξ2 |β2〉)
= |γ1 cos (θ)+ γ2 sin (θ)〉t ⊗|−γ1 sin (θ)+γ2 cos (θ)〉r

+ ξ2 |γ1 cos (θ)+ β2 sin (θ)〉t

⊗ |−γ1 sin (θ)+ β2 cos (θ)〉r

+ ξ1 |β1 cos (θ)+ γ2 sin (θ)〉t

⊗ |−β1 sin (θ)+ γ2 cos (θ)〉r

+ ξ1ξ2 |β1 cos (θ)+ β2 sin (θ)〉t

⊗ |−β1 sin (θ)+ β2 cos (θ)〉r . (90)

Using Eqs. (81), (86), and (90) in the optical arrange-
ment shown in Fig. 14, and considering for reasons of
simplicity a 50:50 beam splitter (i.e., |α1〉 = |α2〉 for
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θ = π/4), the output field state
∣
∣ψf

〉

reads

∣
∣ψf

〉 =
∣
∣
∣
∣

1√
2

[α1(1 + eiϕ)+ χ1 + χ2eiϕ]
〉

t
⊗

∣
∣
∣
∣

1√
2

[−α1(1 − eiϕ)+ χ1 + χ2eiϕ]
〉

r

+ ξ2

∣
∣
∣
∣

1√
2

[α1(1 + eiϕ)+ χ1]
〉

t
⊗

∣
∣
∣
∣

1√
2

[−α1(1 − eiϕ)+ χ1]
〉

r

+ ξ1

∣
∣
∣
∣

1√
2

[α1(1 + eiϕ)+ χ2eiϕ]
〉

t
⊗

∣
∣
∣
∣

1√
2

[−α1(1 − eiϕ)+ χ2eiϕ]
〉

r

+ ξ1ξ2

∣
∣
∣
∣

1√
2

[α1(1 + eiϕ)]
〉

t
⊗

∣
∣
∣
∣

1√
2

[−α1(1 − eiϕ)]
〉

r
. (91)

The above expression is an entangled coherent state that
can be controlled by the variables χ1, χ2 (and consequently
ξ1, ξ2), and ϕ. We note that by performing measurements
over one of the modes, one can generate coherent state
superpositions involving more than two coherent states.

4. Optical quantum state characterization

The characterization of the optical light state is a large
chapter in quantum optics and is practically impossible to
address completely in a single section of a manuscript.
For this reason, here we focus in one of the most com-
monly used methods named quantum tomography [127,
128], which relies on the use of a homodyne detection
technique [139] (unit 4 in Fig. 9).

According to classical electrodynamics, the mode of
Ein can be decomposed into two quadrature components
x and p oscillating with a π/2 phase difference. This is
because Ein(t) = (E0eiϕe−iωt + E∗

0e−iϕeiωt) = 1
2 (αe−iωt +

α∗eiωt) = cos(ωt)X + sin(ωt)P, where α = E0eiϕ = X +
iP, α∗ = E∗

0e−iϕ = X − iP with X = Re[α] = 1
2 (α + α∗),

P = Im[α] = (α − α∗)/2i, and E0 the field amplitude. Fol-
lowing the canonical quantization procedure, the electric
field operator Êin(t) = E0(âe−iωt + â†eiωt) reads

Êin(t) =
√

2E0(cos(ωt)x̂ + sin(ωt)p̂), (92)

where x̂ = (â + â†)/
√

2 and p̂ = (â − â†)/i
√

2 are the
noncommuting quadrature field operators, and â, â† are the
photon annihilation and creation operators, respectively.
Operators x̂ and p̂ are the analogues to the position and
momentum operators of a particle in a harmonic poten-
tial, and satisfy the commutation and uncertainty relations
[x̂, p̂] = i and xp ≥ 1

2 , respectively.
In unit 4 of Fig. 9, Ein is the field of the state to be char-

acterized. The Ein is spatiotemporally overlapped on a BS
with the field of a local oscillator (Er) coming from the
second branch of the interferometer that introduces a con-
trollable delay τ (phase shift ϕ) between the Er and Ein
fields. An important requirement for the applicability of

the method is that the photon number of the local oscillator
field should be much larger than that of Ein to be charac-
terized (for details, see Ref. [140]). The fields after the BS
are detected by a balanced differential photodetection sys-
tem consisting of two identical photodiodes (PDs), which
provides at each value of ϕ the photocurrent difference
iϕ . Setting the delay stage around τ ≈ 0, the character-
ization of the quantum state of light can be achieved by
recording, for each shot, the value of iϕ as a function of
ϕ. The beauty of the homodyne detection scheme [139] is
that it provides access to the measurement of the values of
the field quadrature. The values of the photocurrent differ-
ence iϕ are directly proportional to the measurement of the
electric field operator, i.e.,

Êin(ϕ) ∝ x̂ϕ = cos(ϕ)x̂ + sin(ϕ)p̂ . (93)

The unknown proportionality factor between the measured
photocurrent and the quadrature values in Eq. (93) can be
obtained by using the condition that the variance of the
vacuum state is 1/2, as for the vacuum state 〈x̂ϕ〉 = 0,
and (xϕ)2 = 1/2. In other words, the homodyne data are
scaled according to the measured vacuum state quadra-
ture noise. Experimentally, that is all that someone has to
do in order to characterize the light state. This is because
repeated measurements of x̂ϕ at each ϕ provides the prob-
ability distribution Pϕ(xϕ) = 〈xϕ|ρ̂|xϕ〉 of its eigenvalues
xϕ , where ρ̂ ≡ |φ〉 〈φ| is the density operator of the light
state to be characterized and |xϕ〉 the eigenstate with
eigenvalue xϕ . The density matrix ρ̂, which provides com-
plete information about the light state, can be obtained
in the Fock basis by calculating the matrix elements ρnm
using an iterative maximum-likelihood procedure beauti-
fully described in Ref. [141]. Having these values, the
mean photon number of the light state can be obtained by
the diagonal elements ρnn of the density matrix ρ̂, and the
relation 〈n〉 = ∑

nρnn.
One of the most complete and commonly used ways to

visualize the quantum character of light states is via the
quasiprobability distribution in phase space (x, p), namely,
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the Wigner function W(x, p), which has been extensively
addressed over the years in an enormous number of
research articles and books (see, for instance, Refs. [139,
142–145]). What is important to be mentioned here
is that: (a) the marginal distributions P(x) = 〈x|ρ̂|x〉 =
∫ +∞
−∞ dp W(x, p) and P(p) = 〈p|ρ̂|p〉 = ∫ +∞

−∞ dx W(x, p)
yield the position and momentum distributions, respec-
tively, and (b) if we introduce a phase shift ϕ, the x and
p components rotate by ϕ in phase space via the opera-
tor Û(ϕ) shown in Eq. (86). Taking this into account, the
equation that connects the Pϕ(xϕ) with W(x, p) for each ϕ
is

Pϕ(xϕ) = 〈x|Û(ϕ)ρ̂Û†(ϕ)|x〉

=
∫ +∞

−∞
dpϕW(xϕ cosϕ − pϕ sinϕ, xϕ sinϕ

+ pϕ cosϕ), (94)

where xϕ = x cosϕ + p sinϕ and pϕ = −x sinϕ + p cosϕ.
The above equation is called the Radon transformation
and has been extensively studied in the theory of tomo-
graphic imaging [146], while the inverse Radon trans-
formation, implemented via the standard filtered back-
projection algorithm, is the key tool in quantum state
tomography and quantum state reconstruction [127,144,
and references therein]. Hence, the Wigner function can
be reconstructed by applying the algorithm directly to
the quadrature values xϕ,k, using the formula W(x, p) �
(1/2π2N )

∑N
k=1 K(x · cos(ϕk)+ p · sin(ϕk)− xϕ,k) [127],

where N is the number of the recorded quadrature-phase
pairs (xϕ,k,ϕk). In the previous expression, k is the index
of each value and K(z) = 1

2

∫ ∞
−∞ dξ |ξ | exp(iξz) is called

the integration kernel with z = x · cos(ϕk)+ p · sin(ϕk)−
xϕ,k. The numerical implementation of the integration ker-
nel requires the replacement of the infinite integration
limits with a finite cutoff kc. In order to reduce the numeri-
cal artifacts (rapid oscillations) and allow the details of the
Wigner function to be resolved, the value of kc is typically
set to be around kc ∼ 4. Alternatively, the W(x, p) can also
be obtained using the density matrix formalism [141,147].

In the following, we provide three characteristic exam-
ples of the homodyne traces, and their corresponding
Wigner functions as have been calculated for optical coher-
ent, “cat”, and “kittenlike” states. These cases have been
experimentally measured in Refs. [90,92] by means of the
arrangement shown in Fig. 9. In Fig. 15 we show the calcu-
lated homodyne trace (left panel) and the Wigner function
(right panel) of a coherent state. This corresponds to the
case where the HHG process is switched off. The calcula-
tion is performed using a coherent state |α〉 of amplitude
|α| = 2. In this case, ρ̂ ≡ |α〉 〈α| and therefore the mean
value 〈x̂ϕ〉 = 〈α|x̂ϕ|α〉 exhibits an oscillation with 〈x̂ϕ〉 =
|α| cosϕ. Furthermore, the Pϕ defined in Eq. (94) and the
quantum fluctuation [which is the same as the vacuum state

FIG. 15. Quantum tomography of an optical coherent state |α〉.
In the left panel we show the calculated homodyne detection
signal xφ , while the corresponding Wigner function centered at
|α| = 2 is shown in the right panel.

(xϕ)2 = 1/2] remains constant along the cycle. All these
characteristic features are shown by the Wigner function
that depicts a Gaussian distribution given by

W(β) = 2
π

e−2|β−α|2 . (95)

In the above equation we have used the transformations
x ≡ Re[β − α] and p ≡ Im[β − α] (where β is a variable),
which centers the Wigner function at the origin since, for
β = α, x = 0, and p = 0. This is a convenient way to plot
a Wigner function, as well as writing its expression in a
more compact form.

The situation changes dramatically when the HHG pro-
cess and the QS are switched on. In Fig. 16 we show
the calculated homodyne traces (left panels) and the cor-
responding Wigner functions (right panels) of an opti-
cal “catlike” [Figs. 16(a) and 16(b)] and a “kittenlike”
[Figs. 16(c) and 16(d)] state created when we introduce
conditioning on the HHG process. In Figs. 16(a) and 16(b),
the calculation is performed using the optical “cat” state
|φc〉 = |α + χ〉 − ξ(IR) |α〉 shown in Eq. (81) with |α| = 2
and |χ | = 0.8. In Figs. 16(c) and 16(d), the value of |χ |
has been reduced to 0.1. In both cases, ρ̂ = |φc〉 〈φc| and
the mean value 〈x̂ϕ〉 = 〈φc| x̂ϕ |φc〉 exhibits an oscillation
with

〈

x̂ϕ
〉 = √〈n〉 cosϕ. On the other hand, and contrar-

ily to what we saw in the case of a coherent state, Pϕ
changes along the cycle and depicts a minimum around
the center of the quantum fluctuation that is larger than the
vacuum state. All these characteristic features are shown
in the equation of the Wigner function, which reads

W(β) = 2
πN

[e−2|β−α−χ |2 + e−|χ |2e−2|β−α|2

− (e2(β−α)χ∗ + e2(β−α)∗χ)e−|χ |2e−2|β−α|2], (96)

where N = 1 − e−|χ |2 is the normalization factor for
Eq. (81). The Wigner function depicts the features of a
genuine optical “cat” (“kitten” for χ = 0.1) state as it has
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(a) (b)

(c) (d)

FIG. 16. Quantum tomography of optical “catlike” CSS [(a)
and (b)] and “kittenlike” CSS [(c) and (d)] states created when
the HHG and the QS are switched on. The left panels show the
calculated homodyne detection signal xφ and the right panels the
corresponding Wigner functions centered at |α|. The calculations
are preformed using state |φc〉 = |α + χ〉 − ξ(IR) |α〉 (with |α| =
2) created by conditioning on the HHG process. The value of |χ |
is set at 0.8 for the optical “catlike” state [(a) and (b)] and reduced
to 0.1 for the “kittenlike” state [(c) and (d)].

a ringlike shape with a minimum around the center, and
shows pronounced nonclassical signatures by means of its
negative values.

5. Analysis of an experimentally reconstructed Wigner
function

Obtaining quantitative information about the
nonclassicality of the optical coherent state superposition
measured by a quantum tomography method requires opti-
mization kc to be used to reconstruct the Wigner function
and an error analysis. Both are associated with the num-
ber of points of the measured homodyne detection signal
xφ and the error introduced by the balanced detector of
the homodyne detection system in the measurement of the
photon number.

A convenient way to estimate the error is to use the
Wigner function of a coherent state [92]. In this case the
error can be obtained by comparing (subtracting) the ideal
Wigner function of a coherent state with the Wigner func-
tion of the state reconstructed from the experimental data.
Figure 17(a) shows how this procedure can be used to find
the optimum value of kc and minimize the error of the
amplitude of the reconstructed Wigner function W(x, p).
The same procedure can be used for obtaining the error
in the mean photon number. This can be done using the
density matrix elements ρnm in the Fock basis |n〉, where

(a)

(b)

(c)

(d)

FIG. 17. (a) Dependence of the error amplitude of a recon-
structed Winger function of a coherent state on kc, using a
homodyne trace with about 104 points for 0 ≤ φ ≤ π . (b) Depen-
dence of the accuracy of measuring the mean photon number on
the mean photon number of the light state. (c) Dependence of the
Wigner function amplitude error on the number of points of the
measured homodyne detection signal xφ for kc ≈ 3.7. (d) Depen-
dence of the accuracy of measuring the mean photon number of
the light state on the number of points of the measured homodyne
detection signal xφ for 〈n〉 = 3. In all graphs, the red solid line is
a 15-point running average of the data (gray points). Panels (a)
and (b) are reproduced from Ref. [92].

the mean photon number is obtained from the diagonal
elements ρnn and the relation 〈n〉 = ∑

nρnn. Figure 17(b)
shows the dependence of the accuracy of measuring the
photon number 〈n〉 on the mean photon number 〈n〉 of the
light state [Error(%) = |〈nrec〉 − 〈nth〉|/〈nth〉, where 〈nrec〉
is the mean photon number of a coherent state calculated
using the number of data points of the measured homodyne
detection signal xφ , and 〈nth〉 is the mean photon-number
value of an ideal coherent state]. As shown in Fig. 17(b),
this procedure can be repeated for coherent states of differ-
ent photon-number values. The dependence of the Wigner
function amplitude and mean photon-number errors on the
number of points of the measured homodyne detection
signal xφ is shown in Figs. 17(c) and 17(d) for kc ≈ 3.7
and 〈n〉 = 3, respectively. A homodyne trace that contains
≥ 5 × 103 measured xφ values (for 0 ≤ φ ≤ π ) results in a
Wigner function amplitude and mean photon-number error
≤1.5%.

After the error analysis, the nonclassicality of the mea-
sured light state can be obtained by quantitatively eval-
uating its quantum features (such as its negativity) using
the reconstructed Wigner function. The negativity is asso-
ciated with the contrast of the fringe pattern created by
quantum interference effects between the coherent states
participating in the coherent state superposition. One of
the reasons why the negativity can be reduced compared
to the ideal case is the presence of decoherence effects on
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the coherent state superposition after its creation. Although
the optical coherent state superpositions can be consid-
ered as (almost) decoherence-free compared to the particle
state superposition, the presence of optical losses during
the propagation in optical elements affects the nonclassi-
cality of these light states. This leads to a Wigner function
with reduced negativity or reduced fringe contrast. Also,
the influence of the decoherence effects on the nonclas-
sicality of the state depends on the difference between
the coherent states in the superposition χ . Hence, large
traditional cat states (|α〉 ± |−α〉) are more sensitive to
decoherence effects. The decoherence can be quantitatively
studied using a noise model that introduces photon losses
due to the interaction with a Gaussian reservoir [92,148],
via the von Neumann entropy S, or using the fidelity F
(see, e.g., Ref. [149]).

VI. DISCUSSION

The interaction of intense laser fields with matter leads
to a highly nonlinear electronic response, simultaneously
influences the electromagnetic field by generating radia-
tion in the previously unpopulated field modes, and leads
to a backaction on the fundamental mode that drives the
process. Furthermore, the interaction induces correlations
among the modes participating in the process. With the
full quantum electrodynamical description of intense laser-
matter interaction introduced in this tutorial, we were able
to explicitly show how the two most common processes of
high-harmonic generation and above-threshold ionization
influence the quantum state of the electromagnetic field
modes. Utilizing conditioning procedures on the different
processes allowed us to perform quantum state engineer-
ing protocols for generating nonclassical optical field states
with novel properties, such as high photon number, extend-
ing towards the extreme wavelength regime and using
ultrashort light pulses.

The fully quantized descriptions of HHG and ATI pro-
cesses allow us to obtain further insights into the dynamics
of intense laser-matter interaction, from a novel perspec-
tive by taking into account the quantum nature of the
electromagnetic field. This allows us to answer questions
about the nonclassical properties of the electromagnetic
field, and to investigate the backaction of the interaction
on the driving laser field in intense laser-matter interaction.
In particular, we uncovered dynamical changes of the elec-
tromagnetic field that could not be addressed by previous
semiclassical theory.

We introduced quantum electrodynamical descriptions
of the HHG and ATI processes considering the natural
continuum of electromagnetic field modes. Considering
a conditioning procedure on the emission of harmonic
radiation leads to entangled coherent states, and coherent
state superposition with nonclassical signatures.

We obtained the quantum state of the EM field for the
conditioning procedure on ATI, which allowed us to obtain
the backaction on the fundamental mode. We emphasize
that the backaction on the EM field due to the electron
dynamics in the ATI process can be decomposed into three
steps. First, the bound electron wave function oscillates in
the field, leading to a shift in the EM field modes them-
selves. In the second step, the electron transitions from
the ground state to the continuum state, which influences
the EM field state due to the coupling of the dipole tran-
sition matrix element with the electric field operator. In
the last step, after ionization, the electron is driven by the
field, leading to a shift in the EM field state due to the
charge current associated with the electron’s motion in the
continuum.

With the ability to compute the EM field state condi-
tioned on ATI, we obtain field observables of the driv-
ing laser mode (photon-number distribution and its mean
value) to understand the underlying dynamics, and the
backaction associated with the process. Interestingly, the
direction of the electron propagation (determined by the
initial electron momentum after ionization) determines
whether the shift in the field state amplitude is in or out
of phase, leading to an enhancement or depletion of the
fundamental mode, respectively.

This quantum electrodynamical description, together
with the conditioning procedures introduced in theory and
experiment, gives rise to the opportunity to generate non-
classical field states. The applicability and use of those
states towards a novel platform for quantum information
science will be outlined in the next section.

VII. OUTLOOK

This paper provides a tutorial to a new emerging inter-
disciplinary area of science, in which ultrafast laser physics
and attoscience merge with quantum optics and quantum
information science. In this sense it serves as an invitation
to researchers to join the efforts in this area, and for this
reason, we devote special attention to the discussion of the
outlook and possible future investigations. We decided to
organize this section using the different levels: operational
(concerning “day-to-day” generalization and continuations
of the research discussed in this tutorial), tactical (connect-
ing merging the present state-of-the-art status with quan-
tum technologies, focused on detection, characterization,
and applications of massive superposition and entangled
states generated with the present framework), and strategic
(relating to long-term goals and aims—the development of
the new interdisciplinary platform for quantum technolo-
gies that merges quantum information, attoscience, and
quantum optics).

A. Outlook—operational level

Typically, the operational plan describes the day-to-day
running of the operation; in our case the new area of
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science. The operational plan charts out “small steps”
or milestones to achieve the higher level (tactical) goals
within a realistic time frame. The present paper sets the
QED framework for attoscience, and focuses on some
applications related to conditional measurements of HHG
and ATI in atomic media that lead to the generation of the
massive Schrödinger cat states (massive superposition and
entanglement states). There is an obvious ocean of possi-
ble generalizations, and applications of the present theory
that can indeed be achieved on a “day-to-day” basis. Here
we list a few.

(a) Even in the presently investigated schemes, there
is plenty of place for further studies, such as,
for instance, the role of the CEP, and there is a
whole plethora of possibilities associated with using
more complex polarization states (elliptic, time-
dependent elliptic, locally chiral, etc.), combining
polarization with two-color fields and structuring
polarization in space (cf. Refs. [150–158]). This
might lead to the creation of novel types of topo-
logical Schrödinger cats, very different from those
discussed so far in the literature (cf. Ref. [159]).

(b) Another important consideration is the spin of the
electron, which was overlooked until recently [160–
164], where it has been shown that circular strong-
field ionization produces spin-polarized electrons.
As such, this process may be exploited to produce
entanglement between the spin and the laser field.
The electronic spin provides an additional degree
of freedom useful in heading towards delivering
quantum technologies, as the discrete spin can be
more easily measured and manipulated than the
continuous electronic degrees of freedom typically
considered.

(c) The same QED theory, and conditioning meth-
ods, can be applied to multielectron processes in
atoms (ionization in general, NSDI by the interplay
between electron impact ionization, and resonant
excitation with subsequent ionization). These can at
least be analyzed using the SFA approach.

(d) The present framework can be extended to more
complex targets such as molecules, where, e.g., chi-
rality can lead to otherwise symmetry-forbidden
electronic responses, like electronic motion perpen-
dicular to the polarization plane [165], and elec-
tronic orbital angular momentum in ionization with
linearly polarized light [166], thus expanding the
spectrum of possible conditioning setups.

(e) A completely new avenue is to apply the present
framework to solid-state and condensed matter
systems. In the first place, this could be done for
weakly correlated systems that can be described by
semiconductor Bloch equations [31,45] or the lit-
tle more flexible Wannier-Bloch approach [46]. The

next step would be to apply the present framework
to imaging of topological, chiral, and/or strongly
correlated systems, such as topological insulators
[32,33] or high-Tc superconductors (cf. Ref. [50]).

B. Outlook—tactical level

In order to explore the creation of a new feasible plat-
form for quantum technologies, one needs to clearly relate
“what we have” to the basic aspects of quantum infor-
mation science: detection, characterization, and finally,
applications of generated quantum correlations and quan-
tum entanglement. At this stage, experiments generate in
a simplified view the massive superposition of the funda-
mental laser mode [90], or massively entangled states of
several modes [91,93].

The next directions of research should then focus on the
following topics.

(a) Detection and characterization methods of massive
Schrödinger cat states. This is a formidable chal-
lenge [167], which, for large cats, is extremely
demanding [129].

(b) These kinds of states are in the first place useful
for quantum metrology in general [168–170], and
on photonic platforms [171–173] in particular, and
perhaps in quantum communications. It will thus
be important to design concrete protocols for their
applications.

C. Outlook—strategic level

On the strategic level we aim at developing a novel
quantum technology platform combining attoscience,
quantum optics, and quantum information. Each of these
areas are already at a step where proof-of-principle exper-
iments have been developed. The point is to create a new
platform that is totally and intrinsically interdisciplinary.
The research presented here, focused in theory and experi-
ments on conditioning, is only a part of this general vision
aimed at realizing a universal and firmly established tool
to offer completely unknown solutions and developments,
i.e., a set of stable and reproducible methods to generate
massive entangled states and massive quantum superposi-
tion. Most, if not all of these methods, involve quantum
electrodynamics of intense laser-matter interactions, i.e.,
the framework described in the present tutorial. Here is a
more complete list of future research lines, related to these
strategic objectives, aims, and goals.

(a) Objective 1: generation, characterization, and con-
crete applications in QT of entangled and quantum
correlated states using conditioning methods.

(b) Objective 2: generation, characterization, and con-
crete applications in QT of entangled and quantum
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correlated states in strong-field physics and attosec-
ond science driven by quantum light; this includes
driving by strongly squeezed light, light with orbital
angular momentum (cf. Ref. [174]), effects on pho-
toelectron orbital angular momentum [175], and
more.

(c) Objective 3: generation, characterization, and con-
crete applications in QT of entangled and quantum
correlated states in Zerfall processes, such as single
[176–178] or double ionization (cf. Ref. [11]).

(d) Objective 4: studying quantitative and measurable
effects of decoherence in attoscience by studying
reduced density matrices of Zerfall products in ion-
ization processes (cf. Refs. [179–181]).

The results of the present tutorial set up the basis for a
road map toward this novel platform of attoscience, quan-
tum optics, and quantum information science for quantum
technologies.
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APPENDIX A: FIELD COMMUTATION
RELATIONS

The commutation relation between the canonical field
variables A(r) and �(r) defined respectively in Eqs. (3)
and (5) is given by

[Am(r),�n(r′)] = i�δ⊥
mn(r − r′) (A1)

with the transverse δ function

δ⊥
mn(r − r′) = 1

(2π)3

∫

d3k
[

δmn − kmkn

k2

]

eik·(r−r′). (A2)

These canonical conjugate field variables are related to
the field operators B = ∇ × A and E⊥ = −�/ε0 of the
magnetic field and transverse part of the electric field,
respectively. The free-field Hamiltonian Hf can then be
expressed in terms of the physical operators

Hf = 1
2

∫

d3r
[

ε0E2(r)+ 1
μ0

B2(r)
]

, (A3)

which has the same form as the energy of the classical elec-
tromagnetic field, and it is required that the observables
obey the commutation relation

[

Em(r), Bn(r′)
] = −εmnl

i�
ε0

∂

∂xl
δ(r − r′). (A4)

APPENDIX B: INTERACTION HAMILTONIAN

The minimal-coupling Hamiltonian (17) can be writ-
ten in terms of the transformed dynamical variables from
Eqs. (23) and (24) to obtain the multipolar-coupling
Hamiltonian

H ′ = 1
2

∫

d3r
{

1
ε0

[�′(r)+ P⊥(r)]2 + 1
μ0

[∇ × A(r)]2
}

+
∑

α

[
1

2m

{

p′
α − e

∫ 1

0
ds s(rα − Rα)

× [∇ × A(Rα + s(rα − Rα))]
}2

+ Vat(rα , Rα))

]

,

(B1)
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where, as mentioned in Sec. III, Vat(rα , Rα) is the effective
potential felt by the single active electron, and �′ and p′
are given by Eqs. (23) and (24), respectively.

Using the mode expansion of the dynamical field vari-
ables of the transverse part of the electromagnetic field, the
total Hamiltonian can be decomposed as

H ′ = H ′
f + H ′

at + H ′
int, (B2)

where the free-field Hamiltonian H ′
f has the same form as

Eq. (2) but in terms of the new mode operators

H ′
f = 1

2

∫

d3r
{

1
ε0

�′2(r)+ 1
μ0

[∇ × A(r)]2
}

=
∑

μ

∫

d3k�ωk

(

a′†
kμa′

kμ + 1
2

)

. (B3)

We have separated the purely electronic (atomic or molec-
ular) Hamiltonian

H ′
at =

∑

α

[
p′2
α

2m
+ Vat(rα , Rα)+ 1

2ε0

∫

d3rP2
⊥(r)

]

=
∑

α

[
p′2
α

2mα

+ Ṽat(rα , Rα)

]

, (B4)

where Ṽat(rα , Rα) is the final effective potential for sin-
gle active electrons that includes effects of polarization.
Finally, the interaction Hamiltonian reads

H ′
int = − e

ε0

∑

α

∫ 1

0
ds(rα − Rα) · �′(Rα + s(rα − Rα))

+ e
2m

∑

α

∫ 1

0
ds s{[(rα − Rα)× p′

α]

× [∇ × A(Rα + s(rα − Rα))] + H. c.}

+ e2

2m

∑

α

{∫ 1

0
ds s(rα − Rα)

× [∇ × A(Rα + s(rα − Rα))]
}2

. (B5)

The first term is the most relevant in our analysis
since it couples the transverse displacement field �′(r) =
−[ε0E⊥(r)+ P⊥(r)] with the atomic polarization P(r).
The second and third terms describe the interaction of the
paramagnetic magnetization with the magnetic induction
field B(r) = ∇ × A(r) and the diamagnetic energy of the
system that is quadratic in the magnetic induction field,
respectively.

APPENDIX C: HHG SPECTRUM

The coherent contribution to the HHG spectrum is
proportional to

S(ωk,μ) ∝ lim
t→∞ |χk,μ(t)|2 = g̃(k)2N |εk,μ · 〈d(ωk)〉|2

+ g̃(k)2
∑

α �=α′
e−ik(Rα−Rα′ )εk,μ · 〈dα(ωk)〉εk,μ

· 〈dα′(ωk)〉∗, (C1)

where we have assumed that each of the N atoms con-
tributes equally to the HHG spectrum such that

∑

α=α′
|εk,μ · 〈dα(ωk)〉|2 = N |εk,μ · 〈d(ωk)〉|2. (C2)

Assuming that the N atoms contribute equally to the HHG
spectrum of course implies the additional assumption that
all atoms see the same radiation field of the driving source.
In realistic experiments this is almost never the case, and
focal averaging over the spatial beam profile needs to be
taken into account. However, for the concepts and methods
introduced in this manuscript, this only plays a minor role
since the postselection scheme does not depend on the par-
ticular structure of the HHG spectra, and holds for generic
harmonic amplitudes χk,μ.

Following the same assumptions that lead to the dipole
approximation, i.e., k · Rα � 1, and again assuming that
all N atoms equally contribute to the HHG process, the
second term in Eq. (C1) is given by

g̃(k)2
∑

α �=α′
e−ik(Rα−Rα′ )εk,μ · 〈dα(ωk)〉εk,μ · 〈dα′(ωk)〉∗

= g̃(k)2(N 2 − N )|εk,μ · 〈d(ωk)〉|2, (C3)

such that the spectrum is given by

S(ωk,μ) ∝ lim
t→∞ |χk,μ(t)|2 = g̃(k)2N 2|εk,μ · 〈d(ωk)〉|2.

(C4)

APPENDIX D: DERIVATION OF ELECTRONIC
TRANSITION MATRIX ELEMENTS

In the main part of the manuscript we need the time-
dependent dipole transition matrix elements between the
ground state |g〉 and a continuum state |v〉, or between
two different continuum states; see, for instance, Eq. (69)
or (57), respectively. To obtain the transition matrix ele-
ments, we use the fact that r(t) = U†

sc(t)rUsc(t), and we
further use the fact that the action of the propagator on the

010201-30



QUANTUM ELECTRODYNAMICS. . . PRX QUANTUM 4, 010201 (2023)

electronic state is known from semiclassical theory [117],

∣
∣ψg/v(t)

〉 = Usc(t) |g/v〉 = eiIp t/�

×
(

ag/v(t) |g〉 +
∫

d3v′bg/v(v′, t)
∣
∣v′〉

)

,

(D1)

which are the solutions of the time-dependent Schrödinger
equation with the ground state |g〉 or the continuum state
|v〉 as the initial condition, respectively.

1. Electron ground and continuum state population
amplitudes

Amplitudes (D1) of the ground and continuum states
obey the coupled differential equations

d
dt

ag/v(t) = i
�

∫

d3v′Ecl(t) · d∗(v′)bg/v(v′, t), (D2)

d
dt

bg/v(v′, t) = − i
�

(
v′2

2m
+ Ip

)

bg/v(v′, t)+ i
�

Ecl(t) · d(v′)ag/v(t)

+ eEcl(t) · ∇v′bg/v(v′, t)+ iEcl(t) ·
∫

d3v′′bg/v(v′′, t)g(v′, v′′), (D3)

where d(v′) = −e
〈

v′∣∣ r |g〉. However, to solve this coupled differential equations, we perform the following approximation
by neglecting rescattering events and only consider the contribution from direct electrons, i.e., we neglect the continuum-
continuum transitions in Eq. (D3) [term with g(v′, v′′)]. We can therefore solve the differential equation for the continuum
amplitude with the initial condition bg(v′, t0) = 0 and ag(t0) = 1, i.e., the initial ground-state population

d
dt

bg(v′, t) = − i
�

(
v′2

2m
+ Ip

)

bg(v′, t)+ i
�

Ecl(t) · d(v′)ag(t)+ eEcl(t) · ∇v′bg(v′, t), (D4)

with the solution given by

bg(p′, t) = i
�

∫ t

t0
dt′Ecl(t′) · d

(

p′ + e
c

Acl(t′)
)

exp
{

− i
�

S(p′, t, t′)
}

ag(t′), (D5)

where we have substituted the canonical momentum p′ = mv′ − eA(t)/c, such that the gauge invariant kinetic momentum
mṙ(t) = p + eA(t)/c appears in the expression. With this, we denote by S(p, t, t′) the semiclassical action given by

S(p, t, t′) =
∫ t

t′
dt′′

[
1

2m

(

p′ + e
c

Acl(t′′)
)2

+ Ip

]

. (D6)

This can now be substituted into the differential equation for the ground-state amplitude, Eq. (D2), and we obtain

d
dt

ag(t) = −
∫ t

t0
dt′γ (t, t′)ag(t′), (D7)

where

γ (t, t′) = 1
�2

∫

d3pEcl(t) · d∗
(

p + e
c

Acl(t)
)

Ecl(t′) · d
(

p + e
c

Acl(t′)
)

exp
{

− i
�

S(p, t, t′)
}

. (D8)

We now assume that the rate of change of ag(t) is slow compared to the field, such that we can replace ag(t′) by ag(t) in
the integrand, and the solution is given by

ag(t) = exp
{

−
∫ t

t0
dt′W(t′)

}

ag(t0) = exp
{

−
∫ t

t0
dt′W(t′)

}

(D9)
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with the ionization rate given by

W(t) =
∫ t

t0
dt′γ (t, t′). (D10)

We further need the amplitudes with the continuum state as the initial condition bv(v′, t0) = δ(v − v′) and av(t0) = 0. The
corresponding solution of Eq. (D4) for bv(v′, t) is given by

bv(v′, t) = i
�

∫ t

t0
dt′Ecl(t′) · d

(

p′ + e
c

Acl(t′)
)

exp
{

− i
�

S(p′, t, t′)
}

av(t′)+ exp
{

− i
�

S(p′, t, t0)
}

δ(v − v′), (D11)

where the last term takes into account the initial condition bv(v′, t0) = δ(v − v′). Under the same assumptions for the
solution of the differential equation of av(t) in Eq. (D2), we find that, for av(t0) = 0,

av(t) = i
�

∫

d3v′
∫ t

t0
dt′Ecl(t′) · d∗(v′) exp

{

− i
�

S(p′, t′, t0)
}

exp
{

−
∫ t

t′
dτW(τ )

}

δ(v − v′)

= i
�

∫ t

t0
dt′Ecl(t′) · d∗(v) exp

{

− i
�

S(p, t′, t0)
}

exp
{

−
∫ t

t′
dτW(τ )

}

. (D12)

We assume that the probability of recombination to the ground state is small when the electron is initially in the continuum.
This means that we approximate av(t) ≈ 0, which simplifies the amplitude of the continuum population

bp(p′, t) = exp
{

− i
�

S(p′, t, t0)
}

δ(p − p′). (D13)

We further assume that the depletion of the ground state can be neglected such that ag(t) � 1 and accordingly the
continuum population (D5) reads

bg(p′, t) = i
�

∫ t

t0
dt′Ecl(t′) · d

(

p′(t)+ e
c

Acl(t′)
)

exp
{

− i
�

S(p, t, t′)
}

. (D14)

We have expressed both amplitudes in terms of the gauge invariant kinetic momentum p = v − eA(t)/c.

2. Bound-continuum transition matrix element

In Eq. (69) we need the time-dependent transition matrix element between the ground state |g〉 and the continuum state
vα for the process of ATI. We can use Eq. (D1), and have

〈v| r(t) |g〉 = 〈ψv(t)| r
∣
∣ψg(t)

〉 �
∫

d3v′b∗
v(v

′, t)
〈

v′∣∣ r |g〉 , (D15)

where we have used the facts that av(t) ≈ 0 and ag(t) � 1. We have also further neglected continuum-continuum transition
matrix elements. Inserting Eq. (D13) we have

〈v| rα(t) |g〉 � exp
{

i
�

S(p, t, t0)
} 〈

p + e
c

A(t)
∣
∣
∣ r |g〉 . (D16)

3. Continuum-continuum transition matrix element

For the time-dependent transition matrix element between the two continuum states in Eq. (57), we have

〈v| r(t)
∣
∣v′〉 = 〈ψv(t)| r |ψv′(t)〉 �

∫

d3v′′
∫

d3v′′′b∗
v(v

′′, t)bv′(v′′′, t)
〈

v′′∣∣ r
∣
∣v′′′〉 , (D17)

where we have again used the facts that av(t) ≈ 0 and ag(t) � 1.
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APPENDIX E: FIELD OBSERVABLES FOR DIRECT ATI

The pure state of the EM field conditioned on ATI (68) is given by

|φATI(t, p)〉 = −ie
�

∫ t

t0
dt′

∏

k,μ

eiϕkμ(t,t′,vα)D[δα(t, t′,ωk, vα)]EQ(t′, Rα) · 〈vα| rα(t′) |g〉
⊗

k,μ�kL,μ

∣
∣χk,μ(t′)

〉 ⊗

k,μ�kL,μ

∣
∣χk,μ(t′)

〉

. (E1)

We can now use

∏

k,μ

eiϕkμ(t,t′,vα)D[δα(t, t′,ωk, vα)]EQ(t′, Rα) = [EQ(t′, Rα)− Eδ(t′, Rα)]
∏

k,μ

eiϕkμ(t,t′,vα)D[δα(t, t′,ωk, vα)], (E2)

where

Eδ(t′, Rα) = i
∑

μ

∫

d3kg̃(k)εkμ

[

δα(t, t′,ωk, vα)e−iωkt+ik·Rα − c.c.
]

(E3)

such that the state of the field now reads

|φATI(t, p)〉 = −ie
�

∫ t

t0
dt′[EQ(t′, Rα)− Eδ(t′, Rα)] · 〈vα| rα(t′) |g〉

×
[

⊗

k,μ�kL,μ

ei[ϕkμ(t,t′,vα)+ϕχ ,δ
kμ (t,t

′)] ∣∣χk,μ(t′)+ δα(t, t′,ωk, vα)
〉
]

×
[

⊗

k,μ�kL,μ

ei[ϕkμ(t,t′,vα)+ϕχ ,δ
kμ (t,t

′)] ∣∣χk,μ(t′)+ δα(t, t′,ωk, vα)
〉
]

, (E4)

where

ϕ
χ ,δ
kμ (t, t′) = Im[δα(t, t′,ωk, vα)χ∗

k,μ(t
′)]. (E5)

We can now do the transformation back to the original laboratory frame

|�ATI(t, p)〉 = e−iHf tD(αkL) |φATI(t, p)〉 , (E6)

and we find that

|�ATI(t, p)〉 = −ie
�

∫ t

t0
dt′[EQ(t′ − t, Rα)− Eδ(t′, Rα)− Ecl(t′, Rα)] · 〈vα| rα(t′) |g〉

⊗

k,μ�kL,μ

ei[ϕkμ(t,t′,vα)+ϕχ ,δ
kμ (t,t

′)+ϕχ ,δ,α
kμ (t,t′)] × ∣

∣[αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt〉

⊗

k,μ�kL,μ

ei[ϕkμ(t,t′,vα)+ϕχ ,δ
kμ (t,t

′)] ∣∣[χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt〉 , (E7)

where

ϕ
χ ,δ,α
kμ (t, t′) = Im{αkL[δ∗

α(t, t′,ωk, vα)+ χ∗
k,μ(t

′)]}. (E8)
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We have further used the fact that

e−iHf tEQ(t′, Rα)eiHf t = EQ(t′ − t, Rα)

= i
∑

μ

∫

d3kg̃(k)εkμ[akμe−iωk(t′−t)+ik·Rα − H.c.]. (E9)

State (E7) is the field state conditioned on ATI with a single electron momentum in the laboratory frame. We now project
this state onto the harmonic vacuum |{0}HH〉 in order to obtain the state of the driving field mode in the situation where no
harmonic radiation is generated. We thus find that

|�kL
ATI(t, p)〉 = 〈{0}HH| |�ATI(t, p)〉

= −ie
�

∫ t

t0
dt′

[

EQ,kL(t
′ − t, Rα)+ i

∑

μ

∫

d3k�(kHH)g̃(k)εk,μe−iωkt′+ik·Rα [χk,μ(t′)+ δα(t, t′,ωk, vα)]
]

− [Eδ(t′, Rα)− Ecl(t′, Rα)] · 〈vα| rα(t′) |g〉
∏

k,μ�kL,μ

[ei[ϕkμ(t,t′,vα)+ϕχ ,δ
kμ (t,t

′)]e−|χk,μ(t′)+δα(t,t′,ωk ,vα)|2/2]

⊗

k,μ�kL,μ

ei[ϕkμ(t,t′,vα)+ϕχ ,δ
kμ (t,t

′)+ϕχ ,δ,α
kμ (t,t′)] ∣∣[αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt〉 , (E10)

where�(kHH) is a Heaviside function taking into account only the contributions with field momentum kHH � kL. Having
in mind that the action of the electric field operator over a generic coherent state |βk〉 can be written as

EQ,k(t, Rα) |βk〉 = Eβ·k(t, Rα) |βk〉 − ig̃(k)εk,μD(βk) |1k〉 , (E11)

we can then write

EQ,kL(t
′ − t, Rα)

∣
∣[αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt〉

= [Ecl(t′, Rα)+ Eδ(t′, Rα)+ Eχ (t′, Rα)]
∣
∣[αkL + ξk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt〉

− ig̃(kL)εkL,μD([αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt) |1〉 (E12)

such that the conditioned to ATI state reads

|�kL
ATI(t, p)〉 = 〈{0}HH| |�ATI(t, p)〉

= −ie
�

∫ t

t0
dt′

[

Eχ(t′, Rα)+
∫

d3k�(kHH)g̃(k)εk,μe−iωkt′+ik·Rα [χk,μ(t′)+ δα(t, t′,ωk, vα)]
]

× 〈vα| rα(t′) |g〉 CHH(p , t, t′)
⊗

k,μ�kL,μ

eiθk,μ(t,t′,p,α)
∣
∣[αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt〉

− e
�

∫

d3k�(kL)g̃(k)
∫ t

t0
dt′εkL,μ · 〈vα| rα(t′) |g〉 CHH(p , t, t′)

×
∏

k,μ�kL,μ

D([αk + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt)
⊗

k′,μ�kL,μ

eiθk′ ,μ(t,t′,p,α) ∣∣1k, {0}k′ �=k
〉

, (E13)

where �(kHH) is a Heaviside function that takes into account contributions for which kHH � kL, and �(kL) is a
rectangular function that is one whenever k � kL and zero otherwise. We have further defined

θk,μ(t, t′, p,α) = φk,μ(t, t′, vα)+ Im[δα(t, t′,ωk, vα)χ∗
k,μ(t

′)]

+ Im{αkL[δ∗
α(t, t′,ωk, vα)+ χ∗

k,μ(t
′)]}, (E14)

which is the Baker-Campbell-Hausdorff (BCH) phase that appears together with other phases arising from applying the
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commutation relation between two displacement operators. We have also defined

CHH(p , t, t′) =
∏

k,μ�kL,μ

[ei{ϕkμ(t,t′,vα)+Im[δα(t,t′,ωk ,vα)χ∗
k,μ(t

′)]}e−|χk,μ(t′)+δα(t,t′,ωk ,vα)|2/2], (E15)

which is a weight function that arises as a consequence of the conditioning onto the vacuum state of the harmonics modes.
Finally, we have defined

Eχ(t′, Rα) = i
∑

μ

∫

d3kg̃(k)εkμ[χk,μ(t′)e−iωkt+ik·Rα − χ∗
k,μ(t

′)eiωkt−ikRα ]. (E16)

Finally, we project the previous expression with respect to the Fock state basis |n〉 to get the photon-number probability
amplitude for the direct term. Note that in order to get expressions that can be analyzed computationally we consider a
single fundamental mode, corresponding to the central frequency of the employed electric field

|�kL
ATI(t, p)〉 = 〈{0}HH| |�ATI(t, p)〉

= −ie
�

∫ t

t0
dt′

[

Eχ(t′, Rα)+
∫

d3k�(kHH)g̃(k)εk,μe−iωkt′+ik·Rα [χk,μ(t′)+ δα(t, t′,ωk, vα)]
]

×〈vα| rα(t′) |g〉 CHH(p , t, t′)eiθk,μ(t,t′,p,α)e−|αkL+χk,μ(t′)+δα(t,t′,ωk ,vα)|2/2 ([αkL +χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt)n√
n!

− e
�

∫

d3k�(kL)g̃(k)
∫ t

t0
dt′εkL,μ · 〈vα| rα(t′) |g〉 CHH(p , t, t′)eiθk′ ,μ(t,t′,p,α)e−|αkL+χk,μ(t′)+δα(t,t′,ωk ,vα)|2/2

×
[√

n
([αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt)n−1

√
n − 1!

− ([αkL + χk,μ(t′)+ δα(t, t′,ωk, vα)]e−iωkt)n√
n!

]

,

(E17)

such that, up to a normalization factor, the photon-number probability distribution for the kL,μ mode is given by

PnkL
(t, p) = |〈n|�kL

ATI(t, p)〉|2. (E18)

APPENDIX F: PERTURBATION THEORY FOR RESCATTERING IN ATI

From the perturbation theory analysis considered in the main part of the manuscript, Eq. (79), for the introduction of
the rescattering part of the state, we get the following set of equations for each of the perturbation orders:

i�
d
dt

|φ(0)(v, t)〉 = eEQ(t, R) · 〈v| r(t) |g〉 |φ(t)〉 + eEQ(t, R) ·r(t, vα)|φ(0)(v, t)〉, (F1a)

i�
d
dt

|φ(1)(v, t)〉 = eEQ(t, R)r(t, v)|φ(1)(v, t)〉 − �

e

∫

d3v′ exp
[

i
�

S(v′, t, t0)
]

EQ(t, R)g(v, v′)

× exp
[

− i
�

S(v′, t′, t0)
]

|φ(0)(v′, t)〉. (F1b)

Here, we define r(t, v) as in Eq. (62), so that the first equation describes the dynamics of the zeroth-order perturbation
term that characterizes direct ionization phenomena, and that has been previously discussed. On the other hand, the
second term describes the rescattering dynamics, i.e., electrons that, once ionized, can then rescatter at the potential of the
parent ion. Similarly to what we had in the direct ionization term, the solution to this differential equation is given as the
superposition of a homogeneous term similar to that in Eq. (63), plus an inhomogeneous term of the form

|φ(1)(v, t)〉 = −i
∫ t

t0
dt2

∫

d3v′ ∏

k,μ

eiϕkμ(t,t2,v)D(δ(t, t2,ωk, v)) exp
[

i
�

S(v, t, t0)
]

× EQ(t2, R) · g(v, v′) exp
[

− i
�

S(t2, t0, v′)
]

|φ(0)(v′, t2)〉. (F2)
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However, since the electron is initially in the ground
state,

∣
∣φ(1)(v, t0)

〉 = 0, which implies that the homoge-
neous solution does not participate in the final solution.
Then, the rescattering part of the state is entirely described
by Eq. (F2).

APPENDIX G: DESCRIPTION OF THE
NUMERICAL IMPLEMENTATION

In the following we describe the numerical procedure
used to obtain the field observables in the main part of the
manuscript (see Sec. IV C 2). The analysis is implemented
in PYTHON, and the codes are available from Zenodo [182].
Our numerical implementation consists of the following
steps.

1. Once the vector potential A(t) of the pulse under
consideration is defined, we compute the expecta-
tion value of the time-dependent dipole moment
〈d(t)〉 under the SFA framework.

2. Given a time interval [t0, T], where t0 and T corre-
spond to the beginning and end of the pulse, respec-
tively, we compute χ(t) and CHH(p , T, t) given by
Eq. (E15). We use a step size of t = 1.0. For
the displacement via δ(t, t0,ωk, p), we compute the
analytic exact expression for a sin2 envelope pulse.

3. Finally, we use an interpolating scheme such that
we can have a numerical function for χ(t) and
CHH(p , T, t), which can adapt to the time integrals
that need to be done for computing the photon-
number probability distribution.

Furthermore, along this section we work with atomic units
(a.u.), such that � = 1, e2 = 1, m = 1, and ε0 = 4π .

1. SFA expressions for the time-dependent dipole

The expectation value of the time-dependent dipole
moment is defined as

〈d(t)〉 = 〈ψ(t)| d |ψ(t)〉 , (G1)

where |ψ(t)〉 is the wave function of a single electron in
the intense laser field. To obtain the wave function, we
introduce the SFA approximations [117], namely (i) the
contribution of all bound states except the ground state
are neglected; (ii) the depletion of the ground state can be
neglected; and (iii) in the continuum, the electron can be
treated as a free particle, that is, we can neglect the inter-
action with the binding potential. Thus, we can write the
semiclassical quantum state describing the electron as

|ψ(t)〉 = eiIp t |g〉 +
∫

d3pb(p, t) |p + A(t)〉 , (G2)

where the probability amplitude of finding the electron in
the continuum state |p + A(t)〉 is given by

b(p, t) = i
∫ t

t0
dt′E(t′) · d(p + A(t′))

× exp
{

− i
∫ t

t′
dτ [(p + A(τ ))2 + Ip ]

}

, (G3)

where d(p + A(t)) = 〈p + A(t)| d |g〉 is the transition
dipole moment between the ground and continuum states.
Substituting these expressions into Eq. (G1), and neglect-
ing the contributions from the continuum-continuum tran-
sitions, we get the SFA expression for the dipole moment
expectation value

〈d(t)〉 = i
∫

d3p
∫ t

t0
dt′d∗(p + A(t))E(t′) · d(p + A(t′))

× exp
{

− i
∫ t

t′
dτ [(p + A(τ ))2 + Ip ]

}

+ c.c.

(G4)

For the numerical analysis, we considered a linearly polar-
ized field with vector potential given by

A(t) = εz
E0

ω
sin[2]

(
ω

2ncyc

)

sin(ωt), (G5)

where ncyc is the total number of cycles of the pulse with a
sin2 envelope and εz is a unitary vector along the z axis
describing the polarization of the state. In all numerical
analyses, we use ω = 0.057 a.u. and E0 = 0.053 a.u. On
the other hand, we consider the ground-state wave function
of the electron to be described by

〈x|g〉 =
√

λ3

π
e−λr, (G6)

such that the dipole transition matrix element connecting
the continuum state with the ground state is given by

d(p + A(t)) = 〈p + A(t))| d |g〉

= −i

√

λ3

π

p + A(t)
(2π)3/2

32πλ
(λ2 + (p + A(t))2)3

.

(G7)

More particularly, for a 1s state of a hydrogen atom, we set
Ip = 0.5 a.u. and λ = 1. In Fig. 18(a) we show the dipole
moment expectation value (G4) obtained, and in Fig. 18(b)
we show the corresponding vector potential with ncyc = 5.
In order to perform the two integrals, we first discretize that
for the momentum (which we perform in one dimension)
and use the quad function from the SciPy package [183].
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FIG. 18. (a) Dipole moment expectation value obtained from
the numerical calculations under the SFA approach. (b) Vector
potential used to obtain the dipole moment shown in (a). The
pulse shown has ncyc = 5 cycles.

2. Calculation and interpolation of the quantum
optical displacements

With the dipole moment obtained in the previous sub-
section within the SFA approach, we can now compute the
photonic displacement given by ξ(t), which is defined as

χ(t) ∝
∫ t

t0
dt′eiωt′ 〈d(t′)〉. (G8)

We further compute

CHH(p , T, t′) =
∏

k,μ�kL,μ

[ei{ϕkμ(T,t′,vα)+Im[δα(T,t′,ωk ,vα)χ∗
k,μ(t

′)]}

× e−|χk,μ(t′)+δα(T,t′,ωk ,vα)|2/2], (G9)

where δ(p , T, t′,ωk) is obtained analytically. In particular,
the computation of CHH(p , T, t′) involves the calculation
of the BCH phase ϕkμ(T, t′, vα) from Eq. (E5). For this,
we consider a discrete set of harmonic modes consist-
ing of the second up to the 21st harmonic, and perform
an interpolation for each of the BCH phase factors. In
principle, we could consider more harmonic orders, but
their amplitudes |δ(t, t′,ωk, v)| rapidly decrease for increas-
ing harmonic orders, and therefore their contributions are
negligible. Since the effect of χk,μ can be neglected in com-
parison to that introduced by δ(t, t′,ωk, v), we neglect their
effect in the previous conditioning operation. Finally, once
CHH(p , T, t′) has been obtained for each value of the ion-
ization time t′, we proceed to use an interpolation scheme
to compute the photon-number probability distribution.

In both cases, similarly to what we did before, we per-
form this integral with the quad function, followed by
performing an interpolation using the interp1d func-
tion provided by SciPy. The reason behind this is that,
after the interpolation, we get two functions that exactly

(arb. units)

(a)

(b)

FIG. 19. Behaviors of (a) χkL(t) and (b) CHH(p = 2Up , T, t)
with a time interval oft = 1.0 (solid black curve), and the func-
tion obtained from the interpolation (dashed orange curve). For
the interpolation plot, we considered a time step t = 0.01.

behave as χ(t) and CHH(p , T, t′) within the [t0, T] inter-
val. Thus, by doing this we avoid the nested integrals that
appear within the definition of the photon-number proba-
bility distribution. This provides a huge numerical speed
up. In particular, for doing the interpolation, we use the
cubic option that considers polynomials of zeroth to third
order, and that better fits the oscillating behavior of both
functions. The results of the interpolation are shown with
the dashed orange curves in Fig. 19.

For computing the dipole moment expectation value,
we set the time step t = 1.0. In Fig. 19, we show the
behaviors of χ(t) and δ(p , T, t) (with p = 0.1Up ) defined
by the integral (solid black line) and after the interpola-
tion (dashed orange line). For the interpolation plot, we
considered a time step t = 0.01.

3. Further considerations

As written in the main part of the manuscript, the
photon-number probability distribution is computed in the
original reference frame, i.e., after undoing the displace-
ment operation D(α). The usual regime of intense laser
field physics has coherent state amplitudes of the driving
laser of the order of |α| ∼ 106. Such high photon numbers
can only barely be implemented in the numerical analysis
due to the numerical accuracy. Thus, in order to avoid this
problem, we artificially reduce the value of α and multiply
g(k) by an extra factor λ < 1 to account for this reduction
in the computed values of δ(p , t, t′) and ξ(t).

On the other hand, the specific value of α that we
used in our numerical analysis is α = 7i. This value is
obtained from the definition of the vector potential, which
is proportional to

Â(t) ∝ f (t)[â†eiωt + âe−iωt]. (G10)

Note that in the last expression we introduced the enve-
lope function via f (t), which appears as a consequence of
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the multimode nature of our quantum optical description.
If we now compute the average value of the vector poten-
tial operator with respect to the selected coherent state, we
obtain

〈A(t)〉 = 〈7i| Â(t) |7i〉 ∝ 14f (t) sin(ωt), (G11)

which has the same form as the vector potential we used in
the previous part of our numerical analysis. Note that one
can similarly get the same phase by looking at the real and
imaginary parts of αk,μ in Fig. 3 of the main text.
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