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The interaction between an atomic ensemble and a light mode in a high-finesse optical cavity can easily
reach the strong-coupling regime, where quantum effects dominate. In this regime, the interaction can
be used to generate both atom-light and atom-atom entanglement. We analyze the dominant effects on
the collective atomic state and the light field, and derive a unified approach that can account for atomic
entanglement induced both by measurements on the light field, and by ignoring the state of the light
field altogether. We present analytical expressions for the entanglement induced by the interaction, and
determine the conditions that maximize the entanglement-induced gain over the standard quantum limit in

quantum sensors and atomic clocks.
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I. INTRODUCTION

Atoms and atomlike systems placed in an optical res-
onator provide a versatile experimental platform to study
many-body quantum physics, entanglement, quantum sim-
ulation and computation, quantum measurement, dissipa-
tive quantum systems, quantum networks, and a variety of
other topics [1-9]. In these cavity quantum electrodynam-
ics (cQED) systems, the optical cavity allows a photon to
interact multiple times with all atoms on successive round
trips, which substantially enhances the atom-light inter-
action as compared to free space. Often, the atom-light
interaction is dominated by the coupling of the atoms to
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a single mode of the cavity. For a single atom, such a
system is a nearly ideal experimental realization of the
Jaynes-Cummings Hamiltonian [10], while for an atomic
ensemble, the system approximates the Tavis-Cummings
Hamiltonian [11]. The interaction of atoms with multi-
mode optical cavities has also been investigated [6,12],
and this type of system can produce even more com-
plex dynamics both in the atomic and photonic subspaces
[12—17]. Typically, two or more atomic energy levels are
relevant to the problem, so that the atomic state can be
described by a spin degree of freedom, while each cavity
mode constitutes a harmonic oscillator.

To the lowest order, the atom-cavity interaction gen-
erates quantum correlations (entanglement) between the
collective atomic spin and the light mode. Higher-order
terms can lead to nonclassical states of the light (effective
photon-photon interactions) [18—20], as well as nonclassi-
cal collective spin states (effective atom-atom interactions)
[21-28], or even hybrid spin-light states [29,30]. Such
entangled states are useful as building blocks for quan-
tum metrology [31-33], quantum networks [34], quan-
tum information processing [35], and as testbeds for the
foundations of quantum mechanics [36].

Previous theoretical analyses of the generation of entan-
gled atomic states in cQED systems have adopted one
of two viewpoints. The first focuses on the measurement
aspect, whereby the atom-light interaction transfers infor-
mation about the atomic spin state onto the light field, and
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therefore a measurement of the light field can conditionally
project the state of the atoms onto a collective entangled
state [37—45]. Alternatively, one can view the system from
a quantum feedback perspective [46—50], where the light-
atom interaction maps the spin quantum noise onto the
light field [48,51,52], and then the light field acts back onto
the spin [42], creating atomic entanglement without the
necessity to perform any measurements (cavity feedback
squeezing) [53—56]. While the first approach to generating
atomic entanglement builds upon the use of information
contained in the light field, the second approach neglects
that information altogether [57]. Hence, these two effects
have so far been treated separately. Nonetheless, the two
effects originate from the same Hamiltonian so that they
are related, and both need to be considered in cQED
experiments.

In this article, we present a unified description of both
the measurement-induced and quantum-feedback-induced
generation of entangled many-body spin states in cQED,
considering both of these aspects on an equal footing. Our
analysis remains valid in the regime where both atom-light
and effective atom-atom interactions play a significant role
in the system dynamics, and thus neither can be neglected.
We assume that the atomic transition is not saturated by
the cavity field, which allows us to treat the optical field
semiclassically, and derive analytical expressions for the
intracavity, transmitted, reflected, and scattered fields, as
well as the collective spin state. We also limit the majority
of this article to analyzing optical cQED problems, where
the coupling strength is far from reaching the ultrastrong
coupling regime; see Ref. [58] for details. In principle,
the framework developed here can also be used for the
superconducting circuit QED systems like [59,60]; how-
ever, the majority of circuit QED systems contain much
larger phase noise than the atom-number relaxation, i.e.,
T, « 2T, [61,62], and therefore cannot be described by
the coherent dipolar coupling that we are considering
here.

The analysis presented here reveals universal features
of the cQED system that remain valid for arbitrary detun-
ing of the probe light frequency from the cavity and
atomic resonances. We show that the atom-light entan-
glement strength (i.e., the measurement strength [41,51,
52,63] when the light field is used as a “meter” for the
atomic quantum state) at any light detuning or coupling
strength is given by the product of three terms: the single-
atom cooperativity, the normalized cavity transmission,
and the total number of photons scattered by the atoms
into free space. Thus, when the probe laser frequency is
close to the cavity resonance (whether bare or dressed
by atom-cavity interactions) and transmission is high, the
atom-photon entanglement is the dominant effect. Con-
sequently, the generation of interatomic entanglement in
a “heralded” fashion by performing a measurement on
the light field [44,64—66] is most efficiently accomplished

by tuning the light field close to the (dressed) cavity
resonance.

On the other hand, when the detuning of the probe laser
frequency from the cavity resonance far exceeds the cav-
ity linewidth, and transmission through the atom-cavity
system is low, the atom-light entanglement remains rela-
tively weak, and higher-order terms take on the leading
role [67], generating spin-spin correlations [21,22,27]. In
this regime, first discovered in Ref. [67] using numeri-
cal simulations, the light acts as a quantum catalyst: the
light field mediates the interaction between distant atomic
spins, resulting in entangled many-body atomic states,
while becoming only weakly entangled with the atoms.
Thus, at the end of the interaction process, the state of the
atom-light systems approximately factorizes into a fixed
coherent state of the light field and a collective atomic spin
state displaying interatomic entanglement. Under appro-
priate conditions, this entanglement can take the form of
a squeezing process where the quantum projection noise
of the collective atomic spin is redistributed along spe-
cific directions, resulting in a squeezed spin state (SSS)
[68—70]. Zhang et al. [67] have previously pointed out that
it is possible to reduce the impact of atom-light entangle-
ment on cavity-induced spin squeezing by optimizing the
detuning of the probe beam from cavity resonance. How-
ever, their analysis is only valid in the limit of a large
detuning between the atomic and cavity resonances, while
a number of experiments use smaller detunings to max-
imize the light-atom interaction strength, and reduce the
sensitivity to technical noise [24,27].

Our results predict the attainable levels of atom-light
entanglement that can be used for measurement-based
squeezing [23,43], as well as to what extent it is possi-
ble to engineer effective spin-spin interactions. The latter
can be used for a variety of purposes, including metrology
with squeezed spin states [26,53,71], quantum simulation
with atomic motional degrees of freedom [2,15,16,72—75]
or internal spin degrees of freedom [76—79], and the study
of other interesting quantum many-body phenomena such
as the out-of-time-order correlations in many-body system
[80], quantum phase transition [81,82], quantum nonequi-
librium behaviors [8,83,84], and quantum gravity [85]. In
particular, it is possible to change the sign of the effective
spin Hamiltonian via the detuning of the light from the cav-
ity resonance, and generate system evolution “backwards
in time” for measuring, e.g., out-of-time-order correlation
functions [80,86—88], or for improving quantum mea-
surements [56]. The treatment presented here provides a
complete analytical description that applies for arbitrary
detunings between the incident light field, the cavity mode,
and the atomic resonance, and for both weak and strong
atom-light coupling, both in terms of the single-atom coop-
erativity and the collective cooperativity. Our analysis
provides a unified framework that describes both effects of
measurement and quantum feedback, and can thus be used
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for analyzing and comparing, over the full range of param-
eters, cCQED experiments that aim to generate entangled
atomic states.

Our manuscript is organized as follows. We first develop
a general unified theory. In Sec. II we describe the general
setup of the cQED system and the assumptions underlying
our approach. We also define the collective spin state and
obtain an effective spin Hamiltonian with the semiclassi-
cal coherent light field in the cavity. In Sec. III we discuss
the generated light-atom entanglement, especially the con-
cept of quantum Fisher information (QFI) of the light in the
context of the cQED system. In Sec. IV we use the concept
of QFI to discuss measurement-based spin squeezing as it
is used in experiments. In Sec. V we generalize the discus-
sion in Secs. II and III B to a richer atomic model with four
internal states. In Sec. VI we apply the complete four-level
model to '7'Yb atoms to analyze the experimental results
of Refs. [27,89] that generate spin squeezing in an optical-
transition atomic clock. We conclude with a discussion in
Sec. VIL.

II. INTERACTION BETWEEN AN ATOMIC
ENSEMBLE AND A CAVITY MODE

An ensemble of two-level atoms inside a cavity with
nondegenerate modes is well described by the Tavis-
Cummings Hamiltonian [10,11]. This Hamiltonian is valid
if the interaction with one electromagnetic mode domi-
nates. The excitation of the cavity mode by an incident
light field and dissipation by decay from the cavity or
by atomic scattering into free space are not part of the
Tavis-Cummings Hamiltonian, but can be included phe-
nomenologically [90,91], or from first principles [92,93].
This approximation of a single cavity mode with exter-
nal driving and dissipation is in excellent agreement with
the majority of cQED experiments where the interaction
with other transverse or longitudinal cavity modes can be
ignored [23,30,94-96]. For many applications, it is desir-
able to have an analytical and more intuitive description
of the atom-light interaction that can be directly applied
to existing experiments, and used to guide future appli-
cations. Such experiments often deal with nearly classical
light beams containing many photons, where a quantiza-
tion of the electromagnetic field (beyond the effects of
photon shot noise) is not needed. In this case it is pos-
sible to derive simpler and analytical expressions for the
light-atom and light-mediated spin-spin interactions, as we
discuss below.

When the optical cavity containing an ensemble of
atoms is illuminated by a continuously applied laser beam
or a long laser pulse (coherent state of light), one can often
approximate the intracavity, transmitted and reflected light
fields as remaining coherent states, even when the inter-
action with the atoms is included (for a discussion of the
limits of this approximation, see Sec. II B). In this limit,

the photon annihilation and creation operators can be sub-
stituted by their expectation values plus a small correction,
reducing the problem to the interaction of atoms with a
classical electromagnetic field plus photon shot noise. This
approach is possible as long as the tuning of the cavity
by the atomic spin variation results in small changes of
the intracavity field, i.e., when the atom-cavity interaction
can be linearized. Based on the corresponding effective
Hamiltonian describing the interaction of an ensemble of
atomic spins with a classical electromagnetic field, we can
then find analytical solutions for the evolution of the cou-
pled atom-cavity system, and use these expressions to gain
physical insight into the entanglement process.

A. Atomic states and operators

We consider an atomic level structure where each indi-
vidual atom in the ensemble has ground-state levels || )
and |1), constituting a spin—% system, as well as an elec-
tronically excited state |e) that couples only to the state
[1). (For an extension to a more complex level structure,
see Sec. V.) The collective spin operators are defined as
the sum of the spin operators of the N atoms,

N
~ 1 o
Sx,y,z = 5 E iy;a (1)
j=1

where the 67, are the atoms’ Pauli matrices. Among all
possible spin states in the 2" -dimensional Hilbert space,
there is a subspace of symmetric states that satisfy

(82) = (S2+ 82+ 82) = S(S+ 1), )
where S = N/2 is the largest possible value for the total
spin. As long as the system’s Hamiltonian is symmetric
in all spins ¢/ and the initial state is in this subspace, the
system will remain within this (N 4 1)-dimensional sub-
space that is much smaller than the full Hilbert space of
dimension 2.

We can represent those collective atomic states on a
Bloch sphere with radius /S(S+ 1), e.g., in terms of
their Wigner quasiprobability distribution [97]. In quan-
tum metrology and other applications, the atomic ensemble
is initially prepared in a coherent spin state (CSS) [98],
defined as the product state with all individual spins point-
ing along the same direction. The CSS along polar and
azimuthal angles (6, ¢), as illustrated in Fig. 1(b), has the
following expansion in terms of Dicke states |S,S;), the
joint eigenstates of $? and S. in the symmetric subspace
[98—100]:

N

10,¢) = Z 25 \"* sing o cosg v
A S+S. 2 2

S;=—S8
x e*i(S+Sz)¢ 1S, S.) . (3)
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FIG. 1. (a) Schematic diagram of an ensemble of atoms inter-

acting with a single-mode cavity of length L. The incident field
Ein builds up in the cavity to the value &.. The cavity field is
coherently scattered by the atoms into the cavity with amplitude
Eur, and coherently radiated through the cavity mirrors to give the
transmitted and reflected fields & and &,. The cavity field scat-
ters from the atoms into free space with amplitude &,,;, and from
the cavity mirrors with amplitude &, which is assumed to be
zero in a lossless cavity. (b) Level diagram of the atomic three-
level system. Here |1) = |g) and |e) are the two states interacting
with the cavity light; w,, ®., and w; are the atomic, cavity reso-
nance frequencies, and the probing light frequency, respectively;
A = w; — w, and § = w; — w, are the detunings of probing light
from atomic and cavity resonances, respectively. The curve on
the right represents the cavity transmission spectrum in the pres-
ence of atoms, and 2g is the vacuum Rabi splitting due to the
light-atom interaction when w, = w.. The sphere in the bot-
tom right represents a Bloch sphere formed by the N atoms of
spin %, and the shaded distribution represents a coherent spin
state (CSS) pointing along polar and azimuthal angles (6, ¢) in
spherical coordinates where each atom is in a superposition state
cos(6/2) |1) + sin(6/2)e |1).

For a CSS pointing along the x axis as in Fig. 1(b),
the uncertainties satisfy and saturate the Heisenberg uncer-
tainty principle AS,AS. = |([S,,S.])|/2 = /2. Because
of the rotational symmetry, we have AS, = AS. = /S/2.
In general, a CSS has a standard deviation 1/S/2 along any
direction perpendicular to its mean spin (S).

B. Classical light field inside a cavity containing an
atomic ensemble

We consider the interaction of the atoms with a sin-
gle standing-wave cavity mode, schematically shown in
Fig. 1. We assume that all N atoms are fixed at the cav-
ity antinodes, which provides the maximum atom-light
coupling, which can be achieved by double wavelength
trapping [101], site-dependent selection [102]. The more
general case of distributed atom positions can be mapped
onto the case of uniform coupling by means of correction
factors (of order unity) to the atom number and interaction
strength [103,104], where the attainable entanglement is
suppressed if the temperature is too high. Apart from pho-
ton shot noise, we assume the light field to be classical, i.e.,
we use coherent states of light in the description. Then the
two-level atom can be approximated as a harmonic oscil-
lator. In the opposite limit, the ensuing saturation of the

atomic state would prevent the atoms from absorbing fur-
ther photons. This would effectively induce photon-photon
interactions, and in this limit the intracavity field can no
longer be described by a coherent state, as has been shown
both in the optical domain cQED [105] and in circuit QED
systems [106]. In this work, we always consider a linear
atomic response far below saturation. Note that a linear
response also applies to the intermediate probing regime
where the average photon number can exceed one but is
still much smaller than the number of atoms, as discussed
in Appendix F.

The power transmission and reflection coefficients of the
mirrors i = 1,2 are denoted by T; = |t;|*> and R; = |r|?,
respectively. In general, the mirrors have loss and there-
fore R; + T; < 1. In the following discussion, we consider
lossless mirrors (R; + T; = 1), while in Appendix A we
establish a mapping of a cavity composed of realistic mir-
rors with loss onto one with lossless mirrors by means of
additional optical components.

In the following part, we introduce several quanti-
ties and relations that characterize the coupling between
the atomic ensemble and the cavity. These relations
are derived in Appendix E following the treatment of
Ref. [103].

The cavity-enhanced single-atom cooperativity at an
antinode is defined as [103, Eq. (30)]

24F

n= W’ “4)

where k = 2m /A is the wave number of the light, w is
the mode waist (1/¢? intensity radius) of the TEMy cav-
ity mode, and F ~ 27 /(2 — Ry — Ry) is the cavity finesse
for a lossless cavity with mirror power reflectivities R,
Ry ~ 1.

To simplify the following expressions, we define
a position-independent mode amplitude £ via the

relation [107]
2
£ = E(0,0,2),/ w (5)

This definition applies to a Gaussian beam propagating in
the Z direction with an 1/¢? intensity radius w(z) at a dis-
tance z from the mode waist that is located at z = (. Here
E(0,0,z) is the electric field on the mode axis at an antin-
ode at z. The thus defined mode amplitudes of the incident,
cavity, transmitted and reflected fields are denoted by &y,
&, &, and &,, respectively.

The atomic parameter that determines the coupling of
the atoms to the cavity is the atomic polarizability &.
For a single two-level atom with transition frequency w,
and natural linewidth I', the polarizability is given by
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[103, Eq. (1)]

3 F/a)a2

w2 — wf — i(w] JwA)T

(6)

0 = 6T €C

In extreme cases where the total solid angle subtended by
the cavity modes are significant as in Ref. [108], the atomic
linewidth I" in the denominator should be replaced by an
effective linewidth [108]; however, for most optical cav-
ities, the differences are negligible (< 1%). In the limit
of moderate detuning from atomic resonance A = w; —
w, < w, and strong but not ultrastrong coupling between
atoms and light, corresponding to the condition of the
rotating-wave approximation, the atomic polarization can
be approximated by a Lorentzian lineshape:

c3 i

PO T TA/T/D]

a =~ 6m

[Ed(xa) + iLa(xa)].
(7

JTE()

Here x,=A/(I"/2) is the normalized detuning of the
probe laser (w;) from the atomic resonance (w,), while
La(xa) = —[xa/(1 +xa2)] and L,(x,) =1/(1 +xa2) are
the Lorentzian dispersive and absorptive lineshapes,
respectively [103].

The amplitude of the intracavity field can then be
expressed as

f ity
gc = m: 8
7 1+ NnLy(xy) — i[xe + NnLy(x,)] ®)

where x. = §/(k/2) with § = w; — w. is the normalized
light-cavity detuning, « is the full-width half-maximum
cavity linewidth, and ¢, is the amplitude transmission coef-
ficient of the input mirror. The real part of the denominator
of Eq. (8) corresponds to the absorptive part of the atomic
susceptibility, while the imaginary part combines the dis-
persive part of the atomic response with the phase shift
that occurs when probing an empty cavity away from
resonance.

The transmitted and reflected field amplitudes &, &, are
similarly given by

ikL
gt _ ]: e (9)
7 14+ NnLy(x,) — i[x. + Nnﬁd(xa)]
and
2ikL
£ — |:r1 B ]—" tzrze ]5
7 14+ NnLy(xy) — ilxe + NnLa(x,)]
(10)

Here L is the length of the standing-wave cavity and #,
the amplitude transmission coefficient of the output mirror.

The transmitted field is simply proportional to the intracav-
ity field, while the reflected field is a superposition of the
light directly reflected off the input mirror (term with 7})
and the field leaking out of the cavity (second term).

From Eq. (9), it follows that the power transmission of a
symmetric and lossless cavity is given by

i 1

To = -
"TIER T 4+ NnLax)? +

[xc + N’?Ld(xa)]z .
(11)

The atomic absorption (first term in the denominator) is
determined by the atom number N, the single-atom coop-
erativity n, and the absorptive Lorentzian lineshape L,
while the dispersion of the atom-cavity system (second
term in the denominator) is given by N, 5, and the dis-
persive Lorentzian £,. The transmission of an asymmetric
cavity with mirror power transmissions 7, = |t1,2|2 is
given by

4T\ T,

=T rne (12

The ratio of the photon scattering rate into free space S to
the photon transmission rate 7 can be simply expressed as
[103]

S 2

— = —N L, 13
The scattering rate into free space is proportional to the
rate of photon transmission, the collective cooperativity

Nn, and the absorptive atomic lineshape L,.

C. Effective light-induced Hamiltonian for the
collective atomic state

The light shift experienced by a polarizable object, in
thls case an atomic ensemble, subject to an electric field

= 2F, at an antinode of the cavity is given by the
Hamlltoman [109]

Hgp = —3|ERe() = —2|E.Re(e),  (14)
where « is the atomic polarizability. For NT =8+

atoms interacting with the intracavity field, this Hamilto-
nian using Eqgs. (7) and (8) can be expressed as

| c|2

Ay = —(S: + S)n —Ed(xa)

— —hQh. (S, + S). (15)

Here Q = nnLy(x,)x/F is the light shift per intracavity
photon and 7, = |€,|?/(2hwk) is the intracavity photon
number. The operator &, as in Eq. (8), is a function of
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the number of atoms coupling to the cavity, which equals
NT because only atoms in the |1) state couple to the cav-
ity. Since ]% = S’z + 8, the intracavity photon number 7,
becomes a function of S‘z. The above Hamiltonian cor-
responds to an interaction term of the form hQETES. in
the second quantization formalism of Ref. [110, Eq. (2)],
with ¢ being the photon annihilation operator for the cav-
ity mode, plus an S.-independent average shift of the cavity
mode frequency w, - @, = w, — QS. This additional, S.-
independent term can take a different form when both spin
levels are coupled to excited states as in Ref. [110], instead
of just one of the levels, as in the present analysis. Subtract-
ing the average frequency shift, i.e., measuring the cavity
detuning relative to @., we arrive at the effective atomic
Hamiltonian

H = —hQn,S,. (16)
This Hamiltonian depends on atomic parameters only
through the collective (symmetric) spin operator S., and
therefore the atomic state remains in the symmetric sub-
space of maximal spin S defined in Eq. (2) under the action
of this Hamiltonian. The Hamiltonian depends on the light
field only through the intracavity photon number 7. or
intensity |&.|2. The Hamiltonian , as given by Eq. (16),
can also be obtained by generalizing the Tavis-Cummings
Hamiltonian [11], or through the procedure described in
the supplemental information of Ref. [56].

D. Light-induced coherent effects on the collective
atomic spin

For a CSS at the equator with (Sz) = 0, it is natural to
expand the S,-dependent intracavity photon number 7.(S;)
in Hamiltonian (16) into a Taylor series in terms of S.:

o0 ; P A
= —hQs. %(W") .
0 Jj'\ as. 8. =0

)

j=

The leading term of this expansion is the phase shift
Hy = —hQ(A.)S, with (i) = 7.(S, = 0), which generates
a rotation of the collective atomic spin about the z axis of
the Bloch sphere [Fig. 2(d)]. This simply represents the
light shift on the atoms associated with the average intra-
cavity photon number (7.) = n.(S. = 0). Using Egs. (8)
and (13), the atomic phase shift after a time 7 is

T+ T, ny's
— Ed(xa) = _2(;] )
s

A¢p = Q(n;)t = nn, T

Xq, (18)

which has been expressed in terms of the average trans-
mitted photon number 7, or the average scattered photon

number nj’. Here NT = S’z + S is the atom number oper-
ator in the state |1), and we can use (NT> = N/2 in the

103
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@ g —n% = 400
=9 —n% = 600
22
- =) 10

e |

1 10 100 1000
Normalized detuning 2A/T°
FIG. 2. Illustration of the effects of the atom-light interaction

on a CSS. (a) Original CSS on the equator of the Bloch sphere,
(S.) = 0. (b) The effect of a single-shot optical measurement (see
the text) with usable QFI F . and total QFI Fiy, which displaces
the state along S, based on the measurement outcome and yields a
resolution beyond the SQL (measurement-based spin squeezing),
while broadening it along S, due to the measurement backac-
tion. (c¢) The envelope arising from averaging over many repeated
measurements or, equivalently, tracing over the light field, show-
ing broadening along S, . (d) Phase shift A¢ due to the atom-light
interaction, Eq. (18). (e) The effect of single-axis twisting with
shearing strength Q. (f) The complete final state for cavity spin
squeezing including all the discussed effects: first-order phase
shift, shearing, and state broadening due to unused information
F contained in the light field. The equations below each plot
give parametric expressions [S'y (9),5’2(9)] with 6 € [0,2x) for
the uncertainty ellipses of the atomic states that are indicated by
dotted lines in the same colors as the states. In (c)f) the dashed
red circle represents the uncertainty circle for the original CSS
for comparison.

vicinity of the equator. The ratio of atomic phase shift A¢
to the transmitted photon number is independent of the
atom number, but is proportional to the single-atom coop-
erativity n, which makes the phase shift measurement a
convenient way to measure n without requiring an accurate
calibration of the atom number.

The first-order term in Eq. (17) is the nonlinear light-
mediated spin-spin interaction term

Hy = —hxS2. (19)
This term represents an Sz-dependent rotation of the atomic

spin about the z axis. The A; term is also known as the one-
axis twisting Hamiltonian [40,68], as depicted in Fig. 2(e).
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Here we see how the light can act as a quantum catalyst
that causes an effective spin-spin interaction S? between
distant atoms. This type of interaction can, e.g., produce
SSSs, as first proposed by Kitagawa and Ueda [68]. The
shearing parameter y in H,y is given by

S

~ .

4)

x = —nLa(x)[1 = xex4 + <fv¢>nm< (20)

We see that the light-mediated one-axis twisting S’Zz is pro-
portional to the scattered photon number: without photon
scattering, there is no shearing of the atomic spin. On the
other hand, the shearing strength is proportional to the
cooperativity, and therefore a better cavity (or a larger
number of atoms) allows one to reduce the decoherence
associated with the scattering of photons into free space
for a given desired shearing [111].

The shearing acting over a time t produces a shear-
ing strength O, which is defined as the differential phase
displacement along S), per unit S, as in Fig. 2(e) [21,22],

d? arg(e’sz2 xT)

=S
Q ds?

=2Sxt =Nxr. (1)

In the vicinity of the equator of the Bloch sphere where
S, = 0, the shearing strength Q is given by

0= _277[‘d(xa)(1 — XeXg + S’?)%n?,c, (22)
where (Z%) = N/2 = S, such that (S'z) = 0, has been used.
The shearing strength Q is proportional to the number of
photons scattered by the ensemble, and can be used as a

parameter that characterizes the spin squeezing [21,22,27],
as explained later in Sec. IIT F.

III. LIGHT-ATOM ENTANGLEMENT AND
NONUNITARY EVOLUTION OF THE ATOMIC
STATE

When deriving the above results for the evolution of the
collective atomic spin state and spin squeezing, we have
treated the light field as classical, and described the atomic
evolution as a unitary evolution governed by the effective
Hamiltonian 4 given in Eq. (16). In doing so, we have
so far ignored the effect of photon shot noise fluctuations
on the atomic spin, or, equivalently, the light-atom entan-
glement that builds up during this process [110]. If the
information contained in the light field about the atomic
ensemble remains unused, or, equivalently, if the quan-
tum state of the reflected, scattered, and transmitted light
fields is traced over, this results in a decoherence in the
atomic subspace, and a mixed, rather than pure, quantum
state of the atoms. In the following, we first character-
ize the information about the atomic state contained in a

light field after the interaction, as quantified by the Fisher
information of the light (Sec. III A). We then discuss the
back action on the atomic state if this information remains
unused (Sec. 111 B), and finally quantify the contrast loss
due to scattering of photons into free space (Sec. III E).

A. Quantum Fisher information available in a
coherent state of light

In Sec. IIB we derived the amplitude and phase of
the coherent state of light inside the cavity in the pres-
ence of the atoms, Eq. (8). This coherent state |«) will
depend on the number of atoms and their spin state. The
light field leaking out of the cavity, as given by Egs. (9)
and (10), can then be used to deduce information about the
atomic ensemble. In general, if a coherent state of light |o)
depends on some physical parameter x, i.e., |&) = |o(x)),
then the quantum Cramér-Rao bound [31,32,112,113] for
the variance associated with estimating the parameter x is

given by
) -2

This relation is derived in Appendix D. We recast this
expression in terms of the QFI contained in the light field,

oo

™ (23)

(Ax)? = <2

2

Fx) = 4‘8—“ , (24)
ox

where the QFI is just the inverse of the Cramér-Rao bound.

Often measurements are performed on either the power
or the phase of the light field emanating from the cavity.
In this case, it is useful to consider the amplitude 4 and
phase ¢ of the coherent state, & = Ae'®, in order to sepa-
rate the QFI into its amplitude component 7, and phase
component F é>

2

9¢

2
+ 44?
ox

5 o 94
F)=F +Fy= 4‘3— (25)
X

In general, neither amplitude nor phase alone contain
the full information about the atomic system available in
the light field. Nevertheless, the full QFI can always be
extracted by performing a homodyne measurement of the
coherent state |«) with optimized phase offset and ampli-
tude (see Fig. 3). If we only measure the transmitted and
reflected power instead of performing the optimum state
detection, the variance in the estimation of parameter x will
equal £,' with the best analysis.

In the context of the cQED system displayed in Fig. 1,
the expression for the QFI, Eq. (24), leads to two conse-
quences. If the parameter x is chosen to be the collective
atomic spin S, (see Sec. II A) then Eq. (24) quantifies
the amount of entanglement between the collective atomic
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o
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v | Ox
la(z)) = |A(:z?)e"'“<”’)>

\

Re(a')

FIG. 3. Precision of estimation of an unknown parameter x by
measurement of a coherent state of light ). A change dx in some
parameter x modifies the amplitude (blue) and phase (green) of
|a(x)). The optimum amount of information about dx can be
extracted by measuring the state quadrature along the direction of
change da/dx of the coherent state, which in general is a combi-
nation of phase and amplitude measurements. The shot noise of
the coherent state of light (color-shaded area) limits the precision
of the measurement.

state and light, or, equivalently, the information imprinted
onto the state of the light by the atoms. So the QFI of the
light with respect to the atomic state, normalized to the
atomic state shot noise, tells us how much measurement-
based spin squeezing can be attained by an optimal probing
scheme. Second, even if the light is not used for measure-
ment, as in cavity feedback squeezing [21,22], the QFI still
describes the amount of excess quantum backaction on the
atomic state by the input light: discarding the information
contained in the light field, or, equivalently, tracing over
the state of the light field, results in excess variance of
the atomic spin state above the minimum imposed by the
Heisenberg uncertainty relations for angular momentum.

B. Measurement backaction

In quantum mechanics, any process that yields informa-
tion about some variables is associated with backaction
onto any noncommuting variables to maintain the uncer-
tainty relation [114—117]. If that information is not used,
the uncertainty relation becomes a true inequality, and
the initially pure quantum state turns into a mixed state,
exhibiting excess broadening. In the case of spin squeez-
ing, the effective Hamiltonian, Eq. (16), entangles the S,
component of the atomic spin with the intracavity photon
number, such that the light field leaving the cavity serves
as a meter of S;. Hence, in this case one can think of the
unused information contained in the light field as causing
additional broadening in the S, direction compared to the
information about S, that would be available to a perfect
observer. From an alternative viewpoint, the original S,

distribution remains unchanged, but the photon shot noise
of the light causes an additional broadening of S, compared
to a (noiseless) classical light field due to the uncertainty in
the light shift on the atoms [22,110]. These processes result
in a mixed state of the atomic spin with AS;AS, > §/2.
To quantify those effects, consider a CSS pointing along
the x axis as in Fig. 2(a). From Eq. (16) we know that pho-
tons only couple to the S, quadrature, and therefore the
backaction-induced antisqueezing must manifest itself in
the S, quadrature. The coherent light probes the physical
quantity S, and therefore generates a backaction quantified
by the QFI in the light field F [see Eq. (D9)]. We define
the normalized QFI of the light as
2 .
F=-F.
S
The quantity 1 4 F represents the factor by which a perfect
measurement of the light field can reduce the spin vari-

ance below the standard quantum limit (SQL) variance of
the CSS,

(26)

(AS.)? S

wond = 515 Fy’ 27)

and the backaction by the probing light thus causes broad-
ening in the S, direction, resulting in a total variance

(AS)? = ‘25(1 +F). (28)

Here the first term S/2 accounts for the variance of the
original CSS, while the second term FS/2 is due to the
backaction.

The complete information about the spin state of the
ensemble is contained in the field amplitudes and phases of
the transmitted light, reflected light, and free-space scatter-
ing. We note that the electric field amplitude £ is related to
the coherent-state index « in Sec. Il A via € = a/2hw/7,
where t is the probing time. Therefore, we can use Egs. (9),
(10), and (24) to evaluate the total QFI about the atomic
state that is available in the light field:

2

B (NT)‘L' s &,
F= heo (712"‘TIRZ_‘_‘f-uvj*)nﬁa(xa)){8]\[T .
(29)

Using the expression for the intracavity field, Eq. (8), we
can simplify Eq. (29) to obtain

S
F=2n% nﬁa(xa)<1 +x, + 7”)%
2t (1 424 )T G0

where v = N7 and (N;) = N/2 = S has been substituted.
For fixed (N4)n, the spectrum of the coupled atom-cavity
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system (8)<10) remains the same, while according to
Eq. (30) the QFI carried by photons scales linearly with the
cooperativity 1. This equation also demonstrates an impor-
tant principle of optical measurements: the information
available about the system is inevitably proportional to the
average number of photons that have been scattered into
free space nj’. The higher the cavity cooperativity 7, the
more information about the atomic system can be extracted
per scattered photon. Note that in the limit of small photon
number it is possible to gain more information per scat-
tered photon by the use of postselected measurements; see,
e.g., Refs. [44,118]. However, averaged over many realiza-
tions of the measurement, the available information gain is
proportional to the scattered photon number, as expressed
by Eq. (30). When this information F is extracted from
the light field, it can serve to conditionally squeeze the
atomic spin noise in the S. direction by a factor (1 4+ F)~!,
ie., (AS)2 .4 = (S/2)/(1 + F). At the same time, AS,
is increased by the backaction to (ASy)2 =(S/2)(1+F),
thus maintaining the Heisenberg uncertainty for angular
momentum, AS, AS; > §/2. If the information in the light
field remains unused then the increased AS, describes the
broadening of the state along S, that at the microscopic
level is due to the photon shot noise in the incident light.

The complete QFI expressed by Eq. (30) can further
be separated into two parts. The first two terms inside the
parentheses correspond to the information contained in the
transmitted and reflected light fields that do not provide
access to the state of any individual atom, but only to
the collective spin, i.e., the symmetric state of the atoms.
On the other hand, the last term, which is proportional to
the collective cooperativity Sn, originates from free-space
scattering, and reveals local spin fluctuations that take the
system out of the symmetric spin space.

With the help of Eq. (22), we can write a relation
between the Fisher information F and the squeezing
parameter Q:

I —xx,+ S
g:xa XeXg + 77. 31)
F 1 +x,2+ Sn/2

C. Gaussian state representation

In this section we develop a simple formalism to
describe the transformation of Gaussian states in the
limit where the state occupies a small region on the
Bloch sphere. Collective spin states near the CSS are
good examples of Gaussian states that have significant
roles in quantum information science [35]. The CSS
state can be described by a symmetric Gaussian distri-
bution when projected along any spin quadrature perpen-
dicular to the spin’s mean direction. When the shear-
ing parameter QO and the QFI F are small, the local
Bloch sphere can be approximated by a two-dimensional
Cartesian frame, and the state can be represented by

a Gaussian distribution. This also corresponds to the
Holstein-Primakoff approximation [119].
The CSS along the x axis has a Wigner quasiprobability

. . . _ 2, 02
distribution P(S), S;) oc e 25N [or

() e

where the inverse covariance matrix ¥ ~! is an identity
matrix with a prefactor of the SQL unit of variance: ! =
(2/8) I,. Other Gaussian states that are centered along the
x axis can all be described similarly but with a different
inverse covariance matrix.

1 65082)
P(S,,S.) x exp[ —3

D. The effect of the probing light on the representation
of the atomic state in the Gaussian approximation

Starting from a CSS along the x axis, entangled atomic
states can be generated via a Hamiltonian unitary evolution
as discussed in Sec. I, or by a measurement as described
in Sec. III B. R

We first consider the one-axis twisting, A, = —FyS2.
In an infinitesimal time step dt, the one-axis twisting trans-
forms a point on the collective Bloch sphere according to

S,t+d\ (1 Nyxdt\ (S,

S.(t+dt)y)  \O 1 S.() )’
which generates a unitary evolution of the covariance
matrix as

S(t+d) = US(HUT,

_ (1 Nydt
)

When we include the nonunitary effect of the QFI, the
covariance matrix transforms such that the product of
eigenvalues is no longer normalized to the SQL. With con-
stant strength of measurement, i.e., a QFI that increases
linearly in time, the broadening along the S, axis is also lin-
ear in time, 1.e., the (1, 1) element of the covariance matrix
evolves as

(33)

where

(LD +dy = (1, 1)) + Fdt, (34)
where F is the normalized QFI rate, and with a constant
probing rate, /' = F /tand Q = O/t = N x. It turns out that
the effects described by Egs. (33) and (34) commute with
each other, giving

Z_g<1+F+Q2 Q)
T4 0 L)

We can apply the above discussion of the covari-
ance matrix to the parametric description of the 1/e

(35)
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boundary of the quasiprobability distribution on the
Bloch sphere. For example, the squeezing transforms
the curve (cos@,sinf)” to U- (cos0,sinf)’ = (cosd +
N xdtsin6,sin0)”, as shown in Fig. 2(e). For the effect of
QFI induced broadening, using Eq. (32), we find that the
new boundary is given by

S/ + Fdp + 82 =1,

which corresponds to a parametric description of
(Sy,SZ) = (v 1 + Fdtcos®,sin), where 6 € [0,27). Note
that, for individual measurements, the state is actually
projected to a random state centered at ((S.),0) with a
probability P({S.)) exp(—2Sz2 /N) and a variance along
the z direction that is reduced by a factor of 1 + Fs. Here
Fse 1s the usable fraction of the total QFI, but broadened
along the y direction as quantified by the same Fi,; we dis-
cussed above. This individual projection looks like that in
Fig. 2(b); however, if we only care about the determinis-
tic effect where the light state is traced over, the effect is
depicted as in Fig. 2(c).

In addition, in this description the atomic state can
deviate from the x axis by the first-order phase shift
effect I:IO = —hQ(ﬁc)S'Z, which translates (cos@,sinf) to
(cos@ + Ag,sinf), as in Fig. 2(d). Here A¢ is the nor-
malized phase shift and relates to the phase shift A¢ in
Eq. (18) by Ap = V/NAG.

For a more general discussion of the Gaussian represen-
tation, we refer the reader to Appendix C.

E. Contrast loss induced by photon scattering and
Bloch sphere curvature

When one photon is scattered by the atomic ensem-
ble into free space, the particular atom that scattered this
photon gains a random phase (or, equivalently, is pro-
jected into a particular internal state) and therefore no
longer retains coherence with the other atoms. Given nj’
scattered photons and an average number of scattered pho-
ton per atom p = nj’/N, the Poissonian probability for
any particular atom to not have scattered any photons is
given by

ple?

_nSS /N
CSC = 0' = e V/ .

(36)

This is also the contrast limit of a phase sensitive atomic
signal, as measured, e.g., in a Ramsey sequence, due to
photon scattering. As we have seen above [Eq. (22)], light-
induced spin squeezing is impossible without scattering
photons, and thus some contrast loss is inevitable. There-
fore, in practical applications, one must carefully balance
the potential metrological gain provided by spin squeezing
against the detrimental effects of decoherence.

Besides the scattering-induced contrast loss, there exists
another type of contrast loss that is due to the antisqueez-
ing of the state around the Bloch sphere, perpendicular to
the squeezed direction, which shortens the average collec-
tive spin vector |(S)| = CgiochS. (This process occurs even
in the absence of photon scattering simply due to the defor-
mation of the state.) As described in Appendix B, this con-
trast loss is well approximated by Cpioen, = exp(—0?/2N).
Combining those two contrast loss mechanisms, we obtain
the total contrast as

ns 2 2

C = CscCloch = €Xp ( - ﬂ) (37)
N

This fundamental contrast reduction for phase-sensitive

measurements affects the performance of spin squeezed

atomic clocks [24,25,89,120] and other interference-based

atomic sensors [27,48,121,122].

F. Wineland parameter

The combined effects of light-induced measurement
with corresponding backaction, atom-atom interaction, and
contrast loss on atomic states can produce a variety of final
atomic states. We quantify the utility of these SSSs for
metrological applications using the Wineland parameter
[69,123]

2 2
, &y 1 A6
=2 ___ = 38
e C* MO %)

where A#? is the variance of the phase estimation by the
quantum system, AQéQL = (25)7! is the same quantity
for uncorrelated particles in the absence of contrast loss,
which also corresponds to the SQL in units of phase, C
is the contrast, and &2, = A§?/ AGéQL is the Kitagawa-
Ueda parameter [68] that quantifies the metrological gain
without contrast loss.

In the approach discussed above in Sec. 111 D, the reduc-
tion of collective spin projection noise [70] of the final
state depends both on O and the normalized QFI, F.
The Kitagawa-Ueda parameter is given by the smaller
eigenvalue of the covariance matrix (35):

2+ F+ Q' — V40P + (F + 07
2 b

Ry = (39)

in the limit of O > F ~ 1,
1+ F
(o
We see from Egs. (22) and (30) that, for fixed probing

parameters 8, A, and N, both the squeezing parameter QO
and the QFI F scale linearly with the number of photons

2
Exu ™~
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FIG. 4. Results of cavity feedback squeezing for a cavity that is resonant with the atomic transition, w. = w,. (a) Squeezing strength
0, quantum Fisher information F, and inverse Wineland parameter £ 2 at fixed scattered photon number #%° = 400 and collective
cooperativity Nyn = 900. (These parameters correspond to the conditions of the experiment described in Ref. [27].) For the Q plot,
red branches stand for positive Q and blue branches for negative Q. In this calculation, the curvature of the Bloch sphere has been
ignored, and the results do not depend on the single-atom cooperativity n. (b) Inverse Wineland parameter including the effect of the

Bloch sphere curvature for different scattered photon numbers nj calculated for the parameters N =

1000, (S.) = 0, and n = 1.8. In

both (a) and (b) we assume that /" = 2.8, as in the experlments of Refs. [27,89].

scattered into free space. This means that, as long as the
QFI is small, i.e., F < 1, the amount of squeezing £ will
grow quadratically with the number of scattered photons,
but when F' 2 1, the scaling will become linear. However,
for sizeable OAT squeezing, Q ~ O(+/S), the curvature of
the Bloch sphere induces an additional broadening of the
distribution [53,68]:

%-I%U — %.2 Q4

ku T 2452 (40)

Thus, the variance of the squeezed direction reaches a
minimum for an optimal number of scattered photons, as
displayed in Fig. 4(b). The increasing widths of the dips
around the atom-cavity resonance at x, = 50 with increas-
ing scattered photon number indicate the effect of the
Bloch sphere curvature.

By fixing the atom number N and centering the atomic
state at the equator, (S;) =0, i.e., (ZVT) = N/2, one can
obtain an optimal frequency that yields the largest inverse
Wineland parameter £ ~2, as shown in Fig. 5. When varying
the atom number, we can see that the optimum detuning
is proportional to the vacuum Rabi splitting, as displayed
in Fig. 5(c). Therefore, no matter how many atoms are
loaded, the Q F parameters per scattered photon (denoted
as Q o/ny JF=F/ ny’) for the optimal detuning remain
the same. The optimal Wmeland parameter as a function
of the scattered photon number nj’ for large N therefore

simplifies to

A

1 —|—Fny N
(Qnsc)Z

S pler, @
O°N

where p = nj7/N is the average photon number scattered
per atom. The minimum Wineland parameter is obtained
for p = 1/2, and the metrological gain scales as the total
atom number N, i.e., exhibits Heisenberg scaling [124].
If we consider the curvature effect of the Bloch sphere,
Eq. (40), then the metrological gain exhibits a scaling
with atom number as N%73, as shown in Fig. 5(d) based
on numerical results. For the same collective cooperativ-
ity Nn, the higher the single-atom cooperativity 7, i.e.,
the smaller the atom number, the more severely the finite
size of the Bloch sphere limits the Wineland parameter.
We note, however, that there are approaches beyond spin
squeezing that are not limited by the curvature of the Bloch
sphere [56,124—126].

G. Brief summary

In Secs. III A to II1 F we derived analytical results for the
cavity-induced effects on the collective atomic state. Those
effects are summarized in Fig. 2. The first effect is induced
by the QFI carried by the photons leaving the system. The
photons that are transmitted, reflected, or scattered into free
space all carry QFI about the atomic state. The transmitted
and reflected photons only carry information about the col-
lective spin state of the atoms, and a measurement of those
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FIG. 5. (a),(b) The optimal Wineland parameter with respect

to the optimized photon number at given N and detuning, with-
out (a) and with (b) Bloch sphere curvature effect, where the
atom numbers are N = {1,2,4,8,16} x 500 (in order from bot-
tom to top). The single-atom cooperativity is = 1.8. The green
dots indicate the maximum Wineland parameter for a given atom
number. (¢),(d) The optimum detuning and maximum Wineland
parameter as a function of the atom number, corresponding to the
parameters of the green dots in subfigures (a),(b); the data points
correspond to numerical simulations and the solid lines represent
fits that hold for large atom number N >> 1.

fields projects the atomic system into a Gaussian state with
anarrowed S; distribution. This atom-light entanglement is
the foundation of measurement-based squeezing [38,127];
however, the final obtained state is not deterministic, but
depends on the measurement result. The distribution along
S, is broadened not only by the backaction associated with
the QFI of the transmitted and reflected light, but also
by the QFI encoded in the photons scattered into the free
space. The latter carry information about the spatial struc-
ture of the atomic spin, and not only the collective spin.
As such, they take the system out of the Hilbert space
associated with the maximum spin |S| = /S(S + 1).

If one performs measurement-based squeezing, the
transmitted and/or reflected photons carry QFI that can
be used to infer the atomic S, value. Conditioned on the
measurement result, the collective atomic state is pro-
jected into a state with some mean value of (S.) sampled
from the original CSS distribution of S, and reduced state
variance (AS.)?. Note that in this scenario, the photons
scattered into free space take the system out of the max-
imally symmetric subspace; nevertheless, these photons

still contribute to the total QFI F that causes excessive
broadening in the antisqueezing direction S, just as in the
feedback-squeezing case.

For the cavity feedback squeezing, which aims at deter-
ministic state preparation, the information contained in the
light field is typically not collected or used. In other words,
the light pulses project the states into S, distributions of
reduced width with a (S.) value that is different on each
trial, and unknown to the experimenter. The amount of
unused QFI is then given by Eq. (30):

S
F = Zl/l)s/cnﬁa(xa)<l +Xa2 + 77’)76

This causes excess broadening in the S, direction
[Eq. (28)]

S
(AS))? = S +F).

On the other hand, the light pulse also generates unitary
evolution of the collective atomic states, i.e., the zeroth-
order collective phase shift and first-order spin squeezing
as in Egs. (18) and (22):

SC

A =__y as
¢ v

0= —2n;°n£d(xa)(1 — xcXg + Nyn)Ty.

By means of a spin-echo sequence [27,128], i.e., by adding
the 7 pulse between two squeezing pulses, the terms that
are odd in S, such as the unwanted phase shift A¢, cancel
out, while the even terms, such as the squeezing term, are
retained.

The Wineland parameter was defined as Eq. (38):

o AQ> 25
C Ay O

This describes the metrological gain of the SSS. Without
finite-curvature effect, the squeezing produces a Heisen-
berg scaling of the Wineland parameter, £2 oc N~!, while
the finite curvature of the Bloch sphere reduces the scaling
to £2 o« N7073,

IV. ATOMIC-STATE DETECTION

The above discussions are based on the assumption
that we can measure the collective atomic state suffi-
ciently precisely to fully resolve the spin variance of the
squeezed state. In this section, we derive the spin reso-
lution that can be obtained with an optical measurement
probing the cavity. A more specific discussion is provided
in Ref. [129]. Related approaches to the nondestructive
detection of the atom number using a high-finesse cavity
have been investigated in Refs. [43,130].
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Our goal here is to derive the measurable amount of
Fisher information Fieas(S;) about the collective atomic
spin operator S. = Ny — N, that is available in the light
field. This information is contained in the reflected and
transmitted fields &, and &, but not in the scattered light,
so it is not the same as total Fisher information, Eq. (29).
The measurement resolution of S, is thus characterized
by the Fisher information contained in the reflected and
transmitted fields,

2

o€, ’ (42)

c

FmeasSz =4 To
(S2) TttaSZ

where Ti,r = 75 in the case where only the transmitted pho-
tons are measured, and Ty = 77 + Ry T1 =~ T + T> when
both the transmitted and reflected photons are detected.
Evaluating Eq. (42) using Eq. (8), we find that

2
Foes(5) = 47T T EPT Lae) T (43)

Experimentally, the intensity of the light field can be mea-
sured directly by a photodetector, while a measurement
of the phase requires interference with a signal that oscil-
lates at a similar optical frequency. As shown in Fig. 6(a),
the measurable Fisher information is contained primar-
ily in the phase component of the light field. Usually, a
homodyne or heterodyne measurement is used to retrieve
the information contained in the phase. For a situation
where the cavity is on resonance with the atomic transi-
tion, and the coupled system exhibits a spectrum with Rabi
splitting, it is possible to use the transmitted or reflected
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FIG. 6. (a) QFI per scattered photon per atom for different
types of measurements. The blue solid line and the yellow dashed
line correspond to the amplitude and phase components of the
total QFI F4 and F, respectively. The green dotted line repre-

sents the QFI F<"™ for a chirped two-color measurement of the
transmission amplitude through the cavity, which equals the total
QFI F4 + Fy. (b) The normalized total QFI for a chirped two-
color measurement as a function of the cavity-atom detuning.
The QFI is quite sensitive to the symmetry of the transmission
lineshape; see the text.

light in a two-color chirp measurement with two bal-
anced sidebands [27,131]. In this measurement scheme,
one generates two balanced sidebands with frequencies
W+ = W, * w,, where w,, is the modulation frequency that
can be controlled. The transmitted field represents an inter-
ference of the two components with a beatnote at 2w,,,
which contains the desired phase information. The QFI of
the transmitted light in such a measurement is

2

chirp
& | (44)

thirp = 4‘ET‘ BTS’

which equals the sum of the QFI contained in the two
sidebands. In addition to recovering all of the QFI from
the transmitted field, this two-color measurement scheme
suppresses the effects of laser and cavity noise by prob-
ing both cavity resonances at the same time. However,
this approach requires a symmetric transmission lineshape,
as in Fig. 6(b). The simulation is performed with a cav-
ity linewidth k = 27 x 520 kHz and an atomic linewidth
' =27 x 184 kHz, corresponding to the parameters of
the experiments in Refs. [27,89]. The simulation shows
that, for Nyn = Ny n = 900, when the cavity is detuned by
only «/10 from atomic resonance, the total Fisher infor-
mation in the two-color chirp measurement drops by a
factor of 2. Therefore, when using this scheme, it is very
important to keep the cavity on resonance with the atomic
transition, or, equivalently, to make the cavity transmission
lineshape symmetric around the bare-cavity resonance.

V. FOUR-LEVEL ATOM

In practice, the three-level system of Fig. 1(b) is usu-
ally only an approximation, and one or more other excited
states come into play and couple to the other ground state
|[{). Here we consider a four-level system as typical of
aJ = % —-J = % transition in the presence of circularly
polarized light. In that system, the || ) level will not only
act as a phase reference for the |1) state, but also be cou-
pled to an excited state as depicted in Fig. 7 (a). We thus
consider two excited states (|e 1), |e |)) and two ground
states (|1), |} )) in the interaction Hamiltonian.

The probing light simultaneously couples to both tran-
sitions, so the light field amplitude and phase will have
some residual sensitivity to NV, . Since circularly polarized
(o™) cavity light only couples levels with specific angu-
lar momentum, the transition between |e |) and |1) is not
coupled and there is no collective stimulated Raman scat-
tering between the two ground states. However, the sponta-
neous emission can still cause the transition and contribute
to a randomization of the atomic spin, as depicted in
Fig. 7(b). Besides this effect, we can treat the two tran-
sitions as entirely independent, and sum their individual
contributions to the atomic polarization.
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FIG. 8. Measurement quality of the system o7 (variance of
FIG. 7. (a) Energy level diagram for a four-level atom in a ~ Mmeasurement spin noise normalized to SQL) for the chirped two-

magnetic field. In this case we assume that the Zeeman splitting
A; > k,T,and A, 2 g. The Clebsch-Gordan (CG) coefficients
from ||) < |e |) and |1) < |e 1) are different and individually
labeled. The curve on the right in this subfigure is the cavity
transmission spectrum, and the magnified blue line is the small
transmission peak due to the || ) <> |e | ) transition. (b) Forward
Rayleigh scattering || ) — || ) that is responsible for the collec-
tive atom-light interaction (green lines) and spontaneous Raman
scattering || ) — |e ) — |1) (green and red lines) that causes
additional spin noise.

A. Raman scattering

For the four-level atomic structure depicted Fig. 7(a),
the attainable cavity feedback squeezing is limited by the
effects of Raman scattering, in addition to the residual
atom-light entanglement we derived for the three-level
case in Sec. IIl. An atom in state || ) can be excited by
a cavity photon to state |e, |) and subsequently sponta-
neously decay into |1), as depicted in Fig. 7 (b). This
causes an undesired random spin flip and results in an
additional variance

(AS.): = Ry, (45)

where R4 is the Raman scattering rate on the particular
spin flipping transition ||) — |e |} — |1), and t is the
probing time.

The Raman scattering effect sets the limit of the amount
of spin squeezing as in Ref. [132], and the performance
of the optical S; measurement discussed in Sec. IV. The
variance of the S, measurement is composed of two terms,
one being the inverse attainable QFI contained in the light
field, and the other the Raman scattering induced spin flip
noise as in Eq. (45):

(ASZ)fneas = 1

——— + (AR (46)
+ Fmeas K

The result from both contributions is summarized in Fig. 8.
At small photon number n}**, the detected variance is
dominated by the low QFI contained in the light field, and
therefore scales as 1/n))*. In the limit of large photon
number, the variance is dominated by the Raman scattering

color measurement, with total atom number N = 1000, single
atom cooperativity n = 1.8, and a total quantum efficiency for
detecting photons of ¢ = 0.15. The solid black curve corresponds
to the theoretical model including both the total QFI and Raman
scattering noise, and the dashed black curve only includes the
QFTI contained in the transmission amplitude. The red points are
experimental data from Ref. [27]. The detection limit o first
improves with photon number n; as the fractional photon shot
noise is reduced, and then increases with n; due to spontaneous
Raman scattering.

and scales linearly with n))***. For the parameters of Fig. 8,
corresponding to the experiment in Ref. [27], the best
measurement quality is obtained with approximately 500
detected photons, and corresponds to a resolution of 11 dB
below the SQL. The measured resolution is 3 dB above the
theoretical optimal resolution with the same parameters.

B. Cavity field for four-level atoms

Atoms in the || ) state have a similar functional form for
their contribution to the atomic polarizability as atoms in
[1), but the corresponding transition will be detuned due to
the Zeeman shift A, if a magnetic field is applied. Writing
b =2A,/T for the normalized Zeeman shift, and taking
into account the fact that the differences in matrix elements
for the two transitions give different cooperativities 14,
we can modify Eq. (8) for the three-level model to obtain
the corresponding expression for the four-level model as

f
X = itEn— {1+ NpntLo(xa) +Nyny Lo + b)

— ilxe + Ny La(xa) + Nyny LaGxa + D)1,
47)

where 7, ; are the cavity enhanced single-atom coopera-

tivities for the 1) <> |e, 1) and ||) <> |e, ) transitions,
respectively. The transmitted field is then

F
&gl = —tltzgin;{l + Ny La(a) +Nyny Lo +b)

—i[xc + NT”T'Cd(xa) + anﬁd(xa + b)]}_l,
(48)
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and the cavity transmission is therefore

w AT
(Ty + T»)?

+ [Xe + Nyny La(xa) + Nyny La(x + 512
(49)

{1+ Nyiy Lo(xa) + Nyny Lo + 0T

For the symmetric case with T} = T, we label the corre-
sponding transmission 7"

Substituting Eq. (47) into Hamiltonian (16), we can
derive a Hamiltonian for the four-level atom

ELP 7

Hypp =8; G

[ Laxa) — 0y Lalxa + ). (50)

As for Eq. (18), this Hamiltonian gives a phase difference
between each atom’s |1) and || ) components that is given
by

1 Pt

Ap = ———
¢ 2¢ hw

[+ La(xa) — 0y Lalx, + b)]. (51)

We can also expand the four-level Hamiltonian as in
Eq. (17) to derive the shearing strength Q as in Eq. (22),

v 9IEFLP
Q = N% 39S [nﬁﬁd(xa) - nl‘cd(xa + b)], (52)

where, at Ny = N, =N /2,

d|EFL? _ T 1 — xcxg + N1y /2
A 14+ x,2
1 —x.(x,+b)+Nn,/2
1 —=xcxa+b)+Nny/ . (53)
1+ (x, + D)2

For the QFI, Eq. (29), we now find that

FL
Fiot(S;) = 4 £
tr(52) T‘ s,

zZ

2 T
<T1 + R + ?(NT)WTﬁa(xa)

n %(Nwm/:a(xa ¥ b)). (54)

In Fig. 9 we compare these results with those of the three-
level model (Secs. II and IIIB), assuming similar con-
ditions where Nyn = Ny n =900 and b = 2A,/ " = 230.
The dashed lines correspond to the four-level model and
the solid lines indicate the three-level results. The effects
are small but important for experimental aspects, which we
discuss in Sec. VI.

|Ql, F, €2 in condition of nS" = 400, Nyn = Nyn = 900

10 — @ F

£?

—2
----- Quevel i Fiievel Etovel

102

10!
10°
-10 -5 0 5 10
Detuning A /27 (MHz)
FIG. 9. Comparisons of the squeezing parameters O, F and

£72 between the three-level and four-level models. The solid
lines represent the results of the three-level model (see also
Fig. 5), and the dashed lines correspond to the four-level model.
For Q plots, red branches stand for positive Q and blue branches
for negative Q. The four-level model only provides a small
correction to the three-level model.

VI. APPLICATION TO YTTERBIUM-171

One particular atom of interest is !7!'Yb that is one of the
leading atomic species used in optical lattice clocks [89,
133,134]. Following Ref. [27], the two interacting states

are chosen as the ground state |1) = 'Sy, F = 1, mp = 3)

and excited state |e 1) = [*P|,F = 3,mp = 3), while
the two detuning-suppressed weakly interacting states
are |}) = |18y, F = %,mp = —%) and the excited state
le |) =|°P|,F = %,mF = %). Experimentally, we can
reach this configuration by probing the system with o+
light on resonance with the transition |1) — |e 1). The
probing light generates the effects described in Secs. 11
and IIIB such as spin squeezing between the Zeeman

sublevels of the ground states (|1) and ||)).

A. Cavity detuning for symmetric transmission

The additional transition (|}) <> |e |)) in a four-level
model leads to several additional corrections to three-level
model. The first one affects the two-color measurement as
discussed in Sec. IV. In the four-level model, when the
[1) <> |e 1) atomic transition and the cavity transition are
on resonance, the cavity field will no longer have the bal-
ancing and fixed phase properties as in three-level model.
However, since the weakly interacting transition is far
detuned, its effect can be treated to lowest order as a cavity
resonance shift. In the experiment described in Ref. [27],
A;and I' are 2 x 18.5 and 27 x 0.18 MHz, respectively,
and therefore b = 2A,/T" &~ 230. The scattering rate by
the weakly interacting atoms N;nL,(x, + b)/3 — 0 but
NynLy(x, + b)/3 remains at the same order of x.. Based
on this and the experimental condition where N1 ~ 900
is routinely achieved [27], the effective cavity field could
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be described as

f it[gin
1 +NT77£a(xa) - i[xc +NT77£d(xa) - 13],
(35)

FL,eff
&

and, by choosing a detuning between atomic and cavity
resonances,

A — Ni n I'c ’

4A,
so that x. — x. + 1.3, the field is approximately com-
pensated back to the symmetric dispersion of the three-
level model when the cavity is on resonance with atomic
transition. Specifically in the setting of Ref. [27], §. =
27 x 0.34 MHz and this is exactly what is used in the
experiments.

6. =6 —

B. Unitary squeezing by two-color pulses

The degree of unitarity in the spin squeezing process has
a significant impact for metrological purposes [131,135].
When using cavity feedback squeezing for metrology [27],
the major contributions to nonunitarity arise from: (1) the
dependence of the Q factor and phase shift A¢ on the
total atom number N, resulting in a nonunitary evolution
as the total atom number fluctuates; and (2) the QFI of the
squeezing pulse that is not used for atomic state detection
and therefore causes a broadening of the S, distribution.
The first of these effects can be minimized using a two-
color squeezing scheme [27] with a sequence as illustrated
in Fig. 10.

We start by discussing the dependence of the squeezing
strength O and phase shift A¢ on the total atom number
N. At constant input photon number and S, = 0, variations
in the total atom number N result in a different transmitted
photon number, and therefore different O and A¢ values.
Such fluctuations, as illustrated in Fig. 11, can cause prob-
lems for the final measurement variance: the Q fluctuations

Optical

| State
Pumping

Detection

™

2 lo°

7|99 @gge Ny

>

Time

FIG. 10. Full experimental sequence for cavity spin squeezing
as used in Ref. [27]. The subscript for the radio-frequency pulses
indicates the axis of the rotation. The Bloch spheres below the
sequence indicate the collective spin state at the corresponding
time.

(@) s./\/5/2
1 »
a_ o
5 —>
Sy/V/5/2 vIVS/2
Q+AQ
(b) (c)
Squeezing strength @
1200 1.0
3
£ 100 02 08 7.0
5 01 £ g6 6.5
= 1000 o 6.0
kS 0 g 04 50
< s} A
= 900 01 & 40
£ I 02 I 3.0
=
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Detuning A/27 (MHz) Detuning (w2 — w,)/27 (MHz)
FIG. 11. (a) The quasiprobability for a squeezed state with and

without final rotation for the ideal case (blue) and a situation with
0O and A¢ fluctuations (red). (b) Contour plot of the squeezing
strength O per incoming photon as a function of the detuning
A and total atom number N. In the calculation we use a four-
level model with a cavity frequency 2w x 340 kHz lower than
the atomic frequency. (c) Contour plot for the Q/F ratio by fix-
ing the detuning of the first squeezing pulse to be 7.333 MHz,
and varying the detuning and power ratio of the second pulse.
The white dashed line indicates the optimum parameters for auto-
matic compensation against atom number fluctuations. The max
ratio is Q/F = 6.47 with power ratio y = 0.52 and red pulse
detuning —2 MHz.

affect the orientation of the squeezing and the rotation
angle that is needed to orient the maximally squeezed
direction along the z axis. This causes the antisqueezing
to leak into the final measurement. The A¢ fluctuation are
also deleterious in that they are converted into measured S,
noise by the final 77/2 rotation of the Ramsey sequence. In
the scenario in Ref. [27], where the imperfect 7 pulse is at
the level of 0.1% and atom number N = 1000, the induced
variance by uncompensated phase shift gives 0.04 SQL, i.e.,
—14 dB. Therefore, it did not affect those measurements;
however, for larger amounts of squeezing, this effect must
be taken into account.

To first order, the squeezing strength is linear in NV, with
the coefficient being either positive or negative, depending
on the detuning of laser frequency to the atomic state A,
as in Fig. 11. Therefore, by applying two pulses with posi-
tive and negative atomic detunings, this fluctuation can be
compensated to first order. As in Eq. (52), the sign of Q
at a certain probing frequency is predominantly due to the
detuning relative to the dressed atomic levels. Therefore,
for a situation where the contributions to the squeezing Q
from two colors add constructively, while the first-order
dependence on the atom number N is opposite, the two
pulses should be on different sides of the bare atomic
resonance, but on the same side relative to the cavity
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transmission peaks (the dressed atomic resonance). Also,
to avoid being close to the || ) <> |e, | ) transition that leads
to an unfavorably large QFI, one needs a blue-detuned
light pulse with frequency w;; tuned above the frequency
of the higher-frequency Rabi peak and a red-detuned light
pulse with frequency wy, tuned above the lower-frequency
Rabi peak. At fixed wj, the second frequency wp and
power ratio y can be determined from

doy
dN

407 _

dAp™
dN *

dN

dAP"
=0, (56
N . (56)

+vy 0,

where Q;n and A¢™ indicate the Q or A¢ value in the ith
pulse due to a single incoming photon.

Besides the technical noise induced by the fluctuations
in atom number, the QFI of the squeezing light also has
a negative impact on unitarity. Since both Q and F' are
linear in the incoming photon number, we can choose the
set of parameters {w;, wp,y} to maximize the Q/F ratio
while keeping the atom number fluctuation compensation
discussed above. Since both wp and y are determined by
wj, we can calculate the Q/F ratio for the combination of
two pulses:

Or +y 0O

Bty By
If we select w;; = 2w x 7.33 MHz, the best power ratio
and frequency for the second pulse are y = 0.52 and wp =
—2m x 2.0 MHz, which provides a compensated and con-
structive effect of squeezing, as in Fig. 11(c). The detuning

wy = 27 x 7.33 MHz is chosen as a compromise between
a larger Q/F ratio and less contrast reduction.

VII. CONCLUSIONS

In conclusion, we have described a framework for
understanding the two lowest-order effects of light on a
collective spin state, i.e., the effective spin-spin interaction
and the atomic-state measurement via measuring the light
field that has been entangled with the collective atomic
state. The interaction generates a phase shift of the col-
lective spin state, a spin squeezing that is characterized by
the shearing parameter O, and a broadening of the atomic
state due to the loss of information, which is character-
ized by the QFI F. We have given analytical expressions
for all quantities. In addition to these coherent effects, we
also considered the spontaneous emission from the atoms
as a source of contrast loss. Under the assumption that
the collective spin state can still be described by a Gaus-
sian distribution, we have derived the Wineland parameter
for the system as the attainable metrological gain, and
studied its scaling with external parameters such as atom
number N and frequency detuning §. In particular, the
light-induced evolution of the atomic state becomes more
unitary the larger the detuning. Therefore, it allows us to

optimize more fine-tuned phenomena [136,137]. On the
other hand, at sufficiently large atom number, the curvature
of the generalized Bloch sphere effect limits the attainable
metrological gain, i.e., the spin quasiprobability distribu-
tion is no longer a Gaussian distribution. In addition, we
used this model to derive system parameters that were
used in the experiments of Refs. [27,124] to optimize the
squeezing performance.
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APPENDIX A: SIMULATING A CAVITY WITH
LOSSY MIRRORS BY A LOSSLESS CAVITY
WITH EXTERNAL LOSS

In the main text, we consider the case of an ideal-
ized cavity with lossless mirrors, where R; + 7T; = 1 for
i = 1,2. This assumption simplifies many calculations of
atom-light interactions. In reality, any cavity mirror has
nonzero loss L; from a combination of absorption in the
mirror coating material and scattering from imperfections
on the mirror surface. Using T; = #2, R; = 17, we define the
loss L; in mirror j as

Li=1-T,—R. (Al)
In fact, we can exactly reproduce the behavior of a cav-
ity with lossy mirrors, as shown in Fig. 12(a), by a cavity
with lossless mirrors and additional external loss, as shown

gsc,l

Ese,2
e T
t

—>Frr i N/
-

&
{tl ’ Tl}
.
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FIG. 12. Analogy between (a) a realistic cavity with loss and
(b) an idealized lossless cavity with external loss by using perfect
beam splitters and optical circulators.
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in Fig. 12(b). To ensure the two systems are truly equiva-
lent, we need to have the same values of &, &, and &,
for all cavity lengths L and probing light wavenumber £.
In addition, the scattered fields £, ; must be lost to the
environment to ensure the correct decoherence rates for the
system.

The resulting parameters for the optical elements in
Fig. 12(b) are

. I‘% —1/2
=1+ 2 , (A2a)
1
= r;r 2 (A2b)
1
15)
= g (A2¢)
2
« _h
fh = = (A2d)
1
7
= —, A2
5 rTfZ (A2¢)

where the lossless condition requires that ¥ = /1 — (*)?.
Note that in the case of a high-finesse cavity, we

have r ~ 1 and #; <« 1, which allows us to simplify
Egs. (A2) to

(o, (A3a)

o~ 12 (A3b)
r
t

£~ =, (A3c)
t2

£, (A3d)

gl (A3e)
ry

The physical insight for these equations is the following:
we preserve the transmissivity of the input coupling mirror
(T7 =~ T), transfer all the cavity loss into the transmissiv-
ity of the output coupling mirror (T ~ T, + L + L;), and
simulate the cavity loss through absorption after the light
exits the cavity [T5 ~ T>/(T> + Ly + Ly)]. Table I gives
the numerical values for the various relevant parameters
for the experimental system that we consider in the main
body of the paper [27,138].

APPENDIX B: CONTRAST LOSS DUE TO
WRAPPING OF THE STATE AROUND THE
BLOCH SPHERE

The contrast of a collective atomic state is commonly
defined as the largest oscillation amplitude of the mean sig-
nal in a Rabi or Ramsey sequence as compared to a CSS.

TABLE I. Properties of the experimentally realized, lossy cav-
ity [27,138], as well as the equivalent lossless cavity, with values
of T} given with a relative accuracy of 1074,

Lossy cavity Lossless cavity

T 30 x 107° T 30 x 107°
L 30 x 107¢ T 453.3 x 107°
T 196 x 107¢ T 0.4324
Ly 227.3 x 107° T; 1

F 13.0 x 10° T: 1

Even for a squeezed state generated by unitary evolution,
the average collective spin vector is shortened, causing an
effective contrast reduction

.2 .2
(Sy = S|V S e 20N S = 8)
CB]och(Q) = S P

(B1)

where xt = Q/N is the action of the squeezing Hamilto-
nian on the initial state. In the limit of unitary squeezing,
F = 0, we rotate the coordinates to make the antisqueez-
ing direction correspond to the S; direction, and the Wigner
distribution is approximated as a Gaussian distribution

P®) = (B2)

1 ( 6? )
——exp| — 55— |,
V2mE,0sqL 2630301

where 0 € (—00, 00).
Then Eq. (B1) can be evaluated by extending the inte-
gration to +00, yielding

2

Cgloch(Q) = /d@P(@) cosf — exp ( — 2Q_N) (B3)
Figure 13 shows that analytical formula (B3) describes the
quantum behavior quite well even for Q> > N, indicating
that in this limit the spin distribution is still approximately
a Gaussian distribution, but now wrapping around the
whole Bloch sphere.

1.0
£ 05
2
el
)
0.2} ¢ Quantum Numerics
— Analytic Model
0 5 10 15 20
Q
FIG. 13. Contrast loss (on a logarithmic scale) due to the finite

size of the Bloch sphere for N = 100 atoms.
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APPENDIX C: DERIVATION OF
KITAGAWA-UEDA PARAMETER FROM
SHEARING STRENGTH AND QUANTUM FISHER
INFORMATION

The effect of the shearing strength Q and QFI F on an
initial CSS is presented in Figs. 2(c) and 2(e). Mathemati-
cally, since the transformations at small Q, F’ are all linear,
the final Wigner function remains Gaussian. Writing all
quantities in units of the SQL, the combination of Q, F,
and another rotation by an angle « transforms the point
(Sy,S:)" on the Bloch sphere to (5], S.)" as given by

2Oz
S\ _ [ cosa  sina\ (V1I+F Q) (S,
S.) \—sina cosa 0 1) \S,

(ChH

_ U(i{).

The initial distribution of the CSS pointing along the x axis
in units of the SQL is

P(S),S.) ~ exp[—(S;,5.)(S,, 5],
and after the transformation it is given by
P(S;,S0) ~ exp[—(S,,S)E (S, 8)].

Making use of the fact that (S,,S.)" = U™'(S],S.)7, the
new covariance matrix is
Y =[whHv'r'=ut, (C2)

and therefore the variance on S, is the second diagonal
element of ¥/,

var(S!) = 1 — Qsin2a + (F + Q%) sin® a. (C3)

By changing «, the minimum and maximum variances are
obtained when « satisfies

dve;;o([S;) = —20Qco0s2a + 2(F + Q%) sina cosa = 0,
(C4
which implies that
tana = [V40*+(F+0%)? — (F+0)1/20).  (C9)
The Kitagawa-Ueda parameter is given by
E2=IR+F+Q*£V402+ (F+ 0%?].  (C6)

APPENDIX D: FISHER INFORMATION
CONTAINED IN A COHERENT STATE OF LIGHT

Suppose that we have a coherent state of light that inter-
acts with an arbitrary system, such that the state of light
after the interaction remains a coherent state and is given
by | (x)). What is the QFI of this quantum state in terms of
the function «(x)? In general, the QFI about the parameter
x is given by [32,113,139]

Folla())] = 4[(d,a(x)[8,a(x) — | (da)|a) ]
(D1)

for coherent states parametrized by «(x), and where the
state derivative is defined as

=1l

0x e—0

- la(x +¢€)) — Ia(x))_ (D2)
€

To calculate Fp, we begin with the well-known overlap
relationship between coherent states:

(Blo) = exp[ — 2B + |l* — 28%a)]. (D3)

Substituting the states of interest gives

(a@x + €)]a(x))

=exp {—3[la(x + O + la(@)* — 20* (x + O (x)]}.
(D4)

We expand the exponential argument in Eq. (D4) up to
second order in €:

la(x + )? + |la()|* = 20* (x + €)a(x)
62
=e(a*a —a*a) + E(a*& —afa +2a%q)

+ O(). (D5)
Here & = da(x)/dx, and, hence,
(@ +e)lam) =1— (e —d*a)e
+e2 1( 6 — Qo+ 2676)
5 5 oo oo o o

+ %(a*o’z — d*a)2:| + 0. (D6)

Note that to this order, the real part of (w(x + €)|a(x))
equals Re[(a(x + e)|a(x))] =1 + € [—a*a/2 + (a*c —
a*a)?/8] + O(e?). The first term of Eq. (D1) therefore
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equals
. [(a(x +e)l— <a(x)|][la(x +€) — Ia(x)q
m
€e—=0 € €
=d*a — Hata — d*a)?, (D7)

while the second term equals

e @G+ Ola@) — (@ @la) :
m

e—0 €

= —La*a — &)’

(D8)

Combining Egs. (D7) and (D8), we have the QFI for
parameter-dependent coherent states:

do(x) 2

Folla(x))] = I

(D9)

The QFI depends only on the magnitude of the derivative
of o with respect to x, which is consistent with the intu-
ition that coherent states are symmetric around their mean
values and behave the same way regardless of the direction
in which they are translated. Furthermore, the QFI is inde-
pendent of the value of « itself, because coherent states are
invariant when translated in phase space. Note that the total
derivative in Eq. (D9) becomes a partial derivative when o
is a function of multiple parameters. QFI (D9) implies a
corresponding quantum Cramér-Rao bound:

1|da(x)|™
dx

(Ax)* > 1 (D10)

We can further divide the total QFI (D9) into parts associ-
ated with varying amplitude 4(x) and varying phase ¢ (x),
by defining

= A(x)e?™

a(x) (D11)

with both amplitude 4(x) and phase ¢ (x) being real. Then

do(x) N dA(x) i (x) . i (x) de (x)
o e + iAd(x)e e (D12)
and, hence,
dA d
FQ[|a(x))]=4( di’”) +4(A( )M)_ (D13)

The amplitude component, Fp 4[|a(x))] = 4|dA(x) /dx|?,
corresponds to the classical QFI associated with the pho-
ton number distribution, which is directly observable with
a photon number-resolving detector.

This can be seen by considering the probability of
observing n photons in the coherent state, which is given
by a Poisson distribution:

(D14)

with A(x) = 4A>(x) the mean photon number, i.e.,
> o2 Py (x) = A(x). Then, the classical QFI about the
parameter x contained in the photon number measurement
is given by

Fella(x))] log P, (X)>P x)

(i
(i

J':Mg "M8

2
2 [nlog A(x) — X(X)]>Pn(X)

S | (d)\(x) 2 n O\ d?r(x)
Sl ()
—~ A(x)\ dx Ax)/) dx

x Pp(x)
L (W
‘W( dx )
_(dAx)Y
‘4< & )
= Foalla(x))]. (DI15)

The equality Fc[|a(x))] = Foulla(x))] implies that the
quantum Cramér-Rao bound (D10) is saturated by an
intensity measurement of the state if and only if the phase
component of Fp is zero: d¢(x)/dx = 0. This condition
can always be satisfied by displacing the state |o(x))
in phase space to S(x) = a(x) + A so that dB(x)/dx =
do(x)/dx is parallel to S(x). Physically, this is simply a
homodyne measurement, where the phase of the reference
beam is chosen so as to transform the signal of interest
into a pure amplitude modulation, with no residual phase
modulation. For a general «(x) and arbitrary x, this will
require an x-dependent displacement A(x), which in turn
requires some preexisting knowledge of o (x). Alterna-
tively, half of the total QFI can be obtained by a heterodyne
measurement, where modulating the direction of A period-
ically redistributes the QFI between amplitude and phase
components of the state.

APPENDIX E: USEFUL RELATIONS FOR THE
COUPLED ATOM-CAVITY SYSTEM

Following Ref. [103], we introduce a dimension-
less ensemble-cavity coupling parameter 8 = N[k/(mw?)]
(&/eg), where k= 2m/A is the wave number of the
light and & is the atomic polarizability. For a single
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two-level atom with transition frequency w, and nat-
ural linewidth I', the polarizability is given by [103,
Eq. (1)]: & = 6meoc®(T/w?)/[w,* — 0* — i(0® /w,H)T].
The steady-state mode amplitudes of the cavity, transmit-
ted and reflected fields are all proportional to &, and given
by

ity

E = — Ein- El
1 — 4if — rirme2k " ED
The transmitted field amplitude is then
f16e
E=— — Ein. E2
T 1 —4iB — et E2)
Similarly, the reflected field amplitude is given by
Py
E=r-— 1 — |Ein. E3
[” 1 —4if — rlrzez’kL:| E3)

Another relevant quantity is the power radiated by the
atoms into free space. For a cavity with a large waist com-
pared to the wavelength of the light, the cavity mode also
subtends a small solid angle relative to the atom, and thus
Purcell suppression [140] does not come into play. In this
case, the total power of radiation by the atoms into free
space is approximately the same as when driven by the
cavity field &, in the absence of the cavity [103, Eq. (9)]
Py = & Im(4). (E4)
To further simplify the expressions, we assume that the
probing beam frequency w is close to a certain cavity res-
onance frequency w, that satisfies e®?//¢ = 1, and both
the cavity detuning 6 = w — w, and the atomic detun-
ing A = w — w, are much smaller than the free spectral
range FSR = 27 x ¢/2L of the bare cavity. This allows
us to approximate the light propagation term in Eq. (E1)
as exp(2ikL) ~ 1 4 2i5L/c. The latter is equivalent to the
assumption that the optical cavity supports only a sin-
gle field mode with frequency w. and decay constant «,
neglecting the influence of any other cavity modes.

The detuning from atomic resonance is also assumed to
be much smaller than the atomic transition frequency A <
g, Which corresponds to the condition of the rotating-
wave approximation. Therefore,

3 i

a~6me

ST =0 iE( ) +iLa(xa)
T ST IA D) Moa)g[ d(¥a) +iLy(xa)],

(ES)
where x,=A/('/2) is the normalized detuning of

the probe laser from the atomic resonance, while
La(xy) = —x4/(1 +x,%) and L, (x,) = 1/(1 + x,?) are the

Lorentzian dispersive and absorptive lineshapes [103].
Correspondingly,  becomes

~N 662 ! =N r ir
'3 =~ a)ng 1= ZA/(F/z) - nFS[ d(xa) +1 a(xa)],
(E6)

where nps=6/k’w? is the free-space cooperativity that
describes the interaction strength between a single atom
and a free-space Gaussian mode [141].

APPENDIX F: PHENOMENOLOGICAL
DESCRIPTION OF MULTI-PHOTON LIGHT
FIELD

As in Ref. [106], the light field spectra deviate from
Egs. (8)—(10) with strong probing power. This effect corre-
sponds to the saturation of two-level atoms. However, the
atomic ensemble is not equivalent to the two-level atom.
For simplicity, we consider the energy level structure used
in Sec. II; the collective angular momentum of N two-level
atoms actually corresponds to an (N} + 1)-level system:
{4t 1e - -egymt with Ny of |]), n of |e), and
Ny —n of 1), where n=0,1,...,N; and symmetrized
over all atoms. We refer to such a state |N;,n) in later
expressions for simplicity.

We can truncate the Hilbert space by the total
excitation number m, which equals the sum of the
atomic excitation number and the photon number. In
the nonsaturating regime, the excitation number satis-
fies m <« N3, and the sub-Hilbert space with m exci-
tation is spanned by {|N4,0) ® [nc =m),...,|Ny,m) ®
|[n. = 0)}. The coupling strength between these levels
is \/(nc + DNy — no) ~ +/nc + 1,/Ny, and therefore can
still be considered as a harmonic oscillator mode with /Ny
enhancement factor.

APPENDIX G: DERIVATION OF THE EFFECTIVE
HAMILTONIAN FROM THE MICROSCOPIC
QUANTUM MODEL

The approach developed in Sec. Il is based on semiclas-
sical cavity field, but the obtained effective Hamiltonian
(15) is equivalent to a microscopic model, as presented in
Ref. [56]. Here we derive our Hamiltonian from a micro-
scopic model of the atom-light interaction in the mean-
field limit. We consider a three-level atom as in Sec. II,
and an optical cavity mode (represented by its annihila-
tion operator 13) interacting with the |1) state with coupling
strength g = «/nk /2 [103]. Also, we define the raising

and lowering operators &g% for the atomic states. The full
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Hamiltonian is

H = wb'b+ w,dla, +gbala, + He)
_ —_—. —
He Hq Hint
K 2T1

[B7b7 + pbTe™),  (GI)

Hgrive

and the atomic and cavity fields decay are described by the
Lindblad master equation

. 1 .
p=ilH.pl+ 3 ]Z([Ljp,Lj] +1L.oLD.  (G2)

and the corresponding Lindblad operators are
Le= kb, L,=Ta.al.

In the unsaturated regime, we can use a mean-field approx-
imation so that the operator a(;) can be replaced by \/]7 ,
and the first line can be considered as a coupled harmonic
oscillator problem. We can diagonalize the system into
new modes described by annihilation operators ¢, ¢_:

Ho+ Hy+ Hyy = 0,8 4o 8T e_. (G3)
Here
Wy + w. = \/4g2NT + (w4 — wc)z
w4 =
2
and
A Wi —wW, . g/Ny o

+ = ae + ba
\/(w:t_a)c)z +g2NT \/(wi_wc)z +g2NT

and the driving Hamiltonian Hyjve can be written as

% {ﬂ*eiwlt[\/(a)+_wa)2 +g2NTé+

— \/(a), —w,)? + gZNTZL]

x per]\J(@,—w,)? + g2Vl

— \/(a), —wy)? + gzNTéi] }

Lastly, the Lindblad operators can also be expressed in
these new modes:

1

Wy —wW_
— @ —w+ g,
L, =/N;Ta,

= /N;T

[ @i—w0? + gV,

1

Wy —w-—

— \/(w——wc)2 + gZNTe—]

[ @—w0? + V2,

Using the Reiter and Serensen method [142], we can adi-
abatically eliminate the cavity field as well as the excited
state by eliminating the £ modes, and therefore obtain the
effective Hamiltonian in the a4 manifold. Furthermore, we
can assume that

2T aun
2 + 2
K ——(b'h) K (w; — wae),
18] T T2< ) K (wy <)
2T, aun
2 + 2
b'b) <K (w; — wae)”,
ng T2< ) (o <)

which simplifies the obtained Hamiltonian to

Her = Aenit] iy, (G4)
where
2T, g? 2(w; — w,)? 2
Aur= =B S 1 4 S
T1 + Tz kT r

2(w; — w,)? 2 gzNT 2
A5 5]
L 2@ - o) (1 R wa>2>2

K 2

20— wa) N1\
r kT ’

which is equivalent to Eq. (15).
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APPENDIX H: TABLE OF SYMBOLS

Here we list the symbols with their definitions, meanings and experimental values if applicable in Table II.

TABLEII. List of symbols used in this paper.

Symbol

Definition

Meaning

Experimental value

SESVEICES

i
w2
=

geAN

> 8
{

SRS D>

DIOX B> S 33
<

o
o

27 /(2 — Ry — Ro)

2w x ¢/2L
FSR/F

Q4Fm)(1/KPw?) = 4g%/kT

|5t/5in|2

Transmission amplitude of first cavity mirror
Reflection amplitude of first cavity mirror
Transmission amplitude of second cavity mirror
Reflection amplitude of second cavity mirror
Cavity finesse

Cavity length

Cavity free spectral range

Cavity linewidth

171Yb ground state to 3P; transition linewidth
Single-atom cooperativity

Normalized Fisher information

First-order phase shift rate

Linear ac Stark shift

One-axis twisting rate

Normalized one-axis twisting strength
(Transmitted, reflected, intracavity) light mode amplitude
Power transmission

55x%x 1073
0.9999
1.4 x 1072
0.9992
1.2(1) x 10*

2w x 5970.04(4) MHz
27 x 520(10) kHz
2w x 184 kHz

N

&,/ Eml?

Power reflection

Probe laser angular frequency
Cavity resonance angular frequency
Atomic resonance angular frequency

w— w,.
w— Wy
28/
2A/T

Cavity detuning
Atomic detuning

2A./T

Normalized cavity detuning

Normalized atomic detuning

Difference of two transitions in four-level model
Normalized atomic detuning of A,

2w x 20 MHz
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