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We provide a unified semiclassical theory for the conserved current of nonconserved quantities,
and manifest it in two physical contexts: the spin current of Bloch electrons and the charge current
of mean-field Bogoliubov quasiparticles. We reveal that the previously overlooked torque quadrupole
density and Berry phase correction to the torque dipole density are essential to assure a circulating
spin current with null net flow at equilibrium. The band geometric origin of spin transport is ascer-
tained to be the momentum space Berry curvature instead of the spin Berry curvature, paving the
way for material related studies. In superconductors the attained conserved charge current corre-
sponds to the quasiparticle charge current renormalized by the condensate backflow. Its circulation
at equilibrium gives an orbital magnetization, which involves the characteristics of superconduc-
tivity, such as the Berry curvature arising from unconventional pairing and an orbital magnetic
moment induced by the charge dipole of moving quasiparticles.

Introduction.—In condensed matter physics the cur-
rent of a nonconserved quantity is intriguing, such as the
spin current of spin-orbit coupled Bloch electrons @] and
the charge current of mean-field superconducting quasi-
particles E] The conventionally defined current as the
anticommutator of that quantity and velocity is in gen-
eral not circulating and leads to nonvanishing net cur-
rent flow even at equilibrium. There has not been a
unified recipe showing a conserved current whose circu-
lation characterizes the corresponding orbital magnetiza-
tion and whose net flow vanishes at equilibrium.

In spintronics research, conserved spin currents have
been investigated Bﬂ] A natural way towards a bulk
conserved current is to include the current density due
to the source term of the continuity equation, and a con-
served spin current was attempted along this line ﬂa—@]
However, that proposal cannot address equilibrium cur-
rents of the pivotal role, hence the spin orbital magnetiza-
tion characterizing the circulating conserved spin current
has not been touched on and whether or not the net flow
vanishes at equilibrium is unclear. Without a knowledge
about the spin orbital magnetization, it is unknown what
the transport component of the conserved current is in
the presence of statistical forces, i.e., gradients of chemi-
cal potential and temperature, as the circulating current
should be discounted to obtain the transport one M]
Even in the case of electrically induced transport, the
band geometric origin of the conserved current remains
to be unveiled, and a conductivity formula amenable to
a momentum space electronic structure code is absent
[19]. These unknowns severely limit the utility of the
conserved current in spintronics studies @]

In the context of superconductivity, although charge is
ultimately conserved, that of bare mean-field Bogoliubov
quasiparticles is not, as these quasiparticles are not eigen-
states of charge ] The conventional charge current of
such quasiparticles is not conserved E], with the source

term arising from the charge transfer between quasiparti-
cles and condensate . How to understand the cur-
rent due to this source term in a semiclassical description
of quasiparticles is quite elusive, and the orbital magneti-
zation as a circulating conserved charge current was not
addressed yet. Moreover, the connection and possible
unification of this subject and the conserved spin current
of Bloch electrons, in which the nonconservation related
symmetry breaking are respectively spontaneous and ex-
plicit, have not been studied.

In this Letter we present a unified semiclassical the-
ory at steady states for the conserved current of non-
conserved internal degrees of freedom (denoted by op-
erator §). We uncover that the attained current has a
vanishing net flow at equilibrium and acquire the orbital
magnetization of nonconserved quantities. In the context
of superconductivity, we recognize that this conserved
current corresponds to a semiclassical description of the
charge current renormalized by the condensate backflow
due to the coupling between quasiparticles and conden-
sate ﬂﬂ, @] A Berry phase formula for the orbital mag-
netization in superconductors is found, which consists of
both the local and global charge circuits of quasiparti-
cles with distinct geometric origins. The global circuit
is due to the momentum space Berry curvature derivable
from not only the parent Bloch states but also the uncon-
ventional superconducting pairing, whereas the local one
includes a nontrivial orbital magnetic moment induced
by the charge dipole moment of a moving quasiparticle,
which has never been seen for charge conserved particles.

The aforementioned problems on the conserved spin
current of Bloch electrons are solved. In particular, the
torque quadrupole density and a Berry phase correction
to the torque dipole density are unveiled to be vital to
ensure a circulating equilibrium spin current with vanish-
ing net flow. Moreover, we figure out the long desired but
absent connection of the transport conserved current to



band geometry, paving the way for material related stud-
ies of the conserved current in spin transport. The key
geometric quantity is the momentum space Berry curva-
ture, instead of the so called spin Berry curvature for the
conventional spin current M] To get to this result,
we also identify a nonconservation induced variant of side
jump physics m, @] due to the intra-scattering change
of spin dipole moment.

Equilibrium current.—For the convenience of presenta-
tion we describe the theory in terms of Bloch electrons.
In view of the continuity equation V - J* (r) = 7 (r) at
steady states, in order to construct a conserved current of
5 we need study the local density of the conventional s-
current, represented by the operator J& = % {0, 8} with
¥ being the velocity, and that of the s-generation rate,
represented by ¥ = d§/dt. As we concern current den-
sities up to the first order of spatial gradients in order
to capture the magnetization current, pursuing 7(r) up
to the second order is indispensable. To this end we de-
velop a second order semiclassical theory in combination
with the field variational approach @] The derivation
of this theory is involved hence delegated to the Supple-
mental Material ﬂﬂ], whereas the results take physically
transparent forms and are set forth below.

The conventional s-current density at equilibrium up
to the first order of spatial gradients reads

:/fanf—alD“s, Dl :/(fndﬁfs—i—gnﬂﬁfs). (1)

The first term in the zeroth order of gradients is in gen-
eral nonzero ﬂ], and the second term in the first order
may not be circulating, in contrast to the orbital magne-
tization current which is always circulating HE] There-
fore, the net flow of this conventional s-current through a
cross section of a sample may not vanish even at equilib-
rium. Thus, this current alone cannot afford a physical
description of the flow of nonconserved quantities. The
non-circulating nature of the gradient term in Eq. ()
originates from the nonconservation of s and follows di-
rectly from the fact that the tensor D', which is the
equilibrium dipole density of the conventional s-current
@], is not antisymmetric with respect to Cartesian in-
dices i and [ for such s. Here dis =Re((7 —r,)' Ji*)
is the dipole moment of the distribution of the conven-
tional s-current on the spread of a wave packet con-
structed by superposing Bloch states from a particular
band n, and r. denotes the probability center of the wave
packet. Q¢ = —2ImY_ vl nln is the so
called spin Berry curvature when s is spin 7@

is thus termed as the s-Berry curvature in the follow—
ing. A similar expression for J* appeared in Ref. @],
but missed the s-Berry curvature contribution to the to-
tal dipole density. If s is conserved, [ f,J:* vanishes,
whereas D' becomes antisymmetric and proportional
to the orbital magnetization @], hence J% reduces to
a circulating magnetization current with vanishing net

flow.

The notation | without integral variable is shorthand
for [ [dk], and [dk] = Y, dk/ (27)", where k is the crys-
tal momentum (h = 1), D is the spatial dimensionality.
fn is the Fermi function, and g, = kgT In(1 — f,) is the
state resolved grand potential density, with T" as the tem-
perature. vl = (Un|0'|un, ), Wnn, = en — €n,, and |uy,)
is the periodic part of the Bloch wave with band energy
€n. The summation over repeated Cartesian indices is
implied henceforth.

Meanwhile, the local s-generation rate due to s non-
conservation takes the form of

T(r)=-V-J (r), J7T=D7T-9Q", (2)
where we have used the fact that the value of 7 in the
zeroth order of spatial gradients, f fnTn, vanishes, and

D7 = [(fud7 + 9920,
Qil‘r _ /(fnqzl-r + gnxill-r)' (3)

Here D'™ is the equilibrium 7-dipole density, which
involves not only the 7-dipole moment dF of each
wave packet but also a corresponding Berry curvature
Q7. The latter was overlooked previously, but, as
will be shown later, plays an important role in ensur-
ing the vanishing net flow of the conserved current.
Q"7 is essentially the 7-quadrupole density QUNT =
(Q"™ + Q'™ /2 and contributes to the s-generation rate
as —0;0,Q"™. Here ¢!™ = Re(s (7 — re) (F =)' 7)
is the 7- quadrupole moment and /T = 0,d?¥ —
2Im}:, ., vh, diT /w2, s the T-dipole polarizability
of a bulk semiclassical electron, with d'™  having the
meaning of interband 7-dipole moment E In litera-
tures on the conserved spin current of Bloch electrons,
J'T is termed as the torque (# is the torque operator in
this context) dipole spin current. Our theory shows that
this understanding is inaccurate as the torque quadrupole
density is also involved. In fact, it is this quadrupole con-
tribution that cancels out the non-circulating part of the
conventional s-current and makes the current conserved.

According to the above evaluation, J7 can be deemed
as a s-current arising from the nonconservation of s and
we can inspect if

jS:Js+JT (4)

is a conserved current density. Generally speaking, a con-
served current takes the form of J° = J5, + V x M?,
where J5, is the equilibrium current in the uniform case,
and M? is referred to as the s orbital magnetization by
analogy to the charge orbital magnetization. The devel-
oped semiclassical theory enables us to show the conserv-
ing nature of J° directly and determine J3 and M?.



Orbital magnetization and vanishing net flow.— Due
to the peculiarity of the s-generation rate operator, we
get diT = —J!* + vl s, and QT = O, s,,. One finds that
the 7-dipole moment quantifies the deviation of the con-
ventional s-current from the classical form of s-current
due to s nonconservation, and the 7-dipole density D™
cancels out the conventional s-current [ f,,.J5¥. We thus
uncover the first important property of the current de-
fined in Eq. (@) that it vanishes in uniform equilibrium

T4 =0, (5)

This result means that the net flow of J° through any
cross section of a sample vanishes, which is a necessary
character of a current that can describe transport.

Next, after tedious manipulations of the T-quadrupole
density [31], we get J° = V x M*® with the s orbital
magnetization given by [34]

M?® = /(fnmfz + gnS2n8y). (6)
Here m?% = 1 Re > nagn Anny XI5+ 1d2 x v, accounts
for the s orbital magnetic moment carried by each wave
packet, with A,,,, being the k-space interband Berry con-
nection, and €, is the k-space Berry curvature. If s is
replaced by charge e of Bloch electrons, M?® reduces to
the charge orbital magnetization HE] To see the orbital
nature of M® for nonconserved s, we inspect the content
of m#. The first term of m? is equal to (1 (7 — r;) x Js),
which is the antisymmetric part of the dipole moment
of J% and means the circulation of the conventional s-
current due to the self-rotational motion of a wave packet
around its center position. On the other hand, the second
term of m; signifies remarkably that the center-of-mass
motion of a wave packet with a nonvanishing s-dipole
moment d? induces a s orbital magnetic moment. This
term is thus reminiscent of the phenomenon in electro-
magnetism that a moving charge dipole moment results
in a charge orbital magnetic moment.

Orbital magnetization in superconductors—Now we
apply the above results to the context of orbital magneti-
zation in superconductors. Intraband spin-singlet pairing
without spin-orbit coupling is assumed for illustration.
As has been shown recently, the semiclassical theory for
Bogoliubov quasiparticle wave packets can be formulated
similarly to that for electrons m, @] Such a theory can
accommodate slowly-varying perturbations whose length
scales are much larger than the superconducting coher-
ence length. The nonlocal pair potential is treated in the
continuum limit in our consideration, but may also be
dealt with assuming a more general periodic form M]
To confirm the utility of the semiclassical theory, we show
in the Supplemental Material ﬂﬂ] that it readily leads to
the quantum thermal Hall and spin quantum Hall (quan-
tized spin conductivity in response to a Zeeman gradient)
effects predicted by field theoretical methods in chiral
d + id superconductors ﬂﬁ, @]

The conventional charge current carried by a mean-
field quasiparticle is represented by the anticommutator
of charge and velocity operators, where the charge oper-
ator is e times the third Pauli matrix 6% in the electron-
hole space E, @] 8 =e06”. It is simply given by eOr&y k.,
where &, is the energy of an electron relative to its chemi-
cal potential, with 1 as the Bloch band index @] Such a
conventional current carried by an ensemble of mean-field
quasiparticles, namely J*, may not vanish at equilibrium
in uniform systems without time-reversal and inversion
symmetries.

The source term 7 = —V - J7 for this conventional
current arises from the fact that the mean-field quasi-
particles are not eigenstates of charge and embodies the
coupling between mean-field condensates and quasipar-
ticles ﬂﬁl—lﬂ] Thus J7 serves as a condensate backflow,
which makes the current conserved and cancels out the
net flow of the conventional current carried by mean-field
quasiparticles at equilibrium [Eq. (@)].

The orbital magnetization reads

M = /(fnmn +epngnﬂn)- (7)

Here and hereafter we omit the superscript s in charge
current related quantities. p, = 0% = |pn|” —|va]? = opy
is the charge (ep,) carried by a mean-field quasiparticle,
for which the band index n = (n,0), with ¢ = &+ denot-
ing the Bogoliubov bands. [itn, Vnk]” is the Bogoliubov

wave function, p) = &,/|eno|, and e, = 01/€2 + ‘An’2~

The orbital magnetic moment of each quasiparticle is

1 1
my = 5 Re I S dn X V0, (8)

ni#n

where

dy = eRe((7 —10) %) = 51(6))” = kb, (9)
is the charge dipole moment of a quasiparticle wave
packet, with 6, = argA, being the phase of the su-
perconducting gap function in k-space. Nonzero dipole
moment signifies that the charge distribution on a Bo-
goliubov wave packet is not centered at the probability
center of the wave packet. This charge dipole is a basic
property of quasiparticles in unconventional pairing su-
perconductors, and has also been identified recently from
a different method [36].

Our account of the orbital magnetization is limited to
strongly type-II superconductors where the penetration
length is irrelevant (much larger than the length scale
considered), such as in two dimensional (2D) systems. In
such a case the screening current can be neglected and
the consideration of magnetization is simplified. In more
complicated cases where the Meissner screening must be
taken into account, a theory incorporating the Coulomb
interaction is needed. This is left for a future work.



The orbital magnetization [Eq. (@] is interpreted as
a sum of local and global charge circuits of quasiparticle
wave packets. The first term of m,, is the circulation of
the conventional charge current about the wave-packet
center, whereas the second term signifies an orbital mag-
netic moment induced by a travelling charge dipole (this
latter mechanism does not show up for Bloch electrons
since their charge center coincides with the wave-packet
center). Therefore, m,, can be understood as the local
circuit accompanying a moving wave packet. Meanwhile,
the Berry curvature term in M results from the global
circuit due to the center-of-mass motion of wave packets
32, laq].

A vanishing orbital magnetization M = 0 is predicted
for the case of geometrically trivial electronic bands. In
this case one has a particle-hole symmetric two-band
model with Bogoliubov band index ¢ = =4, for which
the Berry curvature Q, = —o0kp" x 9g0/2 stems from
unconventional superconducting pairing. In addition, the
first term of m,, vanishes due to the particle-hole symme-
try. It is then apparent that the statistical sum of local
circuits cancels exactly the global circuit. On the other
hand, such a null result is not anticipated for the case of
geometrically nontrivial Bloch bands.

Transport in terms of the conserved current.—Next we
turn to the nonequilibrium case with a weak uniform elec-
tric field F, chemical potential gradient V. and temper-
ature gradient VT'. The electric field and the chemical
potential gradient are only considered in the context of
Bloch electrons (in the perspective of transport, an elec-
tric field for Bloch electrons corresponds to a Zeeman
gradient applied to a spin-singlet superconductor without
spin-orbit coupling [37,38]). The first observation is that
the steady-state linear response of [ f,, 7, vanishes if §
commutes with the position operator. Showing this con-
clusion entails only a standard linear response analysis
in disordered systems ﬂﬂ, @] Thus, at nonequilibrium
the current defined by Eq. () is still conserved.

The intrinsic transport current is found by subtracting
the circulating magnetization one: J° — V x M?®  and
is quantified by the sum of the s-Berry curvature and 7-
dipole polarizability: Q!¢ 4 x4™ = 9y, di* + Qlis,,, which
turns out to be expressed by the s-dipole moment and
k-space Berry curvature tensor Q. The result is

Tiw = oi’ (Br = dup/e) — ai T, (10)

with

ote = [ ful@isn + O0d),

alls = — / Ogn/OT (s, + O d®). (1)
Here —0g,, /0T is the state resolved entropy density, and

the Einstein and Mott relations are ensured. In supercon-
ductors, as has been mentioned, the charge current driven

by a temperature gradient is considered for strongly type-
II case. In the case of conserved spin current of Bloch
electrons, the above result for o?l* unveils the band geo-
metric origin of the intrinsic spin conductivity obtained
in the quantum theory ﬂa], and a!'® /5ils is consistent with
the intrinsic transport thermal/charge current driven by
a Zeeman gradient [41].

Spin transport of Bloch electrons.—In this context § is
spin, and Egs. ) — (@) and (II) solve all the problems
mentioned in the Introduction. Moreover, we find that
even if the considered spin component is not conserved,
the spin conductivity in insulators is of purely Hall type
J? = FE x 0%, a characteristic that is not shared by
the conventional spin current. The Hall conductivity is
related to the spin orbital magnetization:

S
oy = —e/ﬂnsn = eagz . (12)

Our theory also sheds new light on disorder influenced
spin transport in terms of J° in metals. Currents stem-
ming from the E-field driven off-equilibrium occupation
function read Ji* = [4f,Ji* and JiT = [6f,diT [42).
The resulting conserved current is unexpectedly simple
as if the spin were conserved:

Jie = /5fnvflsn. (13)

It may have transverse components in anisotropic sys-
tems even if 0 f,, is determined by the conventional Boltz-
mann equation with the first Born scattering rate ﬂﬁ]
Ji# is time-reversal odd and is relevant to the study of
magnetic spin Hall effect [44, [45].

The spin current arises from intra-scattering semiclas-
sics as well. This is a conceptual generalization of the side
jump physics rooted in the coordinate shift of an electron
wave packet during scattering m, @] When the trans-
ported quantity is nonconserved, the key ingredient is
replaced by the shift of a s-coordinate (#° = §7) upon a
scattering nk — n'k’. We find [31] 6r® = OapT® + 0gj7°,
where (347%) 7 = S Ankr — SnkeAnk — (Spk O +
SnOk) arg Vi is reminiscent of the coordinate shift 28]
and reduces to the latter for conserved s, with arg V' be-
ing the phase of the scattering matrix element, whereas

Oapr®)ik = i — dyge (14)

is the intra-scattering change of the s-dipole moment.
Both parts of §7° are independent of the phase choice of
Bloch functions, implying two semiclassical contributions
to the spin current: jgp/sj = f[dk]dfnkjjp/sj_’nk ],
where J g, /si.nk = f[dk:’]Pﬁlg(édp/Sjrs)ﬁ:z is the current
carried by each electron and quantifies the accumulation
of dr® upon possible scattering events per unit time, with
P being the first Born scattering rate [29].
Appearing only for nonconserved s, 64,7 is noticeable
as it originates from scattering but its expression is inde-
pendent of scattering. It is the difference of a “function



of state” d, upon a scattering process. This feature has
a remarkable influence. By utilizing the relevant Boltz-
mann equation in the lowest Born order @], we find that
Tip = —€Ey [ a0k, dj, cancelling out the s-dipole term
of the intrinsic s-current [Eq. ([IJ)] regardless of the spe-
cific form of a weak disorder potential. Hence the band
structure dictated current is of Hall type in metals and
is connected to the Berry curvature:

jSB:JiSn—I-Jﬁp:—eEx/annsn. (15)

Gathering the results, the transport conserved current
in the semiclassical theory is J° = Jg + ij +J:. As
an application, we reveal that the puzzling null results of
the conserved spin Hall conductivity in 2D Rashba-type
models within the weak disorder regime ﬂﬂ, 13, @] is due
to sZ = 0 in such models. The Cy, symmetry forbids
spin conductivities with spin polarization along in-plane
directions, and Jg 5, = 0 for s = s*. In particular,
the intrinsic contribution J73,, which reproduces the re-
sults of the linear response theory in clean systems ﬂa], is
canceled out by Jg,.

Concluding remarks.—The theoretical framework de-
veloped may be useful in other subjects of interest, such
as the layer pseudospin Hall effect in twisted bilayers ]
and spin Nernst effect in spin-orbit coupled supercon-
ductors with Bogoliubov Fermi surfaces @] Besides, to
generalize the theory to magnon and phonon systems de-
scribed by bosonic Bogoliubov-de Gennes Hamiltonians
is of importance for studying the spin Nernst effect of
magnons in a noncollinear antiferromagnetic insulators
@, @] and that due to magnon-phonon interactions in
collinear ferrimagnets ﬂa as well as the phonon angular
momentum Hall effect Né] In all these subjects there is
the issue of the conserved current of nonconserved quan-
tities. In addition, in superconductors the steady-state
semiclassical theory need be extended to include time
derivatives and gauge fields in order to describe gauge-
invariant coupled dynamics of quasiparticles and conden-
sate in the presence of electromagnetic fields ﬂﬂ, @]
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