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We have studied the effects of multiple-wave diffraction (MWD) in a novel optical scheme recently
published by Shvyd’ko et al. utilizing Bragg diffraction of x-rays in backscattering geometry from
asymmetrically cut crystals for achieving energy resolutions beyond the intrinsic width of the Bragg
reflection. By numerical simulations based on dynamic x-ray diffraction and by experimentation
involving two-dimensional angular scans of the back-reflecting crystal, MWDwas found to contribute
up to several tens percents loss of efficiency but can be avoided without degrading the energy
resolution of the original scheme by careful choice of azimuthal orientation of the diffracting crystal
surface and by tilting of the crystal perpendicular to the dispersion plane.

PACS numbers: 61: 61.10-I, 41.50.+h, 42.25.Fx

Multiple-wave diffraction (MWD) is an important ele-
ment of any x-ray optical scheme utilizing Bragg diffrac-
tion from high quality single crystals [1, 2]. On one hand,
MWD extends the range of traditional two-wave x-ray
optics to multiple-wave ones with unique properties and
applications in high-resolution monochromators, interfer-
ometers, resonators, and spectrometers [2]. On the other
hand, MWD can produce very strong parasitic effects,
leading to loss of efficiency and degraded energy resolu-
tion of the x-ray optics [2]. Optical schemes with x-ray
back reflections from perfect crystals of high crystallo-
graphic symmetry, such as single crystals of silicon and
diamond, are particularly prone to such destructive ef-
fects as they are always accompanied by MWD with rel-
atively large number of diffracted waves [1–6]. Therefore,
analysis of MWD in x-ray back-reflecting optics, as well
as the search for ways to minimize or to eliminate entirely
its destructive contribution, is of practical importance for
their applications and is the main goal of the present pa-
per.

The novel optical scheme recently published by
Shvyd’ko et al. [7] presents a unique case for analysis. It
exploits the angular dispersion of x-ray back reflections
from asymmetrically cut crystals for achieving energy res-
olutions beyond the limit set by the intrinsic width of the
Bragg reflection in single symmetric back-reflecting crys-
tal optics [8, 9]. An energy resolving power as high as
108 at a moderate energy of ∼10 keV can be achieved by
proper choice of the Bragg reflection and the asymme-
try angle of the back-reflecting crystal [1]. The optical
scheme includes three crystals: a Collimator (C), a Dis-
perser (D), and a Selector (S) crystal (see Fig. 1 (a)).
The D crystal is the backscattering crystal of the scheme
at Si(800) reflection and sets the operation energy E at

9.1316 keV (θBragg
D = 90◦). For the present analysis, the

asymmetry angle ηD is chosen to be 88◦. The C crystal
is a 200 µm thick Si(220) crystal with an asymmetry an-
gle ηC = 19◦ designed to collimate the incident beam for
incidence to the D crystal, and to provide a large angu-
lar acceptance of ∼100 µrad for the optical scheme. X-

rays reflected by the D crystal disperse in angle according
to their wavelength as a result of the angular dispersion
effect [1], and then transmit through the C crystal by
anomalous transmission [1, 2, 10], which introduces an
angular offset of ∼5 µrad from the reflected beam by the
C crystal. The transmitted x-rays are finally reflected by
the S crystal, which has the same Si(220) reflection and
asymmetry angle as the C crystal, but canted by 5 µrad
with respect to the C crystal to satisfy the Bragg con-
dition. The narrow angular acceptance of the S crystal
selects only a small portion of the transmitted fan from
the D crystal, thereby reducing the energy width to sub-
meV level to produce a highly monochromatized beam.

This is referred to as the CDTS (Collimation-
Dispersion-Transmission-Selection) scheme following the
optical path of the x-rays in the present paper. This is
slightly different from the scheme used in Ref. [7], where
the optical path is reversed. Our theoretical analysis and
experimentation are based on the use of two identical
CDTS units: one as monochromator, and the other as
analyzer taking incident beam from the monochromator.
The experiments were performed at beamline X16A of
NSLS, where x-rays from a bending magnet source were
preconditioned by a vertical collimating mirror, a Si(111)
double-crystal monochromator and an exit slit before im-
pinging onto the CDTS monochromator. The energy
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FIG. 1: Schematics of (a) the CDTS monochromator-analyzer
scheme and (b) the 6-wave Si(000, 440, 44̄0, 404, 404̄, 800)
diffraction in the reciprocal space.
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width of the incident x-rays was 2.5 eV at 9.1316 keV
with the beam divergence set to 100 (H) × 100(V) µrad
(horizontal × vertical) and beam size to 2.5 (H) × 0.5
(V) mm2. The vertical beam size was chosen to fully il-
luminate the D crystal (200 mm in length) of the CDTS.
The C and S crystals were constructed by a channel-cut
crystal with a weak link in between for achieving the
required detune angle of 5 µrad. The theoretical analy-
sis was carried out by numerical simulations within the
framework of the dynamical theory of x-ray diffraction
following a general algorithm developed and presented
in Ref. [11], which includes the extreme case of MWD
of exact backscattering at grazing incidence geometry of
diffraction. The incident x-rays in the simulation were
represented by the superpositin of plane waves with a
range of energies and incident directions that match those
in the experiments.
For comparison and for understanding the main fea-

tures, we first examine the angular and spectral behav-
iors of the CDTS scheme, treating the diffraction of the D
crystal only in the two-wave approximation. In Ref. [7],
tilting of the diffraction vector of the D crystal was con-
sidered only in the dispersion plane (DP). In Fig. 1 (a),
such tilting angle for the CDTS scheme is denoted by
ΘD. However, the tilting angle ΦD of the D crystal in
the plane perpendicular to the DP is also important for
the alignment of the diffraction vector relative to the DP.
Such alignment is essential for the correct determination
of the energy of the beam produced by the CDTS scheme.
The development of the technique for eliminating the de-
structive contribution of MWD requires also the use of
ΦD.
Figure 2 shows the 2D (ΘD,ΦD) angular intensity

distribution after the D reflection I(2)(ΘD,ΦD) (Fig. 2
(a)) and after the CDTS monochromator I(4)(ΘD,ΦD)
(Fig. 2 (b)), calculated for the energy E′ ≡ E − Ebs =
0 meV of exact backscattering. Here, the superscript
“(i)” indicates the distribution after the (i)th reflection
in the CDTS scheme; E = hc/λ; Ebs = hc/λbs, where
λbs = a

√

1− |χ0|/4 is the wavelength of exact backscat-
tering, a is the lattice parameter of silicon, and χ0 is the
main Fourier component of crystal polarizability; h is the
Planck constant and c is the speed of light in vacuum.
The origin (ΘD = 0,ΦD = 0) defines the normal inci-
dence of x-rays with respect to the diffraction plane of the
D crystal. The 2D intensity distribution I(2)(ΘD,ΦD) af-
ter the D reflection is nearly of concentric circular shape

[1], with the angular width ∆Θ
(2)
D ≅ ∆Φ

(2)
D ≅ 2

√

|χ800|,
where χ800 is the Fourier component of crystal polar-
izability for the (800) reflection. For the asymmetri-
cal (ηD > 0◦) case, the angular position of the exact
backscattering of the D crystal, as well as the angu-
lar peak position of the intensity distribution after the
CDTS monochromator, which defines the monochrom-
atization or transmission channel of x-rays in the 2D
(ΘD,ΦD) phase space, is shifted in the DP by the value
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FIG. 2: (Color online). Intensity distribution of the CDTS

scheme in 2D I(i)(ΘD,ΦD) (a-b, d-e and g-h) and 1D

I(i)(ΘD,ΦD = 0) (c, f and i) after (i)th = 2nd (a, d-e and g-h)
and (b) (i)th = 4th reflection calculated in two-wave (a-c) or
multiple-wave (d-i) approximation for azimuthal orientation
(I) (d and g) and (II) (e and h) of the D crystal surface with
an asymmetry angle of ηD = 88◦ (a-c and g-i) or ηD = 0◦

(d-f). See text for further details.

Θ′

D(E′ = 0) = −1/2|χ0|tanηD [2] relative to the sym-
metrical (ηD = 0◦) case. For an arbitrary energy E′ of
the incident x-rays this expression transforms to

Θ′

D(E
′) = −[1/2|χ0|+ E′/Ebs]tanηD. (1)

The narrow angular width ∆Θ
(4)
D of the intensity dis-

tribution I(4)(ΘD,ΦD) in the DP is determined by the
acceptance angle ∆θS ≅ 5µrad of the S crystal of the
CDTS scheme [2], whereas it is as broad as the (800)
back reflection in the plane perpendicular to the DP,

∆Φ
(4)
D ≅ ∆Φ

(2)
D .

Figure 3 shows the 2D energy-angular intensity dis-
tribution after the D reflection I(2)(E′,ΦD) (Fig. 3 (a))
and of the CDTS scheme I(4)(E′,ΦD) (Fig. 3 (b)) cal-
culated at exact Θ′

D(E′ = 0) angular position of the
D crystal. The lines of equal intensity are parabolas
E′/Ebs = Φ2

D/2 + k with an arbitrary constant k. The
energy width after the D reflection and after the CDTS
monochromator at a fixed ΦD position are given by
∆E(2)

≅ Ebs|χ800| and ∆E(4)
≅ Ebs∆θS/tanηD, respec-

tively [1]. One can see that the relative energy resolu-
tion of the CDTS scheme ∆E(4)/Ebs is determined es-
sentially by the angular acceptance of the S crystal ∆θS
and the asymmetry angle ηD of the D crystal. With
the present choice of the crystal parameters, we have
∆E(4)

≅ 1.6 meV.
The parabola of maximum intensity of the CDTS

monochromator moves along the E′ axis for different ΘD



3

value of the D crystal, and can be expressed, by taking
into account Eq. (1), as

E′/Ebs = Φ2
D/2−ΘDcotηD − 1/2|χ0|. (2)

This expression defines the monochromatization chan-
nel of x-rays in the 3D (ΘD,ΦD, E′) phase space of the
CDTS scheme. Thus, the monochromatization of x-rays
can be realized for any arbitrary ΦD position of the D

crystal. Clearly, according to Eq. (2), the energy E′ of
the exit beam from the monochromator is less sensitive
to ΦD than ΘD. However, for the very high energy-
resolution beam produced by the monochromator, even a
small variation of ΦD changes the energy E′ significantly.
Therefore, knowledge of ΦD is important. Moreover, the
fact that the monochromatization channel can be real-
ized for any arbitrary ΦD provides also the possibility to
eliminate the destructive contribution from MWD as we
will show below.
The Si(800) reflection in the backscattering condition

is accompanied by the presence of 6-wave diffractions
(000, 440, 44̄0, 404, 404̄, 800) (see Fig. 1 (b)) [3, 4],
which can be separated into two groups of 4-wave copla-
nar diffractions (000, 440, 44̄0, 800) and (000, 404, 404̄,
800). Since the wavevectors of the 〈440〉 type reflec-
tions are normal to the wavevector of the incident beam,
each of these groups of coplanar diffractions can be sup-
pressed by appropriate choice of the polarization of the
incident beam. We consider here two cases of the az-
imuthal orientation of the diffracting surface of the D

crystal. These two cases are fundamentally different in
terms of eliminating the destructive contribution of the
MWD. Case (I): the surface normal ~n of the diffract-
ing surface of the D crystal located in the DP is de-
fined by the [100] and [001] crystallographic axes, i.e.,
~n = cosηD[100] + sinηD[001], of the D crystal. In this
case, the [010] axis coincides with the polarization of
the incident beam, labeled as ~σ(I) in Fig. 1 (b). Case
(II): the surface normal ~n is defined by the [100] and
[01̄1] axes, i.e., ~n = cosηD[100] +

√
2/2sinηD[01̄1]. In

this case, the [011] axis coincides with the polarization of
the incident beam, labeled as ~σ(II) in Fig. 1 (b). For
the ~σ(I) polarization, only the (404) and (404̄) reflec-
tions can be excited and take part in the interaction
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FIG. 3: (Color online). Intensity distributions I(i)(E′,ΦD) of
the CDTS scheme after (i)th = 2nd (a) and (i)th = 4th (b)
reflection calculated in two-wave approximation.

with the backscattering (800) reflection. This results in a
lower intensity region along the ΦD axis in I(2)(ΘD,ΦD)
of Fig. 2 (d) and (g). Similarly, only the (440) and
(44̄0) reflections can be excited with the ~π(I) polariza-
tion. When the polarization of the incident beam dif-
fers from either the ~σ(I) or ~π(I), all 〈440〉 type reflections
can be excited. The area of multiple-wave interaction
(see Fig. 2 (e) and (h) for case (II) orientation of the
D crystal) resembles a cross in I(2)(ΘD,ΦD) centered
at (ΘD = −1/2|χ0|tanηD; ΦD = 0). Fig. 2 (d-i) illus-
trates the two main properties of the multiple-wave in-
teraction at exact backscattering with the introduction
of the crystal surface asymmetry (ηD 6= 0◦). First, the
area of the multiple-wave interaction becomes broader in
the ΘD direction with increasing asymmetry (larger ηD
value). At ηD = 0◦, the width of the area at ΦD = 0 is
about 10 µrad (Fig. 2 (d-f)), whereas it becomes 170 µrad
for ηD = 88◦ (Fig. 2 (g-i)). Second, the loss of inten-
sity as a result of MWD decreases with increasing ηD
value. The loss of intensity is close to 100% for the sym-
metrical case (ηD = 0◦, Fig. 2 (f)) whereas it becomes
about 30% for ηD = 88◦ (Fig. 2 (i)). These intensity
losses and the regions of the multiple-wave interaction
for the backscattering (800) reflection are in good agree-
ment with the intensities and reflection regions of the in-
dividual 〈440〉 reflections. For all azimuthal orientations
of the diffracting surface of the D crystal, the multiple-
wave interaction region for case (II) has the narrowest
width along the monochromatization channel in the ΦD

direction. Therefore, by introducing a small tilting from
ΦD = 0 along the monochromatization channel, one can
avoid the MWD and recover the intensity of the two-wave
approximation (Fig. 2 (h)). The same however cannot
be realized for case (I) where the multiple-wave interac-
tion region extends across the entire monochromatization
channel (Fig. 2 (g)). Therefore, for case (II), by tilting
the D crystal in the ΦD direction by several hundreds of
µrad from the exact backscattering condition, destructive
contribution from the MWD can be avoided.

Figure 4 (a-d) supports this conclusion. For both case
(I) and (II), at ΦD = 0 mrad (Fig. 4 (a) and (c)), MWD
reduces the intensity of the beam produced by the CDTS
monochromator. In case (I), for an asymmetry angle
ηD = 88◦, the loss of efficiency due to the presence of
MWD varies from 10% to 30% within the reflection re-
gion. However, with ΦD = 0.3 mrad (Fig. 4 (b) and
(d)), the intensity in case (II) recovers almost that of the
two-wave approximation. Fig. 4 (c) and (d) also show
that, although the MWD reduces the efficiency of the
monochromator, there is no change to its energy and
bandwidth in either cases. However, changing ΦD from
0 to 0.3 mrad changes the energy of the CDTS by about
0.4 meV.

While MWD introduces a destructive contribution to
the scattering intensity of x-ray backscattering optics, it
can also have helpful practical applications. For exam-
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FIG. 4: (Color online) Angular I(4)(ΘD) (a and b) and spec-

tral I(4)(E′) (c and d) intensity distributions of the CDTS
scheme calculated for ΦD = 0 mrad (a and c) and ΦD =
0.3 mrad (b and d). The conditions for the calculations are
indicated for each curve. The green solid circles in (a) are
experimental rocking curve measured with the D crystal sur-
face in the (I) azimuthal orientation. The intensity was found
to match the 6-wave (I) profile after background subtraction
and re-scaling.

ple, although the detection of the x-ray back reflection
is made difficult due to the coincidence of the incident
and diffracted beams, we find that monitoring the 〈440〉
reflections, which is much easier, provides an efficient
way to search for the (800) back reflection from the D

crystal. Fig. 5 shows the behavior of the (440) reflec-
tion relative to the (800) reflection from the D crystal
of the CDTS analyzer in the 2D (ΘD,ΦD) phase space
obtained in our experiments and by numerical simula-
tion. The D crystal is in case (I) azimuthal orientation.
The experiment (Fig. 5 (a)) shows that the (440) reflec-
tion appears over a broad (ΘD,ΦD) region. As it ap-
proaches the transmission channel of the CDTS analyzer,
the (440) reflection reduces in strength and eventually
fades into the background where the Si(800) reflection

appears. The measured distributions I
(2)
(440)(ΘD,ΦD) of

the (440) reflection and I(4)(ΘD,ΦD) of the CDTS an-
alyzer compare well with the simulations (Fig. 5 (b)).
Here, the transmission channel of x-rays from the CDTS
analyzer can be expressed also by Eq. (2). This channel
is parabolic in the (ΘD,ΦD) plane, with the vertex of the
parabola located at ΦD = 0. The vertical feature located
at ΘD = 0 in Fig. 5 is the symmetric (800) reflection from
the front face of the D crystal. This transmission channel
in the experiment is extremely important as it provides
the reference for determining the energy produced by the
CDTS monochromator. The distance in ΘD between
the symmetrical and asymmetrical channels, measured
at ΦD = 0 in the experiment, gives the energy deviation
of the incident beam from the backscattering energy of
the CDTS analyzer at E′ = −5.77 meV, which was used
to generate the simulations shown in Fig. 5 (b). The ex-
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FIG. 5: (Color online). Experimental (a) and simulated (b)

intensity distributions I(i)(ΘD,ΦD) of the CDTS analyzer.
The D crystal diffracting surface was in case (I) azimuthal
orientation. The simulations were performed in multiple-wave
approximation for the (440) ((i)th = 2nd) and (800) ((i)th =
4th) asymmetrical (ηD = 88◦) and symmetrical (ηD = 0◦)
reflections.

cellent agreement in Fig. 5 verifies the accuracy of the
numerical simulations performed in the present paper.
For the practical applications of the CDTS scheme,

the angular and spatial acceptance and the spectral ef-
ficiency are important performance parameters to con-
sider. While the angular acceptance is determined essen-
tially by the asymmetry of the C crystal as stated above,
the spatial acceptance of the CDTS scheme is limited by
the finite length of the D crystal and the asymmetry an-
gle of the C and D crystals. The theoretical efficiency of
the CDTS scheme is about 40%. Our detailed study to
date indicates that the experimental efficiency essentially
depends on the quality of the crystals and the diffraction
surfaces. The improvement of these parameters allowed
us to achieve an efficiency of about 18-20%.
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