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Thermoelectric transport in double-Weyl semimetals

Qi Chenl{ and Gregory A. Fiete
Department of Physics, The University of Texas at Austin, Austin, TX, 78712, USA

We study the thermoelectric properties of a double-Weyl fermion system, possibly realized in
HgCraSes and SrSiz, by a semi-classical Boltzmann transport theory. We investigate different relax-
ation processes including short-range disorder and electron-electron interaction on the thermoelectric
transport coefficients. It is found that the anisotropy of the band dispersion for in-plane and out-
of-plane momentum directions affects the relaxation time for transport in different directions. The
transport also exhibits an interesting directional dependence on the chemical potential and model
parameters, differing from a simple isotropic quadratic or linearly dispersing electron gas. By ap-
plying a static magnetic field along the linearly dispersing direction, the longitudinal and transverse
electrical and thermal magneto-conductivity show a similar dependence on the in-plane cyclotron
frequency to the linear dispersing Weyl nodes. By including internode scattering, we find that the
chiral anomaly contribution to the thermoelectric coefficients doubles that of a linearly dispersing
Weyl node in both the semi-classical and quantum regimes. A magnetic field applied along the
quadratically dispersing direction will split the double-Weyl point into two single-Weyl points with

the same chirality.

I. INTRODUCTION

In recent years, topological semimetals have enjoyed
a surge of interest.? In these systems the isolated Fermi
surfaces or Fermi points support gapless quasiparticle ex-
citations only in the vicinity of isolated band touching
points in the Brillouin zone (BZ). Well-known experimen-
tal examples of the semimetals include linearly dispers-
ing massless Dirac quasiparticles in both two dimensions
(2D) and three dimensions (3D). For example, monolayer
graphene in 2D2# and Bi;_Sb>7, Pb;_,Sn, Te? 19,
and CdsAseii12 NasBil2, TaAst#15 in 3D. It is also
possible to realize parabolic semimetals which possess
parabolic dispersions at band touching, e.g., such as
Bernal-stacked bilayer graphene, X [111] grown LaNiOj
bilayerst” 2% and [111] grown Y,Ir2O7 films2! in 2D, and
HgTe?2 gray tin,22 and the normal state at high temper-
atures for some 227 irradiates, such as Prolro0;2228 in
3Ds. Dirac (Weyl) semimetals have linearly dispersing
excitations [which obey the 3D Dirac (Weyl) equation]
from degenerate band touching points referred to as Dirac
(Weyl) nodes. For Weyl semi-metals, electronic states
around the band degeneracy points possess a nonzero
Berry curvature, which gives rise to nontrivial momen-
tum space topology.t

In addition to Weyl semimetals, a new 3D topologi-
cal semimetal, termed the double-Weyl semimetal, has
been proposed in materials with certain point-group
symmetries.22:3% The double-Weyl semimetals have band
touching points with quadratic dispersions in two direc-
tions, e.g., the z-y plane, and linear dispersion in the
third direction, e.g. the 2 direction. The double-Weyl
nodes are protected by C4; or Cg rotation symmetry
and are predicted to be realized in the 3D semimetal
HgCrySey in the ferromagnetic phase, with a pair of
double-Weyl nodes along the I'Z direction?2:3!, as well
as in SrSip.20. Transport experiments®? in HgCrsSey
confirm the half-metallic property of HgCrsSey, in qual-
itative agreement with theory. The (anti-) double-Weyl

node possesses a monopole charge of (—2) 4+ 2, and the
double-Weyl semimetal shows double-Fermi arcs on the
surface BZ2231, In SrSiy, Weyl nodes with opposite
charges are located at different energies due to the ab-
sence of mirror symmetry2?. A one-loop renormaliza-
tion group study32:34 of interacting double-Weyl fermions
shows that there exists a stable fixed point at which the
long-range Coulomb interaction is screened anisotropi-

cally.

Although there has been much work on the electrical
and thermal transport properties of Dirac and semi-Dirac
fermions in 2D716:3242 and Weyl fermions in 3D43762
(with a particular focus on the case when the Fermi
energy lies at the Dirac or Weyl node), a thermoelec-
tric transport study of the double-Weyl fermion sys-
tem in 3D is still lacking. In this work, we investigate
the electronic contribution to the electrical and thermal
conductivity and thermopower of double-Weyl semimet-
als. The semiclassical Boltzmann equation is applied
to analytically calculate the thermoelectric coefficients
for noninteracting electrons, as well as for relaxation
from electron-electron interactions. Moreover, the dif-
fusive transport coefficients are calculated by consider-
ing short-range disorder within first Born approxima-
tion. For diffusive transport, we find good agreement
in electrical conductivity between Boltzmann and dia-
grammatic approaches. We also investigated the effect
of a static magnetic field along the Z direction (linearly
dispersing direction), which preserves the double Weyl
node (a magnetic field applied in the xy-plane splits the
double Weyl node into two single Weyl nodes with the
same chirality). For a magnetic field perpendicular to
the electric field or temperature gradient, the transverse
electrical and thermal conductivity is linear in magnetic
field strength in the weak field regime, while the longi-
tudinal components have a quadratic field dependence
that decreases the magnitude of the thermal conductiv-
ity, similar to the case of a single Weyl point®3. For a
magnetic field in parallel with the electric field or tem-



perature gradient, the longitudinal electrical or thermal
conductivity shows a positive quadratic dependence on
the magnetic field strength, which is the characteristic
feature of Weyl semimetals. We also investigated the
chiral anomaly effect related to the internode scattering
rate. Similar to the linearly dispersing Weyl node, the
thermoelectric coeflicients depend on the magnetic field
strength quadratically in the semi-classical regime and
linearly in the quantum regime83:56,

Our paper is organized as follows. In Sec. [l the trans-
port coefficients are obtained by a semiclassical approach
for noninteracting electrons, relaxation from electron-
electron interactions, and short-range disorder. In Sec.
[ the effect of a static magnetic field is investigated
on thermoelectric transport properties. In Sec. [Vl we
present conclusions and a discussion of our results. A
comparison to diagrammatic result in diffusive transport
is addressed in the Appendix.

II. THERMOELECTRIC TRANSPORT
QUANTITIES

The non-interacting low energy effective Hamiltonian
for a single double-Weyl fermion system is given by,
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where m is the effective mass in Z-¢ plane, v, is the Fermi
velocity in the Z direction, and x = %1 represents the
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chirality. The spectrum of Eq.(),
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is linear in Z direction and quadratic in -y plane. The
density of states,
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has a linear dependence on energy. In our work, we
only consider the contribution to the thermoelectric co-
efficients from the electronic degrees of freedom, assum-
ing the temperature is low-enough that phonons make a
negligible contribution. Due to the appearance of a ferro-
magnetic phase in HgCrySe 223! the magnon contribu-
tion to the thermal transport might become important,
but will be left for future study. Our theory should be di-
rectly applicable to systems without broken time-reversal
symmetry, as well as those with broken time-reversal
symmetry where the itinerant motion of the electrons is
the dominant contribution to the thermal transport.

A. Boltzmann transport theory

In order to calculate thermoelectric properties, we in-
troduce the semiclassical Boltzmann formalism, follow-
ing the notation of Ref. ﬂ@] The electrical current for a
given chirality x of a double Weyl node is,
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where e is the electrical charge, i is Planck’s constant
devided by 27, p is the chemical potential, €y is the dis-
persion for quasiparticles with wave vector k, fX is the
non-equilibrium distribution function for electrons at the
double Weyl point with chirality x and f., is the equilib-

Jx — JEX _ uJx

:/dk Xk, r,t) (e — )<f11?9611:

+E x kBT/dkaX(k)Log[l + exp(—B(ex — p))] — VT x

h

rium Fermi-Dirac distribution. Here QX = V. x AX(k)
is the Berry curvature and AX(k) = i(u}|Vi|uf) is the
Berry connection associated with the Bloch state |u).
The heat current is given by
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Mg
2. 5)




with the heat magnetization defined as Mg = Mpg —

[67-69).

are cumbersome and given in Ref. The

uM NET88 - The explicit expressions for Mg and My  non-equilibrium distribution function fX(k,r,t) is deter-
mined by the Boltzmann transport equation,
J
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where vy = }i%i‘ is the group velocity. The right hand where s = + is the band index. The thermal conductivity

side of Eq.(@) is a collision integral. If we only consider
intra-node scattering (chiral anomaly effects from inter-

and the Seebeck coefficient (thermopower) are defined as,

node scattering will be addressed in a later section) in Kap = L(Qfﬁ — Lil,y (L}YL) Lpﬁ, (12)
relaxation time approximation, then
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The thermoelectric response is obtained from? The anomalous transverse response is given by,8:62
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. 1. Longitudinal thermoelectric properties
with
o ) dSk of 10ea )2 As a first step, we use the semiclassical approach to
=e Z / (€sk) ( De k) (ﬁ ok ) calculate the dc conductivity evaluated by the Kubo for-
* ¢ mula in Ref. ﬂﬁ] by assuming an energy and momentum
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The dc conductivities show different behaviors in the quantum degenerate limit kBLT > 1,
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In the 2-y plane, the longitudinal electrical conductivity

is characterized by a quadratic dependence on both the
temperature and the chemical potential; In the Z direc-

tion, the dc conductivity has a Drude peak proportional
to the chemical potential. The thermoelectric coefficients
are obtained in a similar fashion,
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At low temperature T > 1, 2. Anomalous transport properties
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By comparing Eq.(24) with Eq. (IIZI) one sees that the
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Wiedemann-Franz law, L57, = —55—0,,,, is observed up

to leading order in kpT. From Eq.(I2)), one obtains the
thermal conductivity as,
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shows linear dependence on temperature for kBLT > 1.

The anomalous thermoelectric transport properties are
given in Eq.(I4) with the Berry curvature in the vicinity
of double Weyl points evaluated as,
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where q is the momentum in the vicinity of the Weyl
nodes, and ¢, is the component in the z-y plane. The
anomalous electrical conductivity of a time-reversal sym-
metry (TRS) broken realization of double Weyl semimet-
als when the Fermi energy is at the Weyl nodes is
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where Ak is the separation of double-Weyl nodes with
opposite chirality in the BZ similar to the case of linear
dispersion®3. The factor of 2 in front is due to the topo-
logical charge of the double-Weyl point. According to

the Onsager and Mott relation,”®

A
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The Wiedemann-Franz law also holds for anomalous
transport at low temperature,
. oA =
3 e2 Y 3h

L7 = Tk Te Mk, (31)
Notice that the anomalous thermoelectric coefficients are
proportional to topological charges and do not depend
on the details of band dispersion when the Fermi energy
is at the double-Weyl point. These transport quantities
are dissipationless and Eq.(29)-Eq.(@) also apply to in-

teracting systems?’2.

C. Electron-electron interactions

The electron-electron interaction effect is significant
near the charge neutral point ¢ = 0 due to the non-
Fermi liquid behavior for a point-like Fermi “surface”?2.
The model Hamiltonian can be separated as

H = Hy+ Hq, (32)

with the free part given by,
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and the electron-electron interaction term,
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The anisotropically screened Coulomb interaction at long
wavelength is,23:34

2
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where €4 is the dielectric constant and 7 is the anisotropic
factor. At low temperature, due to the critical nature
of the system3®44 the relaxation time can be obtained
from dimensional analysis similar to the case of linear
dispersion?447. Notice that in Eq.(35), ¢? and |g.| have
the same scaling dimension. As a result, we have
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The constants A, and A, have a linear dependence on
(%)2. In Eq. (B6) we have neglected a logarithmic
correction term proportional to 2TlnT in the trans-
verse and longitudinal relaxatlon rates,22 where A is
the UV cutoff of ¢;. According to Ref @, the lin-
ear term is dominant over the logarithmic correction for
T <Ty ~ e~ ()’ /7\;, where m is the effective mass in
the 2-y plane. For k— < 1, the longitudinal electrical
conductivity is obtained as
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of which the temperature dependence is consistent with
the RG analysis in Ref. ﬂﬁ] up to logarithmic corrections
in temperature. Likewise, other thermoelectric coeffi-
cients can be obtained by replacing the relaxation time
in the free electron case with Eq.(36]),
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From Eq.(I2)), one can obtain the thermal conductivity
as,
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Combining Eq.([37) and Eq.(38)), the thermopower
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Our results for the longitudinal transport quantities in
x-y plane from Eq.@1) to Eq.( Q) double that of sin-
gle Weyl node with linear dispersion,% while the ther-
mopower Sy, Sy and S, are still independent of model
parameters at - < 1. We emphasize that the results
above assume neghglble inter-node scattering, and there-
fore neglect the physics of the chiral anomaly. We will
discuss the case of relevant inter-node scattering in Sec.
1T E.

D. Diffusive transport

By doping away from the double-Weyl node, disorder
effects become more important. For sufficiently high dop-
ing levels (i.e., those that would have a short Thomas-
Fermi wavelength much shorter than typical impurity
spacing), we assume a model with a random point im-
purity potential

r)=u025(r—ra), (42)

where ug is the disorder potential strength, r, labels the
random impurity positions and leave a discussion of the
short-ranged, anisotropically screened Coulomb potential
to Sec. [ITEl Here we neglect electron-electron interac-
tions. By considering the first Born approximation for
electron lifetime under impurity scattering,
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where Ty = uo(s,k|s,k’) is the scattering matrix el-
ement. The transport lifetime differs from the electron
lifetime and should be anisotropic due to the anisotropy
of the Fermi surface??. By examining the Boltzmann

equation,
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The transport lifetime is defined as,
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By making the ansatz,
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and plugging Eq.[8) into Eq.(@4), we could determine
Ao (€) as
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which gives
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We use Eq.(B0) for the relaxation time to calculate ther-
moelectric quantities
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In Appendix [A] we calculated the longitudinal electrical with Eq.(54).

conductivity by a diagrammatic approach including ver-

tex corrections to current operators. Up to leading order The other thermoelectric coefficients can be obtained
in disorder strength uZn;, the results are in agreement in the same fashion,
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From Eq.(I2), one can obtain the thermal conductivity
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Combining Eq.([B4) and Eq.([60), the thermopower is cal-
culated as,
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Notice that S, ~ 0 due to L2 = 0 is an artifact in first
Born approximation. A more physical estimate of L2l
and S, might be obtained by the self-consistent Born
approx1mat10n63

E. Discussion on transport with no field

Before we move on to the thermoelectric properties
under a magnetic field, we briefly summarize and dis-
cuss the results obtained for the case of zero field. They
are listed in Table[ll By comparing the diffusive thermo-
electric transport coeflicients with those under electron-
electron interaction, one sees that in the classical limit

u/kpT < 1, they give rise to a similar temperature de-
pendence in the transport quantities, which means both
collision processes have similar impacts on the thermo-
electric properties at low doping. In real materials, trans-
port will be decided by a mix of all scattering mecha-
nism. If one assumes independent scattering processes,
then according to Matthiessen’s rule, the total scattering
rate is 1/Tyotar = »; 1/7, with 7; the rates from differ-
ent relaxation processes. For p/kgT > 1, we expect
Fermi liquid behavior to hold for double-Weyl fermions.
In this regime, the quasiparticle is well defined and the
thermoelectric transport is dominated by disorder ef-
fects because wa o« 1/p and Te—. o p/(kpT)? giving
szs/Te eoc(k ) —>0

We briefly mention the charged impurity scattering
with short-ranged Coulomb potential considered in the
single Weyl point, 4463 which is more realistic due to
the poor screening close to the Weyl point. When the
system is doped away from the double-Weyl point, one
needs to take into account the Thomas-Fermi wave vec-
tor g2 o g(€) < €. In the low doping and long wave
length limit, the Coulomb potential takes the form

4me?

Viq) = .
(@ ea (gt +nle:l+ ¢4 p)

(64)

It is difficult to determine the specific form of the re-
laxation time, but by dimensional analysis one can esti-
mate that 1/Tscreened X 1;/€ in the low energy limit as
|Ti |2 ~ [V (q)]? x 1/€? in the first Born approximation,
Eq. @3). For u/kgT < 1, one can compare the scat-

: T
terlng rates as 7'scrccncd/Te e X l:l_; lesordcr/Tscrccncd X

—2i by referring back to Eq. (B6) and Eq. @3]).
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Aos a result, the charged impurity scattering with the
screened Coulomb potential Eq. (64) will be dominant
as p << T — 0.

III. THERMOELECTRIC TRANSPORT UNDER
MAGNETIC FIELDS

We consider an external magnetic field exerted on two
double Weyl points with opposite chirality,

k2 — k2
m

Lo, + xvsks0, (65)
with an additional Zeeman term,
Hext = gB -0, (66)

which will not split the double Weyl point into two sin-
gle Weyl points when B is applied in the 2z-direction.
If applied in the x-y plane it will split the double Weyl
point into two single Weyl points with the same chirality,
and the results of the previous sections that ignore inter-
node scattering will apply. Our focus is on B = BZ. The
Boltzman transport equation, Eq.(f), can be rewritten
as
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For simplicity, we assumed an isotropic relaxation time
and neglected inter-node scattering. The normal velocity
is given by

and the Berry curvature can be approximated as
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NOES X ~

y s~

QF = x

(67)

where we have neglected the shift of the double Weyl
node in the presence of a Zeeman term in the weak mag-
netic field limit. Eq.(@1) can be solved iteratively in the
linear response regime, and the solutions are examined
case by case in the following. The magneto-transport
results are summarized in Table. [l

A. B=BZE=FE;VT=0

First we consider the electrical transport when the elec-
trical field is parallel to the magnetic field and no tem-
perature gradient is present. Following Ref. M], we make
the following ansatz in solving the non-equilibrium dis-
tribution function for a given chirality,

e L Ofeq
P = fat (145B-QY) 1 (eEV,, fug + EB( Vo) fea ) + (=52 ) v-Ax. (70)
with AX depending on k; and k.. By plugging Eq.([) into Eq.(G), one finds
2 _
reBreB BLox 4 (v z{i%) (1+B-00) " rLoy
AX = — eE,
(1+B-00)" + (r£230)
BB 2 gy g (B 20V (1 4 e ) eB Oy
Ay = —3 —el,
B ()
AX =0. (71)
The electrical and thermal currents are given by74:75
J_—e/d3—p(1+fB-QX)ffX
(2m)3 c
——e/dg—p(v +eE><QX—|—E(V -QX)B)X
(2r)3 \'P c P
e -1 e af. af.
— “B. QX e X . s« _zJleq LAX
(fcq (l—I—CB Q ) T(”pz"‘CB(Q vp)) ( 9 )eE—I—( 9 >va ), (72)
d3p e
Q_ _ _ ZB.OX) X
J e/(2ﬂ)3(e 1) (1+CB Q )rf
d3p e
__B/W(E_H) (vp—l—eExQX—l—E(vp-QX)B) X
e -1 e af. af.
— “B. QX Z X . _ZJ<a _ /e AX
(feq (1+CB n) T(vpz+cB(n vp))( ae)eE—i—( 8E>VPA). (73)
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Due to the fact that QX ~ —X, terms linear in X vanish, and keeping up to order 2, the longitudinal current is

given by,

Znu TZ d3p 8f9q
J _ch—i-eT/ @) (— Ep ) X

2
((u;f + (%) (020X + ng§)2> eE +

To further simplify the integrand, we plug Eq.(69) into
Eq.([7) and find

0d¢(B) ~ 20%(B = 0)

2 (h‘*’c)22ad6(3 =0), (75)

+ ‘LLQ 2z

where w, is the cyclotron frequency defined by w,. = fn—Bc,

which has no dependence on v,. The factor of 2 comes
from the pair of nodes with opposite chirality.

FXR fog — (1 + EB : QX) T (u; + % (Vp - m)) V.T

To solve for fX, we again make the ansatz

Z 2 (R + op 2y +vp0Y) (bp 2 + vp0y)

C

9 feq
or

eE|. (T4)

1+ (TiQki)Q

mc me

B. B=B:;E=0,VT=VT:

We now turn to the thermal transport with zero electri-
cal field and a temperature gradient parallel to the mag-
netic field. In this case, Eq.([@0) in the linear response
regime becomes

-1 eB

€
(e 2em) L )

FX = fog — (1 n %B : QX)_I T (v; + S (Vp - QX)B) v.re <—%> + <—8f°q> vp-AX. (77)

By plugging Eq. ([T7) back into Eq. (@), we have

T Oe Oe

VI ILOx 4 VSE (14 6B ) e (2 ) o
b (1+§B.Qx)2+(7;—€%)2 |

) VTS BB L VTS (14 £B - QY) rel (72 i’?)Q &y
b= (1+§B-Qx)2+(rfn—€%)2 |
AY =0,

The electrical and thermal currents are obtained as

J:—e/%(vp—i—g(vp-ﬂx)B)x

(qu _ (1 T %B . QX)_l r (v; + % (Vp - Y B) v.T< ;“ (— 8(‘;:") + (— 8(‘;:") (vEAX + ngg)) , (79)

d3p

JQ:—e/—(e—u) (vp—i-eExQX—l—E(vp-QX)B) X
c

@)

T Oe

(feq ~(1+5B-2) 1 (5 + v B) T L (—i) + (—%) (vp A% +va’;)) - (80)

Oe



Up to order 92, the longitudinal current is given by
d®p

Zv T2 6feq
J _ch+e7'/—(27r)3 (— 9 ) X

eB

C

11

eB T z x
c (UPQ;( + Ug%‘ + UPQ§) (Upggg + Ugﬂg) VZTE - M( 1')

12 eB\’ . 2 €— 1
((’Up) +(7> (’UPQ;(-F’U%,QZ) )VZT T +

Notice that we use the fact that €2 oc ks, QF o< kyy, QY o<

k2 vp o< kg, vp o ky,vp, o<k to simplify the integrand.

To further simplify Eq.(81l), we use Eq.([69) and find

T

eB 2k
mc me

1+(7’ )2

Likewise, the longitudinal thermal current is derived as

2z zz 2 (h’wC)Q zz
Li5(B) =2Li5(B = 0) + T2L12(B =0). (82)
J
d’p of
Qe 7Q eq
JZ —chyz =+ 87'/ (277')3 (6 — ILL) (-W) X
B\? — eB eB (X 4 ¥ OX 4 020X (vEQX + vdQX —
((03)24— (e_) (UgQ?E-ﬁ-UgQZ)z) VZTE TM 4 ¢ ( P ] P . )2( P P y)va6 TM 7
¢ L (re2 )
(83)
and C. B=B:;E=FEi, VI =0
For probing fields (E and VT') being perpendicular to
magnetic field, we first consider the case with zero tem-
. . 2 (hwc)2 . perature gradient. Following previous sections, the solu-
55(B) =2L35(B =0) + 12 2L35(B =0). (84) tion for distribution function reads

We find that the longitudinal component of L;s and
Los have the same dependence on cyclotron frequency
and chemical potential as electrical conductivity, which
means the Mott relation and Wiedemann-Franz law are
preserved. The thermal conductivity has the same de-
pendence on magnetic field strength and zero field coun-
terpart as Ly1, L12 and Lao:

2 (hwe)”
112

Kz2(B) =~ 2k, (B =0) + 2k..(B =0).

e -1 Ofeq
X :fcq+(1+ EB-QX) TeEVy, fot( — 52 ) voAY,
(86)
with
B 2
(1+<B-Qx) 17'(7';—302:3) ek
AX =
z 2
(B ()
AX = —72%%6E
(1B oot (Tfn—ﬁiﬁf
AX =0, (87)

The electrical current and thermal current are calculated
in the linear response regime as



d3p e AN
J_—e/W(HEB-Q )rf
€

%—e/(gng;g(vp—l—E(vp~QX)B)x

PR iE Q) ' (1+B 29 Ofy
ea ™ Up Oe

(1+§B-QX)

2
eB Qki
+ (Tm—ms

(1+ °B. QX) P fX

/

(e — (vp—i-%(vp-QX)B) X

e e 2
(1+<B-QX) "7 (14 B - Q) < Dfeq
(1+<B-Qx)° + (Tm—BiZL)Q de

LE x QX foq.

+/(2>(

First we consider the longitudinal components. By ex-
pansion up to linear order in B - 2 and resorting to
QX ~ —Q~X we could skip linear terms in 2% due to
summation over opposite chirality contribution. The lon-
gitudinal conductivity is evaluated as

3 <2wc7' — —arclsi](hz(%c;)>
gacc(B) = 3 -
2 (2w.T)

~ <1 - Mﬁ) 2022(3 =0), (90)

g

which turns out to decrease with the growth of magnetic
field strength similar to the single Weyl point®3. Like-

e _1
FX = foq— (1 +-B- QX) 705V foq + <_

with

-1

2
B 2k €e—
(re22L) v, T

12

2eB 2k]

>8E—Ug e > 2< agcq) el
(1+§B~QX)2+(Tiﬂ) ¢

mc me

(88)

2eB 2k
> el — vy T mc_me - 2< aafcq) eE
(1+§B-n><)2+(7£2’ﬁ) ¢

mc me

wise, the transverse conductivity can be derived as

(—2 + (2rwe)? + %)
14+ (27we) 20’22(3 _ O)

de __ 3_7T
yr 3 (2Twc)3
—i—aﬁw
97T (WeT) 5 dey o e’ 29B

D. B=BzE=0VTI=VT%

Finally, we investigate the case with zero electrical
field and a perpendicular temperature gradient to the
magnetic field. The steady state distribution function is
shown to be

9 feq
Glea ) . Ax
Oe ) v

mc me

A§=(1+EB-Q) T .
¢ (1+§B~Q)2+ (re22l)
2 eB 2k
AX = — TmcméVT
v 5ok \2
(1+:B-0)° %m—:)
AX =0 (93)



The electrical and thermal currents are found to be

J_—e/(;i) (1+ B @) i
] (o e m) 5,

<

(3;2)93 (vo+ 5 (vp- 29B) (_

+e/

13

Ofeq
)~

. _
v (1 —B-QX)
vp( +c

l\D
/\

V.TSE (1+ <B - QX)° y B2y, Tk (94)
(1+%B.QX)2+(T;—BC27:§)2 "1+ <B.av)’ +(Tfn—€fé)z |
(1+ -B- Qx)rfx
o 9)B) fuq
Ve )B) <_38L) x
S VT (+iBee)? el e (95)

vg(1+fB-n><) 7
C

2
(1+B- 29"+ (277

Again we expand up to linear order in £B - QX and resorting to X ~

(s’ (L)

—Q7X, the longitudinal and transverse

components of thermoelectric response coefficients in the weak field regime are obtained as

2
1z = (1 087 artzia ) 96)
16 (wer)?
LE(B) ~ |1 - =2 | 2LE(B =0), (97)
Omw.T
L12 B ~ C 2 12 B
v (B) ~ = 2L (B =0), (98)
Omw.T
L*(B ° 2% (B —k2 2¢B
v (B) ~ — 2L (B = 0) — kR T(29B)
(99)

which also have the same dependence on w. and pu as
the electrical conductivity obtained in[[ITCl The thermal
conductivity are found to be

2
fan(B) ~ 20 (B = 0) — 00T o (B —0),

9w, T

21
— kAT
16 B

Kay(B) ~ an

(100)

kX

E. Anomalous chiral current and chiral magnetic
effects

In the above sections, we neglected the internode scat-
tering effects, which turns out to be important for chiral
anomaly related transport®®777 In the regime where
the elastic intranode scattering time 7 is the shortest re-
laxation time in the problem, one can neglect the intra-
node anisotropy of the electron distribution and describe
the system with an energy dependent distribution func-
tion fX(r,t)7. The chiral anomaly effect is summarized
in the kinetic equation

e OfX(r,t)

X(ryt) + V- j (Evrvt)_

ot

g%(e) (2nh)Pe

. )

or T (101)



derived in Ref. [66 and [76], where

1
kX:ﬂ/QXdS
7T

is the quantized flux (or chiral charge) of the Berry cur-
vature through the constant energy surface. kX = 2x
for the double-Weyl node with given chirality x, 77 is
the internode relaxation time, and ¢gX(e) is the modified
density of states with chirality x given by,

(102)

(e = [ &P
g (6)_/(27Th)3

For simplicity, we assumed g > 0 and only consider the
conduction band and,

(1 + EB : QX) Slep—€).  (103)

d3p

iX 1) = fX(r.t
(e r,t) = fX(r, )/ (27h)?

X (vp+eE>< m+f(vp-m)B)5(ep—e),

c
(104)

is the particle flux density at a given energy € and chiral-
ity x. In the spatially homogeneous case, the deviation
of the steady state distribution function from equilibrium

is solved in the linear response regime of applied field (E
and VT, respectively) as,

Y kX e’r ofx
=~ N ez B Bl (105)
kY er (e —p)(=VT) ofx
V=N 1 o 109

with gX(e) ~ %. For £+ >> 1, the thermoelectric
coefficients are summarized in Table. [IIl In the non de-
generate limit £ < 1, inelastic scattering of electrons
may no longer Be ignored and the approach based on
quasi-classical Boltzmann equation could break down at
low energies’®.

The above results are valid for p > hw. with TRS bro-
ken. In the opposite ultraquantum limit wer, > 1, u <
hw., we need to consider the lowest Landau level con-
tribution to the magnetoconductivity in TRS preserving
case. The Landau level spectrum is given by,

By = 4/n(n — 1)(fwe)? + 02 (k)% n > 2.

E071 = X’Uzhkz, (107)

which turns out to be analogous to 2D bilayer
graphene. In particular, the lowest Landau level has
doubly degenerate chiral modes (Fig. [dl). According to
the analysis of Ref. [43 and [66], the anomalous magne-
toconductivity for kBLT > 1 is a direct consequence of
the anomalous E - B term in linear response, which is
calculated as

e’ B,

eov: 1
ir2hze ! (108)

O.r = 2

14

En(k)

Vi
/\

FIG. 1. Landau level spectrum for double-Weyl fermion under
magnetic field. The lowest Landau levels are both chiral and
doubly degenerate.

The factor of 2 compared to the Weyl point with lin-
ear dispersion results from the double degeneracy (chiral
charge) of the chiral modes. Eq.([[08)) could also be ob-
tained from the kinetic equation Eq.([I0I) with the den-
sity of states for lowest Landau levels given by

1 eB
X(e) = ———— 0(e—v,k,)2Ny = —5—,
74060 = gy D0 veke) 2o = g
(109)
where Ny = egigfl’ is the number of single particle

states in a given Landau level. Similarly, other thermo-
electric coefficients are obtained in Table. [IIl

Another related phenomenon due to the role of double-
Weyl points as source and sink for Berry curvature is the
chiral magnetic effect”™ 81, If one looks at the right hand
side of Eq. (I04), the first and second terms give rise
to normal and anomalous current respectively, while the
third term causes the chiral magnetic effect. The chiral
current for each node is given by

d’p e
X
Jc—e/ (2wh)3z(ﬂglvp) BfY, (110)
at zero temperature,
. 2xe?

Notice that the magnetic field has to point in the z-
direction to preserve (i.e., not split) the double weyl
nodes. This means the chemical potential imbalance
between double-Weyl nodes will drive current flow even
without electrical field. The proportional constant dou-
bles the contribution from linearly dispersing Weyl nodes.

IV. CONCLUSION AND DISCUSSION

In our work, we have investigated the electronic con-
tribution to the thermoelectric properties of the dou-
ble Weyl semimetal system mainly via the semiclassi-
cal Boltzmann transport formalism. We found that the



in-plane and out-of-plane longitudinal transport coeffi-
cients have different dependence on the temperature due
to the anisotropy in the band dispersion. The anoma-
lous transport coefficients are doubled due to the dou-
bling of topological charge. We also considered both
the electron-electron interaction effects and the diffusive
transport with short-ranged disorder potential. By dop-
ing away from the nodal point, the diffusive thermoelec-
tric transport quantities have an interesting directional
dependence on both the chemical potential and model
parameters. We confirmed our results at zero temper-
ature by comparison to the diagrammatic approach in-
cluding the vertex correction by a ladder sum. When ap-
proaching the charge neutral point (low doping), the an-
isotropically screened electron-electron interaction leads
to linear dependence of relaxation rate on temperature
(up to logarithmic corrections). As a result, the temper-
ature dependence of thermoelectric properties reduces by
one power of kT compared to the noninteracting case.
Our dissipative thermoelectric transport results under
different relaxation processes indicate that the double
Weyl node can be distinguished from the linearly dis-
persing Weyl node by examining the difference in tem-
perature and chemical potential dependence between the
in-plane and out-of-plane response coefficients.

By applying a static magnetic field in the linear dis-
persing direction, we find positive electrical (thermal)
magneto-conductivity if the electrical field (temperature
gradient) is in parallel with the magnetic field similar
to the case of single Weyl point. When the electrical
field (temperature gradient) is applied perpendicular to
the magnetic field, we find that the in-plane longitudinal
electrical (thermal) conductivity pick up a negative con-
tribution quadratic in magnetic field strength, while the
transverse components receives odd power corrections in
magnetic field strength. In our work, we did not empha-
size the effect of spatial anisotropy in scattering events,
especially when the probing field (E and VT') are perpen-
dicular to each other. In this case, the collision term will
become more complicated and the distribution function
can not be readily solved in general.

In considering the magnetic field effects, the semiclas-
sical approach we used is valid when the chemical po-
tential is away from the band touching point. In the ul-
traquantum limit (1 < fiw,), the semi-classical approach
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breaks down. Due to the chiral nature of doubly de-
generate lowest Landau levels, the chiral anomaly con-
tribution to the longitudinal thermoelectric coefficients
doubles that of the single Weyl point. In real materials,
the double-Weyl point can be obscured by a spatially
inhomogeneous weak disorder effect.82 However, the dis-
sipative transport results obtained in this work are valid
for > /(V(r)2) — (V(r))2, where V(r) is the disorder
potential and the average is over the distribution of the
disorder potential profile. This is due to the large den-
sity of states around the Fermi levell which is not greatly
affected by the relatively small fluctuation in chemical
potential. However, the anomalous transport properties
close to the band touching point can be impaired by the
blurring effect on the double Weyl point as it depends
on both the topological charge and the distance in the
momentum space between double-Weyl points.

In real materials, HgCrySes has two kinds of band
crossings close to the Fermi level (AE ~ 0.01eV), i.e.
a closed loop surrounding the I" point and two double-
Weyl points located along the I' — Z line2!. Both of them
will affect the measurement of thermoelectric transport
properties. But it turns out that the loop crossing is not
as stable as the nodal point and can be eliminated by
changing the crystal symmetry3t. On the other hand,
the energy separation of double-Weyl points in SrSis
(AE ~ 0.1eV)2? suggest itself to be a promising plat-
form for chiral anomaly transport measurement.

To sum up, our results might be applied in the search
for real materials that possess double-Weyl points near
the Fermi surface, as well as a motivation for the ex-
perimental study of the thermoelectric properties of this
particular band dispersion. Our main results are sum-
marized in Tables I, IT and III.

V. ACKNOWLEDGMENT

We gratefully acknowledge financial support from
ARO grant W911NF-14-1-0579 and NSF DMR-1507621.
We thank Ki-Seok Kim, Hsin-Hua Lai, Shao-Kai Jian,
Pavan Hosur, Yang Gao, Qian Niu, Pontus Laurell, Rex
Lundgren, and Chungwei Lin for helpful discussions.

*

chenqi0805@gmail.com

L o. Vafek and A. Vishwanath,

Annual Review of Condensed Matter Physics 5, 83 (2014),

A. A. Firsov, Nature 438, 197 (2005).
4Y. Zhang, Y.-W. Tan, H. L. Stormer, and P. Kim, Nature
438, 201 (2005).

http://dx.doi.org/10.1146 /annurev-conmatphys-031113-133841/° B. Lenoir, M. Cassart, J.-P. Michenaud, H. Scherrer, and
2
K.

S. Novoselov, A. K. Geim, S. V. Morozov,
D. Jiang, Y. Zhang, S. V. Dubonos, I. V. Grig-
orieva, and A. A. Firsov, Science 306, 666 (2004),

http://www.sciencemag.org/content /306/5696/666.full. pdf.

3 K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang,
M. I. Katsnelson, I. V. Grigoriev, S. V. Dubonos, and

S. Scherrer, J. Phys. Chem. Solids 57, 89 (1996).

6 A. Ghosal, P. Goswami, and S. Chakravarty,
Phys. Rev. B 75, 115123 (2007).

" A. H. Castro Neto, F. Guinea, N. M. R.
Peres, K. S. Novoselov, and A. K. Geim,

Rev. Mod. Phys. 81, 109 (2009)!


mailto:chenqi0805@gmail.com
http://dx.doi.org/10.1146/annurev-conmatphys-031113-133841
http://arxiv.org/abs/http://dx.doi.org/10.1146/annurev-conmatphys-031113-133841
http://dx.doi.org/10.1126/science.1102896
http://arxiv.org/abs/http://www.sciencemag.org/content/306/5696/666.full.pdf
http://dx.doi.org/10.1103/PhysRevB.75.115123
http://dx.doi.org/ 10.1103/RevModPhys.81.109

8

10

11

12

13

14

16

17

18

19

20

21

22
23

24

26

27

28

29

R. Dornhaus, G. Nimtz, and B. Schlicht, Narrow-Gap
Semiconductors, Vol. 98 (Springer-Verlag Berlin Heidel-
berg, 1983).

P. Goswami and S.
Phys. Rev. Lett. 107, 196803 (2011).
S.-Y. Xu, C. Liu, N. Alidoust, M. Neupane, D. Qian,
I. Belopolski, J. D. Denlinger, Y. J. Wang, H. Lin,

Chakravarty,

L. A. Wray, G. Landolt, B. Slomski, J. H. Dil,
A. Marcinkova, E. Morosan, Q. Gibson, R. Sankar,
F. C. Chou, R. J. Cava, A. Bansil, and M. Z.
Hasan, Nature Communications 3, 1192 (2012),
w(05S:000315992100027.

S.  Borisenko, Q. Gibson, D.  Evtushinsky,
V. Zabolotnyy, B. Biichner, and R. J. Cava,
Phys. Rev. Lett. 113, 027603 (2014).

M. Neupane, S.-Y. Xu, R. Sankar, N. Alidoust,
G. Bian, C. Liu, I. Belopolski, T.-R. Chang, H.-
T. Jeng, H. Lin, A. Bansil, F. Chou, and
M. Z. Hasan, Nature Communications 5, 3786 (2014)),

wOS:000337371600001.

Z. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng,
D. Prabhakaran, S.-K. Mo, Z. X. Shen, Z. Fang, X. Dai,
Z. Hussain, and Y. L. Chen, Science 343, 864 (2014),
http://www.sciencemag.org/content /343/6173/864.full.pdf.
S.-Y. Xu, I. Belopolski, N. Alidoust, M. Neupane,
G. Bian, C. Zhang, R. Sankar, G. Chang, Z. Yuan,
C.-C. Lee, S.-M. Huang, H. Zheng, J. Ma, D. S.
Sanchez, B. Wang, A. Bansil, F. Chou, P. P. Shibayev,
H. Lin, S. Jia, and M. Z. Hasan, Science 349, 613 (2015),

http://science.sciencemag.org/content /349 /6248 /613.full.pdfl

S.-M. Huang, S.-Y. Xu, [. Belopolski, C.-C. Lee,
G. Chang, B. Wang, N. Alidoust, G. Bian, M. Ne-
upane, C. Zhang, S. Jia, A. Bansil, H. Lin, and
M. Z. Hasan, Nature Communications 6, 7373 (2015),
wOS:000357175300006.

K. S. Novoselov, E. McCann, S. V. Morozov, V. L. Fal’ko,
M. I. Katsnelson, U. Zeitler, D. Jiang, F. Schedin, and
A. K. Geim, Nature Physics 2, 177 (2006).

K.-Y. Yang, W. Zhu, D. Xiao, S. Okamoto, Z. Wang, and
Y. Ran, Phys. Rev. B 84, 201104 (2011).

A. Riiegg and G. A.
Phys. Rev. B 84, 201103 (2011).

A. Riiegg, C. Mitra, A. A. Demkov,
Phys. Rev. B 88, 115146 (2013).

A. Riiegg, C. Mitra, A. A. Demkov,
Phys. Rev. B 85, 245131 (2012)
X.  Hu, Z.  Zhong,

Sci. Rep. 5, 11072 (2015).

S. Groves and W. Paul, Phys. Rev. Lett. 11, 194 (1963).

Fiete,
and G. A. Fiete,
and G. A. Fiete,

and G. A. Fiete,

S. Nakatsuji, Y. Machida, Y. Maeno, T. Tayama,
T. Sakakibara, J. v. Duijn, L. Balicas, J. N.
Millican, R. T. Macaluso, and J. Y. Chan,

Phys. Rev. Lett. 96, 087204 (2006).

Y. Machida, S. Nakatsuji, S. Onoda, T. Tayama,
T. Sakakibara, Nature 463, 210 (2009).

A. Abrikosov, JETP 39, 709 (1974).

and

E.-G. Moon, C. Xu, Y. B. Kim, and L. Balents,
Phys. Rev. Lett. 111, 206401 (2013).
1 F. Herbut and L. Janssen,

Phys. Rev. Lett. 113, 106401 (2014).
“Disordered and interacting parabolic semimetals in two
and three dimensions,” ArXiv:1409.8675v1.

C. Fang, M. J. Gilbert, X. Dai, and B. A. Bernevig,
Phys. Rev. Lett. 108, 266802 (2012).

30

31

32

33

34

36

37

38

39

40

41

42

43

44

46

47

48
49

60

61

62
63

64

16

“A new type of weyl semimetal with quadratic double weyl
fermions in srsi2,” ArXiv:1503.05868v1.
G. Xu, H. Weng, Z. Wang, X. Dai,
Phys. Rev. Lett. 107, 186806 (2011).

T. Guan, C. Lin, C. Yang, Y. Shi, C. Ren, Y. Li,
H. Weng, X. Dai, Z. Fang, S. Yan, and P. Xiong,
Phys. Rev. Lett. 115, 087002 (2015).

H.-H. Lai, Phys. Rev. B 91, 235131 (2015).

S.-K. Jian and H. Yao, Phys. Rev. B 92, 045121 (2015).

and Z. Fang,

V. p. Gusynin and S. G. Sharapov,
Phys. Rev. Lett. 95, 146801 (2005).
V. p. Gusynin and S. G. Sharapov,

Phys. Rev. B 73, 245411 (2006).

V. P. Gusynin, S. G. Sharapov, and J. P. Carbotte,
Journal of Physics: Condensed Matter 19, 026222 (2007).
L. Fritz, J. Schmalian, M. Miiller, and S. Sachdev,
Phys. Rev. B 78, 085416 (2008).

I. Proskurin and M. Ogata,
Journal of the Physical Society of Japan 82, 063712 (2013),
http://dx.doi.org/10.7566/JPSJ.82.063712.

M. Schiitt, P. M. Ostrovsky, I. V. Gornyi, and A. D. Mir-
lin, Phys. Rev. B 83, 155441 (2011).

N. Peres, F.  Guinea, and A. C.
Annals of Physics 321, 1559 (2006), july
cial Issue.

“Diffusion of dirac fermions across a topological merging
transition in two dimensions,” ArXiv:1511.00036v1.

H. B. Nielsen and M. Ninomiya, Phys. Lett. B 130, 389
(1983).

A. A. Burkov, M. D. Hook,
Phys. Rev. B 84, 235126 (2011).
E. Fradkin, Phys. Rev. B 33, 3257 (1986).

E. Fradkin, Phys. Rev. B 33, 3263 (1986).

P. Hosur, S. A. Parameswaran, and A. Vishwanath,
Phys. Rev. Lett. 108, 046602 (2012).

Neto,
2006 Spe-

and L. Balents,

V. Aji, Phys. Rev. B 85, 241101 (2012).

R. Loganayagam and P. Surwka,

Journal of High Energy Physics 2012, 97 (2012), 10.1007/JHEP04(20:
Y. Ominato and M. Koshino,

Phys. Rev. B 89, 054202 (2014).

B Rosenstein and M. Lewkowicz,

Phys. Rev. B 88, 045108 (2013).
Y.-S. Jho and K.-S. Kim, [Phys. Rev. B 87, 205133 (2013).
Z. Huang, T. Das, A. V. Balatsky, and D. P. Arovas,
Phys. Rev. B 87, 155123 (2013).
E. V. Gorbar, V. A. Miransky,
Phys. Rev. B 89, 085126 (2014).
Z. Huang, D. P. Arovas, and A. V. Balatsky,
New Journal of Physics 15, 123019 (2013).

A. A. Burkov, [Phys. Rev. B 89, 155104 (2014)!

B. Shierski, G. Pohl, E. J. Bergholtz, and P. W. Brouwer,
Phys. Rev. Lett. 113, 026602 (2014).

K. Landsteiner, Phys. Rev. B 89, 075124 (2014).

S. V. Syzranov, L. Radzihovsky, and V. Gurarie,
Phys. Rev. Lett. 114, 166601 (2015)!
R. Nandkishore, D. A. Huse,
Phys. Rev. B 89, 245110 (2014).

K. Kobayashi, T. Ohtsuki, K.-I. Imura, and I. F. Herbut,
Phys. Rev. Lett. 112, 016402 (2014).

R. R. Biswas and S. Ryu, Phys. Rev. B 89, 014205 (2014).
R. Lundgren, P. Laurell, and G. A. Fiete,
Phys. Rev. B 90, 165115 (2014).

“Chiral anomaly and linear magnetoconductivity in a
topological weyl semimetal,” ArXiv:1509.02001v1.

and I. A. Shovkovy,

and S. L. Sondhi,


http://dx.doi.org/10.1103/PhysRevLett.107.196803
http://dx.doi.org/ 10.1038/ncomms2191
http://dx.doi.org/ 10.1103/PhysRevLett.113.027603
http://dx.doi.org/10.1038/ncomms4786
http://dx.doi.org/10.1126/science.1245085
http://arxiv.org/abs/http://www.sciencemag.org/content/343/6173/864.full.pdf
http://dx.doi.org/10.1126/science.aaa9297
http://arxiv.org/abs/http://science.sciencemag.org/content/349/6248/613.full.pdf
http://dx.doi.org/10.1038/ncomms8373
http://dx.doi.org/10.1103/PhysRevB.84.201104
http://dx.doi.org/10.1103/PhysRevB.84.201103
http://dx.doi.org/10.1103/PhysRevB.88.115146
http://dx.doi.org/10.1103/PhysRevB.85.245131
http://dx.doi.org/10.1038/srep11072
http://dx.doi.org/10.1103/PhysRevLett.11.194
http://dx.doi.org/10.1103/PhysRevLett.96.087204
http://dx.doi.org/ 10.1103/PhysRevLett.111.206401
http://dx.doi.org/10.1103/PhysRevLett.113.106401
http://dx.doi.org/ 10.1103/PhysRevLett.108.266802
http://dx.doi.org/ 10.1103/PhysRevLett.107.186806
http://dx.doi.org/10.1103/PhysRevLett.115.087002
http://dx.doi.org/10.1103/PhysRevB.91.235131
http://dx.doi.org/10.1103/PhysRevB.92.045121
http://dx.doi.org/10.1103/PhysRevLett.95.146801
http://dx.doi.org/10.1103/PhysRevB.73.245411
http://stacks.iop.org/0953-8984/19/i=2/a=026222
http://dx.doi.org/10.1103/PhysRevB.78.085416
http://dx.doi.org/10.7566/JPSJ.82.063712
http://arxiv.org/abs/http://dx.doi.org/10.7566/JPSJ.82.063712
http://dx.doi.org/10.1103/PhysRevB.83.155441
http://dx.doi.org/http://dx.doi.org/10.1016/j.aop.2006.04.006
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.33.3257
http://dx.doi.org/10.1103/PhysRevB.33.3263
http://dx.doi.org/10.1103/PhysRevLett.108.046602
http://dx.doi.org/10.1103/PhysRevB.85.241101
http://dx.doi.org/10.1007/JHEP04(2012)097
http://dx.doi.org/10.1103/PhysRevB.89.054202
http://dx.doi.org/10.1103/PhysRevB.88.045108
http://dx.doi.org/10.1103/PhysRevB.87.205133
http://dx.doi.org/ 10.1103/PhysRevB.87.155123
http://dx.doi.org/10.1103/PhysRevB.89.085126
http://stacks.iop.org/1367-2630/15/i=12/a=123019
http://dx.doi.org/10.1103/PhysRevB.89.155104
http://dx.doi.org/10.1103/PhysRevLett.113.026602
http://dx.doi.org/10.1103/PhysRevB.89.075124
http://dx.doi.org/10.1103/PhysRevLett.114.166601
http://dx.doi.org/10.1103/PhysRevB.89.245110
http://dx.doi.org/10.1103/PhysRevLett.112.016402
http://dx.doi.org/10.1103/PhysRevB.89.014205
http://dx.doi.org/10.1103/PhysRevB.90.165115

5 H.-Z. Lu and S.-Q. Shen, Phys. Rev. B 92, 035203 (2015).
56 D. T. Son and B. Z. Spivak,
Phys. Rev. B 88, 104412 (2013).

57 N. R. Cooper, B. I. Halperin,
Phys. Rev. B 55, 2344 (1997).

58 T. Qin, Q. Niu, and J. Shi,

Phys. Rev. Lett. 107, 236601 (2011).
% D. Xiao, Y. Yao, Z. Fang,
Phys. Rev. Lett. 97, 026603 (2006).
"0 N. W. Ashcroft and N. D. Mermin, Solid State Physics
(Brooks Cole, Pacific Grove, Calif, USA, 1976).
LML Kargarian and G. A.
Phys. Rev. B 88, 205141 (2013).
" F. D. M. Haldane, Phys. Rev. Lett. 93, 206602 (2004)!

and I. M. Ruzin,

and Q. Niu,

Fiete,

7 §. Das Sarma, S. Adam, E. H. Hwang, and E. Rossi,
Rev. Mod. Phys. 83, 407 (2011).

™ K-S. Kim, H-J. Kim, and M. Sasaki,
Phys. Rev. B 89, 195137 (2014).

™ D. Xiao, M.-C. Chang, and Q. Niu,

Rev. Mod. Phys. 82, 1959 (2010).

“Magneto-transport phenomena related to the chiral
anomaly in weyl semimetals,” ArXiv:1510.01817v1.
“Kinetic equation and magneto-conductance for weyl
metal in the clean limit,” ArXiv:1508.01010v1.

76

77

8, McCann and M. Koshino,
Reports on Progress in Physics 76, 056503 (2013).
™ D. T. Son and N. Yamamoto,

Phys. Rev. Lett. 109, 181602 (2012).
80 A. Vilenkin, Phys. Rev. D 22, 3080 (1980).
81 K. Fukushima, D. E. Kharzeev, and H. J. Warringa,
Phys. Rev. D 78, 074033 (2008).
“Dirty weyl semimetals: stability, phase transition and
quantum criticality,” ArXiv:1507.07551v1.
S. Datta, FElectronic Transport in Mesoscopic Systems
(Cambridge University Press, 1997).

82

Appendix A: DIAGRAMMATIC APPROACH OF
DIFFUSIVE TRANSPORT

In this section, we calculate the diffusive electrical
transport by a diagrammatic approach, which is similar
to the case of the two dimensional semi-Dirac spectrum?2.
To lowest order in the disorder strength, the self-energy

is given by

A 3 / _— A
z(k,w):/%V(k/)V(—k/)G(k—k’,w), (A1)

17

where V (k) is the Fourier transform of disorder poten-
tial. The over line denotes a statistical average over re-
alizations of the random potential and

2 _p2

. —€p — L0y — Qk;fy oy —v.k.0,
Gk, er) = —€2F T e(o? , (A2)

is the noninteracting Green’s function in spinor represen-
tation. The bare current operators are,
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The imaginary part of the retarded /advanced self-energy
is obtained as,
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As j, and j, are odd in momentum, there are no vertex

corrections in the x and y directions:

Jr = Jus Jy = Jy- (A5)

Thus, the in-plane longitudinal electrical conductivity at
zero temperature is evaluated as®?

- %Re’l‘r [ ()G (K, er) 1 (K) G (K, ep)]

8h
3m2udn;m

ler|, (A6)

up to lowest order in disorder strength—in agreement with
Eq.(4). For conductivity in the z-direction, we need to
consider the vertex correction by the ladder sum in Fig.
as,

J.(k) = j. (k) + J.(K)I(k)n;ul

= (k) = . (k) (T T — nauT(k) "
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FIG. 2. (Color online) Vertex corrections to the current operator J, (k) by the ladder sum. j (k) is the bare current operator
and each ladder is given by the disorder strength n;u. a, b are labels of spinor indices.
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Pluggin Eq.([A9)) back into Eq.([AT), we find,
1
J.(k) = V0. (A10)
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The longitudinal electrical conductivity in z direction can be evaluated as
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which is also in agreement with Eq.(&4).
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TABLE I. Transport coefficients for different collision mechanism in the absence of a magnetic field. Here oa« is the electrical
conductivity, kKaa the thermal conductivity, and S, the Seebeck coefficient, with spatial components labeled by a.
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TABLE II. Thermoelectric transport coefficients in the semi-classical regime p > hw. with static magnetic field applied in z
direction. Here o,z is the electrical conductivity and kg the thermal conductivity with spatial components labeled by «, 8.
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TABLE III. Anomalous thermoelectric transport coefficients with static magnetic field applied in z direction. Here o is the
electrical conductivity, x the thermal conductivity, and S the Seebeck coefficient.



